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Abstract

Coupled cell systems are networks of dynamical systems (the cells), where the

links between the cells are described through the network structure, the coupled cell

network. Synchrony subspaces are spaces defined in terms of equalities of certain

cell coordinates that are flow-invariant for all coupled cell systems associated with
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a given network structure. The intersection of synchrony subspaces of a network is

also a synchrony subspace of the network. It follows then that, given a coupled cell

network, its set of synchrony subspaces, taking the inclusion partial order relation,

forms a lattice. In this paper we show how to obtain the lattice of synchrony

subspaces for a general network and present an algorithm that generates that lattice.

We prove that this problem is reduced to get the lattice of synchrony subspaces for

regular networks. For a regular network we obtain the lattice of synchrony subspaces

based on the eigenvalue structure of the network adjacency matrix.

AMS classification scheme numbers: 34C15 37C10 06B23 15A18

1 Introduction

Consider a network architecture, that is, a finite set of nodes (the cells) linked together by

a finite number of arrows. Assume the cells represent individual dynamics and the arrows

the interactions between the individuals. We have then the coupled cell systems, that

is, the dynamical systems consistent with that network structure. See for example the

approach of Stewart, Golubitsky et al. [15, 10, 9] that we follow in this paper or Field [6].

The network structure imposes restrictions at the dynamics that can occur for the

associated coupled cell systems. In particular, it can force the existence of flow-invariant

subspaces defined in terms of equalities of certain cell coordinates. These flow-invariant

subspaces, called synchrony subspaces, have a major impact at the dynamics of the coupled

cell systems associated with the given network. It is known, for example, that flow-

invariant spaces favour the existence of non-generic dynamical behavior like heteroclinic

cycles and networks, which leads to complicated dynamics. It follows that, knowing the set

of all synchrony subspaces of a coupled cell network, can help to detect the possibility of

the associated coupled cell systems to support heteroclinic behavior. See Aguiar et al. [2].

Another important aspect is that the restriction of the dynamics of a coupled cell system

to a synchrony subspace is again a coupled cell system whose structure is consistent with
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a network that has fewer cells (the quotient network). We have then a coupled cell system

in a lower-dimensional phase space. Moreover, it is possible that the associated quotient

network has a specific structure that has been already explored from the dynamical point

of view in several contexts. If that is the case, the known dynamics of the quotient

network can be lifted to the original network dynamics. Although, the restriction does

not give all the dynamics for the original network, it can give full information concerning

the dynamics at those synchrony subspaces. See for example Aguiar et al. [3]. Examples

of specific structures include: existence of global (quotient) network symmetries implying

that the associated coupled cell systems are symmetric under a permutation symmetry

group – these impose strong constrains at the dynamics that can occur, see for example [8],

[9] and references therein; known bifurcation classifications of classes of networks with

certain structures, see for example Leite and Golubitsky [13].

Stewart, Golubitsky and co-workers [15, 10] describe the synchrony subspaces of cou-

pled cell systems using the associated network structure. Given a network and a space

given by equalities of certain cell coordinates, we can define an equivalence relation on the

set of nodes with two cells in the same class when the coordinates are equal. In [15, 10] it

is proved that the space is of synchrony (for any coupled cell system associated with the

network) if and only if this relation satisfies a set of conditions on the network – the rela-

tion is said to be balanced (see Definition 2.4). Thus the synchrony subspaces associated

with a network structure are in one-to-one correspondence with the balanced equivalence

relations on the set of cells of the network. Moreover, by Stewart [14] (see also Aldis [4])

the set of all such balanced equivalence relations forms a complete lattice taking the re-

lation of refinement; recall that a lattice is a partially ordered set such that every pair of

elements has a unique least upper bound or join, and a unique greatest lower bound or

meet. Moreover, a complete lattice X is a lattice where every subset Y ⊆ X has a unique

least upper bound or join, and a unique greatest lower bound or meet. Using the one-to-

one correspondence between balanced equivalence relations and synchrony subspaces, it
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follows that the set of synchrony subspaces associated with a network, taking the relation

of inclusion ⊆, is also a complete lattice [14]. See Section 3.

The aim of this paper is to describe how to obtain the lattice of synchrony subspaces

of a given network. An important aspect of the fact that the set of synchrony subspaces

of a network forms a finite lattice is that it is possible to generate the lattice using a

subset of synchrony subspaces. See Remark 3.3. As we shall show, obtaining the lattice of

synchrony subspaces of a general network reduces basically to the problem of obtaining the

lattice of synchrony subspaces of regular networks. Here, we say that a network is regular

if it has only one cell type and one arrow type and the number of arrows directed to each

cell is constant. For a regular network we obtain the lattice of synchrony subspaces based

on the eigenvalue structure of the network adjacency matrix (see Definition 2.1 (iv)) and

we present an algorithm that generates the lattice. Our approach exploring the eigenvalue

structure of the network adjacency matrices has been motivated by the work of Kamei [12]

on the class of regular networks where the adjacency matrix has only simple eigenvalues.

As we observe in Remark 6.4, our algorithm applies as well, directly, to all identical-edge

networks, that is, networks with only one cell type and one edge type.

We restrict our discussion in this section to the regular case. Basically, in our frame-

work, the key point is that a synchrony subspace of a regular network is a space that is

left invariant by the corresponding network adjacency matrix and is polydiagonal, that

is, it is described by a set of equality conditions on the cell coordinates.

It is known that the subspaces invariant under a linear map can be described in

terms of its eigenvectors and generalized eigenvectors. Moreover, the set of such invariant

subspaces forms a complete lattice under the relation of inclusion and this lattice can be

described using the irreducible invariant subspaces - the Jordan subspaces - the invariant

subspaces having a unique eigenvector (up to multiplication by a scalar). In this lattice

the join operation is the intersection and the meet operation is the sum.

In our work, there were two fundamental difficulties that had to be overcomed: (a) how
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to list the possible polydiagonal subspaces that contain (generalized) eigenvectors of the

network adjacency matrix; (b) how to generalize the concept of irreducible (synchrony)

subspace aiming to describe the lattice of synchrony subspaces through a (small) set of

irreducible synchrony subspaces.

Note that, although the lattice of synchrony subspaces, as a set, is a subset of the

lattice of the invariant subspaces under the network adjacency matrix, it is not in general

a sublattice - the meet operation is the same, the intersection of subspaces, but the join

of two synchrony subspaces is not given in general by their sum. In fact, the join of two

synchrony subspaces is given by their sum only when the sum is a polydiagonal subspace.

Concerning our first difficulty, we define the concept of minimal synchrony subspace

associated to an eigenvector or Jordan chain - the intersection of all synchrony subspaces

containing the eigenvector or Jordan chain (see Definition 5.10). We prove that the set

of all minimal synchrony subspaces forms a sum-dense set for the lattice of synchrony

subspaces (Theorem 5.13). That is, any synchrony subspace can be given by a sum of

minimal synchrony subspaces. It follows then that, our first task - to list the possible poly-

diagonal subspaces containing (generalized) eigenvectors - can be reduced to the listing

of the minimal synchrony subspaces.

Considering the second difficulty, we introduce the concept of sum-irreducible syn-

chrony subspace (Definition 5.7) - it cannot be represented as a sum of proper synchrony

subspaces. We prove then that every synchrony subspace associated with a network is a

sum of sum-irreducible synchrony subspaces (Proposition 5.8). Joining the two results,

as just mentioned, concerning the concepts of minimal and sum-irreducible synchrony

subspaces, it follows that we can generate the lattice of synchrony subspaces associated

with a regular network through the set of the minimal synchrony subspaces that are

sum-irreducible. See Corollary 5.14 and Remark 5.15.

We present an algorithm (Algorithm 6.5) that outputs the lattice of synchrony sub-

spaces, together with its irreducible sum-dense set, for a regular network. The algorithm
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contains four fundamental steps. Given a regular network, in the first two steps, it obtains

a set of synchrony subspaces containing the minimal synchrony set for the lattice of the

network synchrony subspaces. In the third step finds the irreducible sum-dense set for

that lattice and in the fourth step generates the lattice.

The paper is organized in the following way. Section 2 introduces briefly a few concepts

concerning networks and corresponding admissible vector fields - the coupled cell systems.

It also recalls the concepts of balanced equivalence relation and synchrony subspace and

the result establishing the one-to-one correspondence between the two concepts [10]. In

section 3 we start by recalling a few basic concepts concerning complete lattices and the

result in [14] proving that the set of all balanced equivalence relations of a network forms

a complete lattice. The results in Section 4 relate the lattice of synchrony subspaces

for nonhomogeneous networks and for nonregular homogeneous networks with the lattice

of synchrony subspaces for their identical-edge subnetworks, a kind of regular networks.

Thus, the most important question to be addressed is how to obtain the lattice of syn-

chrony subspaces for regular networks. This is the issue addressed in Sections 5 and 6.

In Section 5, we start by recalling the theory of invariant subspaces for linear maps; then

we introduce the concepts of sum-irreducible and minimal synchrony subspace associated

to an eigenvector or Jordan chain; finally, we prove in Proposition 5.8 that the lattice of

synchrony subspaces associated with a network structure can be obtained using the sum

operation of synchrony subspaces that are sum-irreducible.

In Section 6 we present an algorithm (Algorithm 6.5) that calculates the set of sum-

irreducible subspaces for a given regular network and generates the corresponding lattice

of synchrony subspaces. We illustrate the execution of the algorithm with three network

examples in Section 6.3. Finally, in Sections 7 and 8 we show how to obtain the lattice

of synchrony subspaces for general nonregular networks using Algorithm 6.5.

As a final remark, we note that it is our intention to have all these algorithms imple-

mented and available through a free-access web page, in a near future, so that they can
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be executed, for any coupled cell network, by any user without having to know how the

algorithms work.

2 Background

We recall briefly a few concepts concerning networks and coupled cell systems. Following

Stewart, Golubitsky et al. [15, 10, 9], a network is a directed graph whose nodes represent

the cells and the arrows (or edges) the couplings. Equivalence relations on the set of

nodes and on the set of arrows can be defined symbolizing the following:

(a) Two nodes are in the same cell equivalence class if they represent individual dynamics

with the same state space.

(b) Two arrows are in the same arrow equivalence class if they represent couplings of the

same type.

The following consistency condition is assumed: if two arrows are of the same type then

the corresponding head cells are in the same cell equivalence class and the same holds for

the corresponding tail cells.

Definition 2.1 (i) Given a network, the input set of a cell of the network is the set of

arrows directed to that cell.

(ii) Two cells of a network are said to be (input) isomorphic if there is an arrow-type

preserving bijection between the corresponding input sets.

(iii) A homogeneous coupled cell network is a network in which all cells are (input) iso-

morphic.

(iv) A regular coupled cell network is a homogenous network with only one arrow type.

For a regular network, the valency is the number of arrows of the input set of any cell and

the adjacency matrix is the matrix where the (i, j) entry is the number of arrows from cell

j to cell i, assuming the set of cells is {1, . . . , n}. If v is the valency of a regular network

then the corresponding adjacency matrix has v constant row sum.
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(v) For a general coupled cell network with set of cells {1, . . . , n} and k arrow equivalence

classes, we define k adjacency matrices, one for each arrow type, say A1, . . . , Ak, in the

following way: the (i, j) entry of the matrix Ap is the number of arrows of type p from

cell j to cell i. 3

Example 2.2 Figure 1 shows two examples of 5-cell regular networks. 3

2

3

1 4

5

2

3

1 4

5

Figure 1: Two examples of 5-cell regular networks.

Following [15, 10, 9], the connection between coupled cell systems and coupled cell

networks is made in the following way: to each coupled cell c is associated a choice of

cell phase space Pc which is assumed to be a finite-dimensional real vector space, say Rk

for some k > 0. If cells c and d are cell equivalent then it is required that Pc = Pd and

the two spaces are identified canonically. If C = {1, . . . , n} denotes the set of cells of the

network, then the total phase space P of the coupled cell system is the direct product of

the cell phase spaces,
∏

c∈C Pc, and we employ the coordinate system x = (xc)c∈C on P .

Given a network G and a fixed choice of the total phase space P , we describe now the

coupled cell systems that correspond to the class of the systems of ordinary differential

equations, Ẋ = F (X), X ∈ P , compatible with the structure of the network. The system

associated with cell j has the form

ẋj = fj (xj; xi1 , . . . , xim)

where the first argument xj in fj represents the internal dynamics of the cell and each

of the remaining variables xip represents a coupling between cell ip and cell j. Thus
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xj ∈ Pj, xip ∈ Pip , p = 1, . . . ,m and we assume fj : Pj ×Pi1 × · · · ×Pim → Pj is smooth.

Moreover, identical couplings directed to cell j correspond to the invariance of fj under

permutation of the corresponding variables. Systems associated with (input) isomorphic

cells are identical up to permutation of the variables accordingly to the input sets of the

cells. The vector fields F are called G-admissible.

For homogeneous networks (where all cells are input isomorphic) we have only one

type of systems, that is, fj ≡ f for all j. For valency v regular networks, the cell systems

have the form

ẋj = f (xj; xi1 , . . . , xiv)

where the overbar in f indicates that f is invariant under any permutation of the cell

coordinates xi1 , . . . , xiv (representing the cells with arrows of the same type directed to

cell j).

Example 2.3 The coupled cell systems associated to the network on the left of Figure 1

satisfy

ẋ1 = f(x1, x2, x4)

ẋ2 = f(x2, x1, x5)

ẋ3 = f(x3, x1, x5)

ẋ4 = f(x4, x1, x3)

ẋ5 = f(x5, x1, x3)

,

where f :
(
Rk

)3
→ Rk is smooth and invariant under permutation of the last two cell

coordinates. 3

2.1 Balanced equivalence relations

We recall the definition of a balanced equivalence relation on the set of cells of a net-

work. Balanced equivalence relations of a network play a crucial role when describing the

synchrony spaces of a network.
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Definition 2.4 ([10] Definition 4.1) Given a network G, an equivalence relation ⊲⊳ on

the network set of cells C is balanced if for every c, d ∈ C with c ⊲⊳ d, there exists an

isomorphism between the input sets, I(c) and I(d), of c and d, respectively, say β :

I(c) → I(d), preserving the arrow equivalence relation and such that for all i ∈ I(c), the

tail cells of i and β(i) are in the same ⊲⊳ class. 3

Example 2.5 Consider the 5-cell regular network on the left of Figure 1. The equivalence

relation on the set of cells C = {1, . . . , 5} with classes {1, 2, 3}, {4, 5} is balanced. 3

Definition 2.6 ([10] Definition 2.3) Given a network G with set of cells C, we can

define an equivalence relation ∼I on C in the following way: given c, d ∈ C, then c ∼I d if

and only if cells c and d are (input) isomorphic (recall Definition 2.1). 3

Let ⊲⊳i and ⊲⊳j be two equivalence relations on the set of cells C of a network G. If for

all c ∈ C we have

[c]i ⊆ [c]j,

where [c]l denotes the ⊲⊳l-equivalence class of cell c, for l = i, j, then we say that ⊲⊳i refines

⊲⊳j, and we write ⊲⊳i ≺ ⊲⊳j.

Remark 2.7 A balanced equivalence relation on a network set of cells refines the input

relation ∼I . 3

2.2 Synchrony subspaces

Definition 2.8 Given a network G, an equivalence relation ⊲⊳ on the network set of cells

C refining the cell equivalence relation, and a choice of the total phase space P , define the

polydiagonal subspace

∆⊲⊳ = {x ∈ P : xc = xd whenever c ⊲⊳ d, ∀c, d ∈ C} .
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The polydiagonal subspace ∆⊲⊳ of P is called a synchrony subspace if it is flow-invariant

for all G-admissible vector fields on P . 3

Example 2.9 Consider the 5-cell regular network on the left of Figure 1 with set of cells

C = {1, . . . , 5}. Taking ⊲⊳ the equivalence relation on C with classes {1, 2, 3}, {4, 5}, then

∆⊲⊳ = {x ∈ P : x1 = x2 = x3, x4 = x5}. It follows easily from the network admissible

equations (see Example 2.3) that ∆⊲⊳ is a synchrony subspace. Moreover, their restriction

to ∆⊲⊳ is:

ẋ1 = f(x1, x1, x4)

ẋ4 = f(x4, x1, x1)
.

3

We present now the result of [10] relating balanced equivalence relations on the set of

cells and the synchrony spaces of a network.

Theorem 2.10 ([10] Theorem 4.3) Given a network G, an equivalence relation ⊲⊳ on

the network set of cells C and a choice P of the total phase space, then ∆⊲⊳ is a synchrony

subspace if and only if ⊲⊳ is balanced.

Proof The proof of this result is divided into two steps. Check directly that ⊲⊳ being

balanced is sufficient for ∆⊲⊳ to be a synchrony subspace. The necessity is established by

considering linear vector fields. 2

Now observe that, an equivalence relation ⊲⊳ on the network set of cells is balanced if

and only if each of the adjacency matrices of the network leaves invariant the polydiagonal

subspace ∆⊲⊳ choosing all the cell phase spaces to be R. Moreover, the polydiagonal

subspace ∆⊲⊳ is invariant under the network adjacency matrices if and only it is flow-

invariant for all the linear admissible vector fields, assuming the cell phase spaces to be

R. That is, we have the following result:
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Corollary 2.11 Let G be a coupled cell network with set of cells C and let ⊲⊳ be an

equivalence relation on C. Then for any choice of the total phase space P , the subspace

∆⊲⊳ is a synchrony subspace if and only if it is flow-invariant for all linear admissible

vector fields choosing the cell phase spaces to be R.

Remark 2.12 It follows then that a polydiagonal ∆⊲⊳ is a synchrony subspace if and

only if the corresponding polydiagonal, assuming the cell phase spaces to be R, is left

invariant by the network adjacency matrices.

3

3 Complete lattices

In this section we start by reviewing some basic facts about lattices and complete lat-

tices. Details can be found, for example, at Davey and Priestley [5]. We then recall the

results establishing that both the lattices of balanced equivalence relations and synchrony

subspaces for a given network are complete lattices, taking the relation of refinement and

inclusion ⊆ of spaces, respectively.

3.1 Basic definitions

Given a partially ordered set X with a binary relation ≥ and a subset Y ⊆ X, an element

x of X is an upper bound of Y if x ≥ y for all y ∈ Y . Further, an upper bound x of Y

is said to be the least upper bound of Y if every upper bound x′ of Y satisfies x′ ≥ x.

Dually, we define lower bound and greatest lower bound.

Now recall that a lattice is a partially ordered set X such that every pair of elements

x, y ∈ X has a unique least upper bound or join, denoted by x ∨ y, and a unique greatest

lower bound or meet, denoted by x ∧ y.

A complete lattice is a lattice where every subset Y ⊆ X has a unique least upper

bound or join, and a unique greatest lower bound or meet. A complete lattice has a top
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(maximal) element, denoted ⊤, and a bottom (minimal) element, denoted ⊥. Observe

that every finite lattice is complete, see [5, Corollary 2.12].

Example 3.1 Given a linear map A : Rn → Rn, the set of A-invariant subspaces

is a lattice (considering the partial order ⊆) with the meet operation corresponding to

the intersection and the join operation given by the sum. (The sum corresponds to the

subspace generated by the union.) The top element is Rn and the bottom element is {0}.

Moreover, that lattice is either finite or uncountably infinite. See for example Gohberg et

al. [7, Proposition 2.5.4]. 3

A sublattice M of a lattice X is a subset such that

x ∈ M and y ∈ M =⇒ x ∨ y ∈ M and x ∧ y ∈ M .

Remark 3.2 Observe that a subset of a lattice X may form a lattice according to the

definition of lattice without being a sublattice of X. For example, it may happen that

the greatest lower bound of x and y in the subset differs from the greatest lower bound

x ∧ y of x and y in X. 3

An element x in a lattice L is join-irreducible if

(i) x 6= 0 (in case L has a zero);

(ii) x = a ∨ b implies x = a or x = b for all a, b ∈ L.

A meet-irreducible element is defined dually. See for example Davey [5, Definition 8.7].

A subset S of a lattice L is called join-dense in L if for every element a ∈ L, there

exists a subset A of S such that a = ∨A. The dual of join-dense is meet-dense. See for

example [5, Definition 2.34].

Remark 3.3 It is known that, for a finite lattice, the set of join-irreducible elements is

a join-dense set for the lattice. That is, every element of the lattice is the join of join-

irreducible lattice elements. It follows then that the set of join-irreducible elements of the

13



lattice generates the lattice. See Järvinen [11, Lemma 24]. 3

3.2 Complete lattice of balanced equivalence relations

Let G be a network with set of cells C. Denote by MG the set of equivalence relations on

C and take the relation of refinement on MG . It follows that MG is a complete lattice

with the meet and join operations on the set MG defined in the following way:

Meet operation: we have that ⊲⊳k=⊲⊳i ∧ ⊲⊳j where if c, d ∈ C then c ⊲⊳k d if and only if

c ⊲⊳i d and c ⊲⊳j d.

Join operation: we have that ⊲⊳k=⊲⊳i ∨ ⊲⊳j where if c, d ∈ C then c ⊲⊳k d if and only if

there exists a finite chain c = cq, . . . , cs = d such that for all t with q ≤ t ≤ s − 1 either

ct ⊲⊳i ct+1 or ct ⊲⊳j ct+1.

Now denote by ΛG the set of balanced equivalence relations of a network G on the

set of cells C and again note that ΛG has a partially ordered structure, using the relation

of refinement ≺ as defined in Section 2.1. Stewart [14] proves that the set ΛG of bal-

anced equivalence relations of a (locally finite) network forms a complete lattice. See also

Aldis [4, Chapter 4].

The lattice of balanced equivalence relations ΛG is not in general a sublattice of the

lattice of equivalence relations MG . The join operation on equivalence relations restricts

to give the join operation on balanced equivalence relations. However, in general, the

meet operation on MG does not restrict to the meet operation on ΛG . This follows from

the fact that, using the meet operation on MG , the meet of two balanced equivalence

relations is not in general a balanced equivalence relation. See Stewart [14, Example 5.5].

Remark 3.4 Consider the lattice ΛG of balanced equivalence relations for a network G.

(i) If G is homogeneous then the top element is the balanced equivalence relation with

only one class, and the bottom element corresponds to the equivalence relation where

each class is formed by a unique cell.
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(ii) If G is nonhomogeneous, again the bottom element corresponds to the equivalence

relation where each class is formed by a unique cell. However, the top element does not

have to correspond to the input-equivalence relation. Following the notation of [14], the

top element corresponds to a unique coarsest balanced equivalence relation, where ⊲⊳1 is

coarser than ⊲⊳2 if and only if ⊲⊳2 is finer than ⊲⊳1. This relation refines ∼I but it is not ∼I

if the input relation ∼I is not balanced. Take as an example, the chain of three identical

cells 1 ← 2 ← 3 where ∼I has two classes, {1, 2} and {3}, and it is not balanced. Aldis [1]

presents an algorithm to compute the coarsest balanced equivalence relation of a given

network G in polynomial time (in the number of cells plus the number of edges of G). 3

3.3 Complete lattice of synchrony subspaces

Let V P

G the set of synchrony subspaces for G assuming the total phase space is P . By

Theorem 2.10 there is a one-to-one correspondence between the elements of ΛG and V P

G .

Moreover, an equivalence relation ⊲⊳ on the network set of cells is balanced if and only

if the associated polydiagonal ∆⊲⊳ ⊆ P is left invariant by all linear network admissible

vector fields. Also, for that purpose, we can take the cell phase spaces to be R and so

the total phase space is P = Rn (if n is the number of cells) and check invariance of

∆⊲⊳ ⊆ Rn by all the linear admissible vector fields on Rn (see Corollary 2.11). From now

on we denote by VG the set of synchrony subspaces for G with P = Rn. Note that VG is

a lattice taking the partial order on VG given by inclusion ⊆ of spaces.

The map δ : ΛG → VG defined by δ(⊲⊳) = ∆⊲⊳ for ⊲⊳∈ ΛG is a lattice anti-isomorphism,

that is, an isomorphism that reverses order, hence interchanges meet and join, see Stew-

art [14]. In particular, we have

∆⊲⊳1∨⊲⊳2
= ∆⊲⊳1

∩ ∆⊲⊳2
.

Moreover, since ΛG is a complete lattice, it follows that VG is also a complete lattice.
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Remark 3.5 (i) The lattice of synchrony subspaces is not in general a sublattice of

the lattice of the A-invariant subspaces. (Recall Example 3.1 and Remark 3.2.) The

meet operation is the same, the intersection of subspaces, but the join of two synchrony

subspaces may not be given by their sum. The join of two synchrony subspaces is given by

their sum only when this is a polydiagonal subspace. Note that the sum of two synchrony

subspaces is always A-invariant but it may not be a polydiagonal subspace.

(ii) Apparently, there is no general form for the join operation in the lattice of synchrony

subspaces. Nevertheless, the join can be defined in terms of the meet. The join of two

synchrony subspaces V1 and V2 is the meet of all the elements in the lattice VG that are

greater than or equal to both V1 and V2. 3

Remark 3.6 (i) Kamei [12] describes the lattice of balanced equivalence relations (and

so the lattice of synchrony spaces) for regular networks using the eigenvalue structure of

the network adjacency matrix for the cases where the adjacency matrix has only simple

eigenvalues. We observe that by Corollary 2.11, the results of [12] for regular networks

are valid for k-dimensional internal dynamics.

(ii) Recalling Remark 3.4, if G is an homogeneous network, then the top element of the

lattice ΛG of balanced equivalence relations (the balanced equivalence relation with only

one class) corresponds to the full synchronous polydiagonal space. The bottom element

(the equivalence relation where each class is formed by a unique cell) corresponds to the

total asynchronous polydiagonal space. 3

4 Description of the lattice of synchrony subspaces

of a network

The question we address in this section is the description of the lattice of synchrony spaces

for a network G. As we will see, this can be done in terms of the lattice of synchrony

subspaces for the identical-edge subnetworks of G that we define below.

16



Let G be a coupled cell network with set of cells C and set of arrows E . Assume ∼C is

an equivalence relation on C where each ∼C -class represents a cell type. Also let ∼E be

the equivalence relation on E where each ∼E -class determines an edge type and denote

by E1, . . . , E l the ∼E -equivalence classes. Thus E = ∪̇jE j where j runs through the set

{1, . . . , l} and ∪̇ denotes disjoint union. We can write G =
(
C, E ,∼C ,∼E

)
.

Let I1, . . . , Ik ⊂ C be the ∼I-equivalence classes of the cells C in G. For i = 1, . . . , k,

denote by EIi the subset of E of the edges that are directed to cells in Ii and GIi =
(
C, EIi ,∼C ,∼E

)
where two edges e1, e2 ∈ EIi are equivalent if they are equivalent as edges

in E of the network G. Thus, each network GIi is a subnetwork of G.

Let ri be the number of edge types in GIi . For each edge type E i1 , . . . , E iri
with

i1, . . . , iri
∈ {1, . . . , l}, consider the subnetwork of GIi given by GIi

E ij

=
(
C, EIi ∩ E ij ,∼C ,∼E

)
.

Thus, each GIi

E ij

is the subnetwork of GIi with the edges of type E ij directed to the cells

in Ii.

Recall that ΛG denotes the set of balanced equivalence relations for G. By Remark 2.7

any ⊲⊳ ∈ ΛG refines ∼I . Denote by ΛIi

G the set of balanced equivalence relations for GIi

that also refine ∼I . Finally, let Λ
E ij

G be the set of balanced equivalence relations for GIi

E ij

(refining ∼I). We have that each ΛIi

G and each Λ
E ij

G is a complete lattice.

Example 4.1 Consider the nonhomogeneous 8-cell network of Figure 2. The network

has three ∼I-equivalence classes of cells, I1 = {1, 2}, I2 = {3, 4, 5} and I3 = {6, 7, 8}, and

the networks GIi are represented in Figure 3.

3

Theorem 4.2 Let G =
(
C, E ,∼C ,∼E

)
be a coupled cell network and consider the lattices

ΛG , ΛIi

G , Λ
E ij

G and the notation defined above. Then the following holds:

(i) The set inclusions:

ΛG ⊆ ΛIi

G ⊆ Λ
E ij

G .
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Figure 2: One example of a nonhomogeneous network of 8 cells with three ∼I-equivalence
classes of cells: I1 = {1, 2}, I2 = {3, 4, 5} and I3 = {6, 7, 8}.
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Figure 3: The three networks GIi for each ∼I-equivalence class Ii of cells of the 8-cell
nonhomogeneous network of Figure 2.

(ii) The lattice ΛG is given by:

ΛG =
k⋂

i=1

ri⋂

j=1

Λ
E ij

G .

Proof The proof of the set inclusions in (i) comes directly from the definition of bal-

anced equivalence relation. We prove now (ii). Let ⊲⊳ be an equivalence relation on the set

of cells C of the network G refining ∼I and recall Definition 2.4 of balanced equivalence
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relation. Consider the subnetworks obtained from G by considering only edges of one

type, say Gi =
(
C, E i,∼C ,∼E i

)
, for i = 1, . . . , l, where ∼E i

denotes the relation on E i

with only the class E i. Trivially, ⊲⊳ is balanced for G if and only if ⊲⊳ is balanced for all Gi,

i = 1, . . . , l. Moreover, given i ∈ {1, . . . , l} the relation ⊲⊳ is balanced for the subnetwork

Gi if and only if it is balanced for all the subnetworks G
Ij

E i

where Ij runs through the

∼I-equivalence classes of cells having edges of type E i directed to them. 2

Corollary 4.3 Let G =
(
C, E ,∼C ,∼E

)
be a homogeneous coupled cell network. Denote

by E1, . . . , E l the ∼E -equivalence classes. For j = 1, . . . , l, let GE j
be the subnetwork of G

given by
(
C, E ∩ E j,∼C ,∼E

)
and Λ

E j

G be the set of balanced equivalence relations for GE j
.

Then the following holds:

ΛG =
l⋂

j=1

Λ
E j

G .

Example 4.4 Consider the homogeneous 5-cell network of Figure 4 with two types of

coupling. The two networks GE j
are represented in Figure 1. 3

2

3

1 4

5

Figure 4: A 5-cell homogeneous network with two types of coupling.

From Theorem 4.2, the problem of determining the lattice of synchrony subspaces for a

network G basically reduces to determining the synchrony subspaces of the identical-edge

subnetworks GIi

E ij

of G. Note that, for each identical-edge subnetwork associated with an
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∼I-equivalence class Ii, the cells in Ii, receive the same number of inputs (of the same

type). Roughly speaking, each such network is regular at the cells in the input class. In

Sections 7 and 8 we present some results that show how to define an algorithm to obtain

the lattice of synchrony subspaces for these subnetworks using Algorithm 6.5 (for regular

networks), and we illustrate that with some examples.

5 Description of the lattice of synchrony subspaces

of a regular network

In the next sections we concentrate our attention on how to obtain all the synchrony

subspaces for a regular network. We assume the cell phase spaces to be R and basically

describe the polydiagonals that are left invariant by the network adjacency matrix (See

Remark 2.12). In particular, the synchrony subspaces form a subset of the set of all

invariant subspaces under the network adjacency matrix.

5.1 Invariant subspaces and eigenvectors of the adjacency ma-

trix

The subspaces invariant by the adjacency matrix A of a regular network G can be described

in terms of its eigenvectors and generalized eigenvectors.

In what follows we use the following notation for eigenspaces. If λ ∈ C is an eigenvalue

of a n×n matrix A with real entries, we define the (real) λ-eigenspace Eλ of A as follows:

Eλ =





ker (A − λIdn) , ( if λ ∈ R),

ker
[
(A − λIdn)

(
A − λIdn

)]
, ( if λ 6∈ R) .

By Gohberg et al. [7], every one-dimensional A-invariant subspace (one-dimensional
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Ac-invariant subspace, where Ac is the complexification of A) is spanned by some eigen-

vector v of A associated with a real eigenvalue of A (eigenvector u + iv of Ac associated

with a non-real complex eigenvalue of A).

We say that A is semisimple when Ac is diagonalizable and, in that case, all the

A-invariant subspaces are given by direct sums of some of the above one-dimensional A-

invariant subspaces. If A is not semisimple, then we have to take into account generalized

eigenvectors.

We denote by Gλ the (real) generalized eigenspace of A associated to the eigenvalue

λ, which is defined as follows:

Gλ =





ker (A − λIdn)p , ( if λ ∈ R),

ker
[
(A − λIdn)p

(
A − λIdn

)p
]
, ( if λ 6∈ R),

with p ≥ 1 the minimal integer such that ker (A − λIdn)i = ker (A − λIdn)p, for all i > p.

If λ is an eigenvalue of A, the chain of vectors v1, . . . ,vk is a Jordan chain of A

corresponding to λ if

v1 6= 0, Av1 = λv1 and (A − λIdn)vj+1 = vj, for j = 1, . . . , k − 1.

Thus, v1 is an eigenvector of A associated to λ and v2, . . . ,vk are called generalized

eigenvectors of A corresponding to the eigenvalue λ and the eigenvector v1. The subspace

generated by a Jordan chain of A is A-invariant and the vectors in a Jordan chain are

linearly independent [7, Propositions 1.3.1 and 1.3.4].

The space Gλ is also called the root subspace of A corresponding to λ and it contains

the vectors from any Jordan chain of A corresponding to λ [7, Proposition 2.1.1].

We have that if λ1, . . . , λr are all the different eigenvalues of the linear transformation
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A then Rn is the direct sum of the generalized eigenspaces Gλ1
, . . . , Gλr

:

Rn = Gλ1
⊕ · · · ⊕ Gλr

.

Moreover, if S is an A-invariant subspace then S decomposes into a direct sum

S = (Gλ1
∩ S) ⊕ · · · ⊕ (Gλr

∩ S) .

See for example [7, Theorems 2.1.2 and 2.1.5].

5.1.1 Irreducible invariant subspaces

We start by recalling the definition of Jordan subspaces and irreducible invariant subspaces

V for linear maps A : Rn → Rn. If A has complex eigenvalues, we should read Ac :

Cn → Cn and Vc in what follows.

Definition 5.1 (a) An A-invariant subspace V is called a Jordan subspace corresponding

to the eigenvalue λ of A if V has a basis consisting of vectors that form a Jordan chain.

(b) An A-invariant subspace is called irreducible if it cannot be represented as a direct

sum of nonzero A-invariant subspaces. 3

By [7, Theorem 2.5.1], an A-invariant subspace V is irreducible if and only if there is

a unique eigenvector (up to multiplication by a scalar) of A in V or, equivalently, if and

only if V is a Jordan subspace.

Remark 5.2 Observe that an invariant subspace Vc of Ac : Cn → Cn is irreducible and

contains an eigenvector u + iv (with v 6= 0) if and only if the corresponding irreducible

subspace over the reals contains < v,u >. See [7, Theorem 12.2.4, p. 365] for details on

the interpretation of this result in case of complex eigenvalues for real operators. 3

Since every A-invariant subspace is a direct sum of irreducible A-invariant subspaces,

in order to describe all the A-invariant subspaces it is sufficient to describe the irreducible
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A-invariant subspaces, that is, the irreducible A-invariant subspaces (Jordan subspaces)

contained in the generalized eigenspaces associated to each eigenvalue λ of A.

5.2 Polydiagonals and eigenvectors of the adjacency matrix

Definition 5.3 Let V = {v1, . . . ,vk}, with vi = (vi1, . . . , vin), be a set of (generalized)

eigenvectors of the adjacency matrix A. Define the following equivalence relation associ-

ated with the set V:

c ⊲⊳V d ⇐⇒ vic = vid for all i ∈ {1, . . . , k} .

Denote the corresponding polydiagonal subspace by ∆⊲⊳V
. 3

Remark 5.4 Let V = {v1, . . . ,vk}, with vi = (vi1, . . . , vin), be a set of (generalized)

eigenvectors of the adjacency matrix Ac, considering that at least one of the vectors vi

is associated with a complex eigenvalue of Ac (or A) and where Imvi 6= 0. Denote by

Re V = {Re v1, . . . , Re vk}, Im V = {Im v1, . . . , Im vk} and VR = Re V ∪ Im V. Then

⊲⊳V=⊲⊳VR
and

∆⊲⊳V
=̃∆⊲⊳VR

interpreting ∆⊲⊳V
as a complex vector space and ∆⊲⊳VR

as real vector space. This follows

from the fact that

vic = vid for all i ∈ {1, . . . , k} ⇔





Re vic = Re vid

Im vic = Im vid

for all i ∈ {1, . . . , k} .

3

Definition 5.5 The polydiagonals Rn and {v ∈ Rn : vi = vj, for all i, j} are called the

trivial synchrony subspaces of a regular network. 3
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Remark 5.6 (i) ∆⊲⊳V
can be equal to Rn or {v ∈ Rn : vi = vj, for all i, j} (the

trivial synchrony subspaces).

(ii) We can have ∆⊲⊳V
= ∆⊲⊳W

with V 6= W. Moreover, we can have ∆⊲⊳V
= ∆⊲⊳W

with

< V >6=< W >.

(iii) Not all polydiagonal subspaces ∆⊲⊳V
are synchrony subspaces.

3

From the discussion in Sections 5.1 and 5.2, it follows that the nontrivial synchrony

subspaces associated to a regular network can be described in terms of the eigenvectors

and Jordan chains of its adjacency matrix with nontrivial polydiagonal subspace.

5.3 Sum-dense set for the lattice of synchrony subspaces

Considering the lattice VG of the synchrony subspaces of a regular network G with adja-

cency matrix A, we aim to describe a set of synchrony subspaces such that every synchrony

subspace in VG can be obtained from that set, a kind of join-dense set of join-irreducible

elements in VG . (Recall end of Section 3.1.)

Note that in the case of the lattice of the A-invariant subspaces, in which the join of

two subspaces is given by their sum, the set of irreducible invariant subspaces of A forms

the set of join-irreducible elements which is join-dense in that lattice – see Section 5.1.1.

As observed in Remark 3.5, we cannot describe explicitly the join operation for the

lattice VG of synchrony subspaces: the sum of two synchrony subspaces may not be a

synchrony subspace. However, every synchrony subspace is given by the sum of (irre-

ducible) A-invariant subspaces. In fact, defining the concept of sum-irreducible synchrony

subspace, more can be said.

Definition 5.7 A synchrony subspace of a regular network G with adjacency matrix A is

called sum-irreducible if it cannot be represented as a sum of proper synchrony subspaces

of G. A synchrony subspace of G which is not irreducible is called sum-reducible. 3
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Proposition 5.8 Every synchrony subspace associated with a regular network G is a

sum of sum-irreducible synchrony subspaces.

Proof Let ∆⊲⊳ be a synchrony subspace of a regular network G with adjacency matrix

A and recall that the lattice of synchrony subspaces is a subset of the lattice of the

A-invariant subspaces. If ∆⊲⊳ is a join-irreducible A-invariant subspace, then it is a sum-

irreducible synchrony subspace. If ∆⊲⊳ is not a join-irreducible A-invariant subspace, then

it is the join of proper A-invariant subspaces. The lattice of the A-invariant subspaces

gives all the possible decompositions of ∆⊲⊳ as the join of proper A-invariant subspaces,

that is, as the sum of proper A-invariant subspaces. If none of these decompositions is

formed by synchrony subspaces (A-invariant subspaces that are also polydiagonal) then

∆⊲⊳ is sum-irreducible. Otherwise, ∆⊲⊳ is sum-reducible, that is, a sum of proper synchrony

subspaces. Recursively, we obtain the result. 2

In analogy with the definitions of join-dense set and meet-dense set (recall Section 3.1),

we define the concept of sum-dense set.

Definition 5.9 A sum-dense set for the lattice VG of synchrony subspaces for a regular

network G is a subset of VG such that every nontrivial synchrony subspace in VG can be

given by the sum of elements in that subset. By Proposition 5.8, the set of sum-irreducible

synchrony subspaces in VG is a sum-dense set, that we call the irreducible sum-dense set

of VG and denote by IG . 3

Note that, as mentioned in Remark 5.6 (iii), not every polydiagonal subspace ∆⊲⊳V

is a synchrony subspace. Nevertheless, that polydiagonal is contained in one or more

synchrony subspaces. This motivates the following definition.

Definition 5.10 Given an eigenvector or Jordan chain V, let SV be the set of synchrony

subspaces ∆j, j = 1, . . . , r such that ∆⊲⊳V
⊆ ∆j. The minimal synchrony subspace,

mV, associated to the eigenvector or Jordan chain V is the intersection of the synchrony

subspaces in SV. 3
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Remark 5.11 (i) Note that mV can be equal to Rn (or {v ∈ Rn : vi = vj, for all i, j}).

(ii) A polydiagonal ∆⊲⊳V
associated to an eigenvector or Jordan chain V is a synchrony

subspace if and only if the minimal synchrony subspace mV associated to V is ∆⊲⊳V
. 3

Definition 5.12 (a) Let λ be an eigenvalue of A with algebraic and geometric multiplic-

ities ma and mg, respectively.

(a.i) If ma = mg, take V ∆
λ to be the set of the eigenvectors v associated with the eigen-

value λ such that ∆⊲⊳{v}
is not Rn. That is,

V ∆
λ = {v ∈ Eλ : vp = vl for some p 6= l} .

(a.ii) If ma 6= mg, take V ∆
λ to be the set of Jordan chains v1, . . . ,vk corresponding to the

eigenvalue λ, where v1 is an eigenvector associated with λ and ∆⊲⊳{v1,...,vk}
is not

Rn. That is,

V ∆
λ = {v1, . . . ,vk : v1 ∈ Eλ, (A − λId)vj+1 = vj for j = 1, . . . , k − 1 and

vjp = vjl for all j = 1, . . . , k and some p 6= l} .

(b) Let

V ∆
A =

s⋃

i=1

V ∆
λi

with λi, for i = 1, . . . , s, where s ≤ n, the eigenvalues of the matrix A. 3

Theorem 5.13 The minimal synchrony set,

mG =
⋃

Vi∈V ∆

A

{mVi
} ,

associated to the eigenvectors and Jordan chains in V ∆
A is a sum-dense set for the lattice

VG of synchrony subspaces.
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Proof Let ∆⊲⊳ be a nontrivial synchrony subspace in VG . We prove that ∆⊲⊳ can be

given by a sum of synchrony subspaces in mG .

Since ∆⊲⊳ is A-invariant, there is a decomposition of ∆⊲⊳ into a direct sum of A-invariant

irreducible subspaces, say Si, for i = 1, . . . , p,

∆⊲⊳ = S1 ⊕ · · · ⊕ Sp,

where each Si is a Jordan subspace (recall Section 5.1.1). Consider a Jordan chain Vi ∈

V ∆
A which forms a basis of Si. Thus Si =< Vi >⊆ ∆⊲⊳

Vi

⊆ ∆⊲⊳. Moreover, by the

definition of m
Vi

, we have that ∆⊲⊳
Vi

⊆ m
Vi

⊆ ∆⊲⊳. Thus

∆⊲⊳ = m
V1

+ · · · + m
Vp

.

2

Corollary 5.14 We have the following inclusion of sum-dense sets:

IG ⊆ mG .

Proof Let ∆⊲⊳ ∈ IG . By Theorem 5.13, there are minimal synchrony subspaces asso-

ciated with Jordan chains Vi ∈ V ∆
A such that

∆⊲⊳ = m
V1

+ · · · + m
Vp

.

Since ∆⊲⊳ is sum-irreducible, then ∆⊲⊳ = m
Vi

for some i and so ∆⊲⊳ ∈ mG . 2

Remark 5.15 The algorithm presented in the next section to obtain the lattice VG for

a given regular network G, is based on the Corollary 5.14. It starts by finding a subset

of VG containing mG . It then extracts the subset IG from that subset. Moreover, recall

that IG is a sum-dense set of VG by Proposition 5.8. Thus, the lattice VG is obtained
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from the set IG using the sum operation of spaces. 3

6 Algorithm for regular networks

Based on the results in the previous section, we present an algorithm to find all the nontriv-

ial synchrony subspaces for a regular n-cell network G, recalling that, by Corollary 2.11,

we may assume that the phase space is Rn. We also need the following:

Lemma 6.1 Let E be a subspace of Rn of dimension m, x = (x1, . . . , xn) ∈ Rn and

consider a system C with s equations of the form xl1 = xl2, where l1, l2 ∈ {1, . . . , n}.

Then:

1. Solving the system C in E is equivalent to solve the system C with s equations of

the form
∑m

j=1 αj(vjl1 − vjl2) = 0, in the unknowns αj ∈ R for j = 1, . . . ,m and

(v1,v2, . . . ,vm) a basis of E, where vj = (vj1, . . . , vjn) ∈ Rn.

2. If r is the rank of the matrix of the system C, then there are m − r linearly inde-

pendent vectors in E satisfying the system C.

Proof Let (v1,v2, . . . ,vm) be a basis of E. Then, for every vector x = (x1, . . . , xn)

in E there are unique αj ∈ R with j = 1, . . . ,m, such that x =
∑m

j=1 αjvj. Thus, each

coordinate equality condition xl1 = xl2 is equivalent to
∑m

j=1 αjvjl1 =
∑m

j=1 αjvjl2 and

thus to
∑m

j=1 αj (vjl1 − vjl2) = 0.

Note that the linear systems C and C are homogeneous. The degree of indetermination

of both systems is m − r, with r the rank of the matrix of the system C, and indicates

the number of independent variables αj in the solution of system C and the number of

linearly independent vectors in E satisfying the coordinate equality conditions in system

C. 2

Remark 6.2 Let A be a real square matrix of order n. For every eigenvalue λi of A, let

ma
i and mg

i be, respectively, the algebraic and geometric multiplicity of λi. Let C be a
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set of s conditions of the form xl1 = xl2 , where l1, l2 ∈ {1, . . . , n}. Applying Lemma 6.1,

where E = Eλi
and so m = mg

i indicates the dimension of the eigenspace Eλi
, we have:

(i) If mg
i = 1 then there is at most one linearly independent eigenvector in Eλi

satisfying

the set C of s conditions.

(ii) Suppose mg
i > 1. If s < mg

i then there is at least one linearly independent eigenvector

satisfying the conditions. If s ≥ mg
i there can be none. 3

6.1 Overview of the algorithm

Let G be a regular n-cell network with adjacency matrix A. In order to obtain the

lattice VG of synchrony subspaces of G, by Proposition 5.8 and Definition 5.9, it suffices

to determine the irreducible sum-dense set IG of VG . For that, by Theorem 5.13 and

Corollary 5.14, it is enough to determine the minimal synchrony set mG . That is, the

set of minimal synchrony subspaces mV associated to the eigenvectors and Jordan chains

V in V ∆
A . Recall Definitions 5.10 and 5.12. In fact, the algorithm finds a sum-dense set

of synchrony subspaces containing the minimal synchrony set mG . In order to find such

set, the algorithm starts by determining for each eigenvector and Jordan chain V in V ∆
A ,

the polydiagonal ∆⊲⊳V
. See Definition 5.3. Note that for each V in V ∆

A we have that

∆⊲⊳V
⊆ mV. Moreover, if ∆⊲⊳V

is a synchrony subspace then mV = ∆⊲⊳V
. Otherwise, mV

is the synchrony subspace of lower dimension that contains the polydiagonal ∆⊲⊳V
.

The algorithm consists of four fundamental steps:

1. Find the polydiagonal subspaces ∆⊲⊳V
associated with the eigenvectors and Jordan

chains V in V ∆
A .

2. Find a sum-dense set containing the minimal synchrony set mG .

3. Find the irreducible sum-dense set IG .

4. Generate the complete lattice VG .
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We describe next with more detail the functioning of the algorithm with special em-

phasis at the individual steps 1 and 2 of the algorithm due to their complexity.

Step 1 Find the polydiagonal subspaces associated with the generalized eigenvectors in V ∆
A

For each eigenvalue λi of A, Step 1 of the algorithm constructs a table with the

polydiagonal subspaces ∆⊲⊳V
for the eigenvectors and Jordan chains V in Gλi

. For each

such polydiagonal, the corresponding row of the table contains information about the set

of coordinate equality conditions defining it, its dimension, a basis of Gλi
∩∆⊲⊳V

and the

corresponding dimension.

Given a polydiagonal ∆, consider the set C of coordinates equality conditions that

define it. By Lemma 6.1, the polydiagonal ∆ has a nonzero intersection with the general-

ized eigenspace Gλi
if and only if the associated homogeneous linear system C using any

basis of Gλi
is undetermined.

In Step 2 the information in the tables corresponding to the different eigenvalues λi will

be crossed to check if the polydiagonal subspaces have an eigenvector basis or not. Note

that a polydiagonal subspace is a synchrony subspace if and only if it has an eigenvector

basis.

Given a basis of the eigenspace Eλi
, in Step 1.2 the algorithm finds the set of all the

coordinate equality conditions that are satisfied by all the eigenvectors of that basis and

thus by all the eigenvectors in Eλi
. Thus, in Step 1.2.1, if rows j and k of the matrix M ,

whose columns are the eigenvectors of the basis, are equal that means that xj = xk for all

vectors x = (x1, . . . , xn) ∈ Eλi
and we can eliminate one of those rows. This procedure

optimizes the execution of the algorithm in the case where that set of equality conditions

is nonempty. Note that, for each eigenvector v ∈ Eλi
, the polydiagonal ∆⊲⊳v

is a subspace

of the polydiagonal corresponding to that set.

In Step 1.4 it is created a matrix M from M , with rows given by rj − rk, where rj, rk

are distinct rows in M . Each row rj − rk of M corresponds to a coordinates equality

30



condition of the form xj = xk for j 6= k. So, each submatrix of M in Step 1.5 corresponds

to a system of coordinate equality conditions and thus to a polydiagonal subspace.

For each eigenvector or Jordan chain V, the polydiagonal ∆⊲⊳V
is the polydiagonal

subspace with lower dimension containing V. Thus, we start by considering the nontrivial

polydiagonal subspaces with possible lower dimension, that is, with dimension 2. In terms

of matrices, this corresponds to consider the submatrices of M with s − 2 rows, with s

the number of independent coordinates (s is the number of remaining rows in M).

The two main aspects that govern Step 1.6 are: if a vector satisfies a set C of coordinate

equality conditions then it satisfies every subset of the conditions in C; even if a vector

does not satisfy a set C of coordinate equality conditions, it may satisfy a subset of the

conditions in C. The condition that the rank of the submatrix N of M is less than mg
i

in Step 1.6.3 guarantees that there is at least one nonzero vector in Eλi
satisfying the

equality conditions corresponding to N , see 2. of Lemma 6.1. If the rank of N equals

mg
i then no eigenvector satisfies the equality conditions corresponding to N . However

there can be eigenvectors satisfying a subset of those conditions. Thus, in Step 1.6.4, the

algorithm includes, in the set S of the matrices to be analyzed, the submatrices of N , in

the set SN , obtained by eliminating one row of N and such that the corresponding set

of equality conditions has not been previously analyzed. Note that the set of equality

conditions corresponding to each of those submatrices in SN includes all the equality

conditions corresponding to the matrix N minus one condition.

The fundamental aspect that governs Step 1.7 and the JordanChain routine is that,

given a Jordan chain v1, . . . , vk−1, vk, the generalized eigenvector vk belongs to a polydi-

agonal subspace ∆ only if the generalized eigenvectors v1, . . . , vk−1 are in ∆. Thus, if the

vectors v1, . . . , vk−1 belong to a polydiagonal subspace ∆1 defined by a set C of coordinate

equality conditions, the algorithm must check if the vectors v1, . . . , vk−1, vk belong to a

polydiagonal subspace ∆2 ⊇ ∆1, that is, defined by the conditions in C or a subset of it.

Step 2 Find a sum-dense set containing the minimal synchrony set mG
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In Step 2 the information in the different tables are crossed to check if the polydiagonal

subspaces have an eigenvector basis or not: a polydiagonal is a synchrony space if and only

if the number of generalized eigenvectors found in Step 1 associated with that polydiagonal

equals the dimension of the polydiagonal.

Recall that, for each V the polydiagonal ∆⊲⊳V
is a subspace of the minimal synchrony

subspace mV. If ∆⊲⊳V
is a proper subspace of mV, then in Step 2.3.2, recursively, the

algorithm analyzes the polydiagonals containing ∆⊲⊳V
, lowering the dimension by one, till

the corresponding minimal synchrony subspace mV is found. This justifies the selection

of submatrices of the matrix M considered in Step 1.

At the end of Step 2, we have found a set S of synchrony subspaces containing the

minimal synchrony set mG for the lattice VG of synchrony subspaces. Recall Theorem 5.13

where it is proved that the minimal synchrony set forms a sum-dense set for the lattice

VG . Thus, the set S is a sum-dense set for VG .

Step 3 Find the irreducible sum-dense set IG

In this step, we extract the set IG of the irreducible synchrony subspaces from the

sum-dense set S of synchrony subspaces obtained in step 2: these are sufficient (and

necessary) to generate VG . Recall Remark 5.15.

Step 4 Generate the complete lattice VG

After finding the sum-dense set IG of irreducible synchrony subspaces, the remaining

synchrony subspaces in the lattice are given by the possible sums of elements in IG that

are polydiagonals.

Remark 6.3 The valency v of a regular network is an eigenvalue of the network adjacency

matrix. In the case that its algebraic multiplicity is one, then Ev = Gv =< (1, . . . , 1) >,

and so the implementation of the algorithm can be optimized since the vectors in Gv

satisfy all conditions of equality of coordinates. 3
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Remark 6.4 We observe that the algorithm we present below applies as well to identical-

edge networks, not necessarily regular, since from Corollary 2.11, a polydiagonal subspace

∆⊲⊳ is a synchrony subspace if and only if it is left invariant under the network adjacency

matrix. 3

6.2 Algorithm

We present now an algorithm to obtain the lattice of synchrony subspaces of a regular

n-cell network G. If the adjacency matrix A of G has complex eigenvalues, the calculations

are done on Cn, that is, interpreting A as Ac : Cn → Cn. Recall Remark 5.4.

Algorithm 6.5 Let A be the adjacency matrix of a regular n-cell network G, with valency

v. Let λi with i = 1, . . . , t and t ≤ n be the eigenvalues of A, with ma
i and mg

i , respectively,

the algebraic and geometric multiplicities.

1 [Find polydiagonals] For each eigenvalue λi, i = 1, . . . , t of A:

1.1 Let (v1, . . . ,vm
g
i
) be a basis of Eλi

. Consider the matrix M whose columns

correspond to the eigenvectors v1, . . . ,vm
g
i
.

1.2 Let C = ∅. For every pair of rows lj, lk of M :

1.2.1 If lj = lk then C = C ∪ {xj = xk} and eliminate row lk of M .

1.3 Create a four-column table for Eλi
with a row containing: in the first entry the

set of the equality conditions C found in Step 1.2; in the second entry the cor-

responding polydiagonal dimension; in the third entry the basis of eigenspace

Eλi
; in the fourth entry the number of vectors of the basis, mg

i .

Let s be the number of remaining rows in M . If s = 1 go to Step 1.

1.4 Construct a new matrix M with rows given by rj − rk for j = 1, . . . , s and

k = j + 1, . . . , s where rj, rk are rows in M . Thus M has s = s(s− 1)/2 rows,

each corresponding to an equality xj = xk with j, k ∈ {1, . . . , n}.
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1.5 Let S be the set of all the submatrices of M with s− 2 rows obtained from M

by elimination of rows and S = ∅.

1.6 While S 6= ∅,

1.6.1 Let N be a submatrix in S, S = S \ {N} and S = S ∪ {N}.

1.6.2 Let r be the rank of N ;

1.6.3 If r < mg
i then:

1.6.3.1 Let CN be the set of equalities given by the rows of N and C be

the set of equalities obtained in Step 1.2. Add a new row to the

table containing: in the first entry C ∪ CN ; in the second entry the

corresponding polydiagonal dimension; in the third entry a basis of

the subspace of the eigenvectors in Eλi
that satisfy the set of equality

conditions (obtained from the solution set of the homogeneous system

with the coefficient matrix N), and in the fourth entry the number of

vectors of the basis, mg
i − r.

1.6.4 Otherwise, r = mg
i :

1.6.4.1 Consider the set SN of all the submatrices of N obtained by eliminating

one row of N .

1.6.4.2 Include in the set S of submatrices of M the submatrices in the set

SN such that there is no submatrix in the set S with the same corre-

sponding set of coordinates equality conditions.

1.7 If mg
i < ma

i then:

1.7.1 Compute a basis of Im (A − λiIdn).

1.7.2 For each row in the table for Eλi
,

1.7.2.1 If the intersection of the subspace corresponding to the basis in that

row with Im (A − λiIdn) is a nonzero subspace then:

Let B1 be a basis of that intersection;
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Let C be the first entry of the row (the set of equality conditions);

JordanChain(B1, C, 2).

2 [Find sum-dense set] Consider the empty set S. For each table, for each row of the

table:

2.1 Let C be the set of equality conditions in that row and d the dimension of the

polydiagonal subspace ∆⊲⊳ given by those conditions.

2.2 If the number of vectors in that row of the table equals d − 1 then there is an

eigenvector basis of ∆⊲⊳ (considering also the eigenvector (1, ...1)) and thus ∆⊲⊳

is a synchrony subspace. Let S = S ∪ {∆⊲⊳}.

2.3 If the number of vectors in that row of the table is less than d−1 and there are

more tables, then look at the other tables to find all the rows whose equality

conditions include the set C of equality conditions.

2.3.1 If the total sum of the number of collected vectors equals d then the col-

lected vectors form an eigenvector basis of ∆⊲⊳ and thus ∆⊲⊳ is a synchrony

subspace. Let S = S ∪ {∆⊲⊳}.

2.3.2 If the total sum of the number of collected vectors is still less than d then

execute the following changes in the table for the eigenvalue λi:

2.3.2.1 Eliminate that row of the table.

2.3.2.2 Let c = #C. If c > 1 then, for each subset of c − 1 conditions of the

initial set C of c conditions:

If there is no row at the table with that set of c − 1 conditions then

add a new row to the end of the table differing from the deleted row

only at the first and second entries: the first entry contains the set of

the c − 1 conditions and the second entry is n − c + 1, the dimension

of the corresponding polydiagonal.
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Otherwise, change the corresponding row: replacing the third entry

by a basis of the subspace generated by the union of the bases in this

row and the one in the deleted row; changing the fourth entry by the

number of vectors of that basis. Move that row to the end of the table.

3 [Find the irreducible sum-dense set] Decompose S into the disjoint union ∪r
i=1Sji

,

where each set Sji
contains the synchrony subspaces in S of dimension ji, with

ji−1 < ji, for i = 2, . . . , r. Let IG = Sj2 .

3.1 For i = 3 to r:

3.1.1 For each subspace E in Sji
, if it is not a sum of subspaces in IG , then let

IG = IG ∪ {E}.

4 [Find the lattice] Let VG = Sum(IG). Return(IG , VG)

3

Algorithm 6.6 [JordanChain(Bk−1, C, k)]

1 Let Vk−1 be the subspace generated by the basis Bk−1.

2 Let Vk be the subspace of vectors vk that satisfy (A − λiIdn) vk = vk−1 for some

vk−1 ∈ Vk−1.
1

3 Let BC be the basis at the third entry in the table for Eλi
corresponding to the set

of equality conditions C.

4 Complete the basis BC with a set Bk of vectors forming a basis of Vk.
2

5 Consider the matrix M whose columns are the vectors of the basis Bk.

1Vk is a subspace of ker (A − λiIdn)
k
.

2< BC >⊆ ker (A − λiIdn)
k−1 ⊆ Vk.
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6 Construct a new matrix M with rows given by rj − rk, with rj and rk rows in M ,

whenever xj = xk is in C. 3

7 Let S be the set of all submatrices of M of rank less than #Bk obtained from M

by elimination of rows.

8 Decompose S into disjoint union
⋃#Bk−1

i=0 Si, where each Si is the set of all matrices

in S with rank i. For each Si remove any matrix N that is a submatrix of a matrix

in Si different from N .

9 If S 6= ∅ then, for i = 0 to #Bk − 1:

9.1 While Si 6= ∅ do:

9.1.1 Let N ∈ Si and Si = Si \ {N}.

9.1.2 Let Bk be a basis of the subspace of < Bk > obtained from the solution

set of the homogeneous system with the coefficient matrix N .

9.1.3 4Let CN be the set of equality conditions corresponding to the rows of N .

9.1.4 5 If CN = C, then change the row corresponding to the set C: replacing

the third entry by the basis B = BC ∪ Bk and the fourth entry by #B.

Otherwise,

If there is no row at the table with the set of conditions CN , then add

a new row at the top of the table containing: in the first entry CN ; in the

second entry the corresponding polydiagonal dimension; in the third entry

the basis B = BC ∪ Bk; in the fourth entry #B.

Else, go to Step 9.1.

3If row rj − rk of M is zero, that means that xj = xk for all vectors in Vk.
4Equivalently, CN is the set of equality conditions satisfied by the vectors in < Bk >.
5See Remark 6.7.
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9.1.5 If the intersection of the subspace corresponding to the basis Bk with

Im (A − λiIdn) is a nonzero subspace then:

9.1.5.1 Let Bk be a basis of the intersection < B > ∩Im (A − λiIdn).

9.1.5.2 JordanChain(Bk, CN , k + 1).

3

Remark 6.7 In the JordanChain routine, in Step 7, the matrix M is constructed using

the equality conditions in C that are satisfied by all the vectors in < BC >. From the way

CN is defined, we have that CN ⊆ C and so, trivially, all vectors in < BC > satisfy them.

In Step 9.1.4, if CN = C, then the vectors in < Bk > also satisfy the conditions in C,

and so, we have to join that information to the corresponding row and proceed with Step

9.1.5. If CN & C then two distinct cases can occur. If there is no row corresponding to

the set of conditions CN then a new row is created at the top of the table and we proceed

with Step 9.1.5. In case there is already a row in the table corresponding to the set of

conditions CN then nothing should be done, because that row has already been treated

or it will be in Step 1.7.2, thus proceeding with Step 9.1.

3

Algorithm 6.8 [Sum(IG)]

The set IG contains the irreducible sum-dense set of the lattice VG .

1 Let VG = IG .

2 Let s = #IG .

3 For i = 2 to s,

3.1 For every (possible) subset {∆⊲⊳j1
, . . . , ∆⊲⊳ji

}, with jk 6= jl, of i synchrony

subspaces in IG ,

3.1.1 Let ∆⊲⊳ = ∆⊲⊳j1
+ · · · + ∆⊲⊳ji

,
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3.1.2 If ∆⊲⊳ is a polydiagonal subspace then let VG = VG ∪ {∆⊲⊳}.

4 Return VG ∪ {∆0} ∪ {P}.

3

Remark 6.9 As observed in Remark 6.4, Algorithm 6.5 applies, as well, directly to

nonregular identical-edge networks, since a polydiagonal subspace ∆⊲⊳ is a synchrony

subspace if and only if it is left invariant under the network adjacency matrix. We just

point out that, in case we have an identical-edge network which is not regular, then the

vector (1, . . . , 1) is not an eigenvector of the network adjacency matrix. That is, the

polydiagonal {v ∈ Rn : vi = vj, for all i, j} is not a synchrony subspace. It follows then

that:

At Step 2 of the Algorithm 6.5, Steps 2.2 and 2.3 have to be:

2.2 If the number of vectors in that row of the table equals d then there is an eigenvector

basis of ∆⊲⊳ and thus ∆⊲⊳ is a synchrony subspace. Let S = S ∪ {∆⊲⊳}.

2.3 If the number of vectors in that row of the table is less than d and there are more

tables, then look at the other tables to find all the rows whose equality conditions

include the set C of equality conditions.

At the beginning ot Step 3 it has to be:

Let IG = Sj1 .

Finally, Step 4 of the Algorithm 6.8 is:

4 Return VG ∪ {P}.

3
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6.3 Examples

In this section we illustrate the implementation of the Algorithm 6.5 with three regular

network examples: two where the adjacency matrix is semi-simple and one where it is not

the case.

6.3.1 Semi-simple adjacency matrix

Example 6.10 Consider the 5-cell regular network G on the left of Figure 1 and recall

the associated coupled cell systems at Example 2.3. Using Algorithm 6.5, we obtain all

the nontrivial synchrony spaces associated to the network G, see Table 1.

∆1 = {x : x2 = x3}
∆2 = {x : x3 = x5}
∆3 = {x : x4 = x5}

∆4 = {x : x2 = x3 = x5}
∆5 = {x : x3 = x4 = x5}
∆6 = {x : x1 = x2, x4 = x5}
∆7 = {x : x1 = x4, x2 = x3}
∆8 = {x : x2 = x3, x4 = x5}
∆9 = {x : x2 = x4, x3 = x5}

∆10 = {x : x1 = x2, x3 = x4 = x5}
∆11 = {x : x1 = x4, x2 = x3 = x5}
∆12 = {x : x1 = x2 = x3, x4 = x5}
∆13 = {x : x1 = x4 = x5, x2 = x3}
∆14 = {x : x2 = x3 = x4 = x5}

Table 1: Nontrivial synchrony subspaces for the network on the left of Figure 1.

We illustrate now the implementation of Algorithm 6.5.

Step 1. The adjacency matrix of G has eigenvalues 2,−1, 0, with algebraic (and geo-

metric) multiplicities 1, 2, 2, respectively. The associated eigenspaces (in R5) are E2 =<

(1, 1, 1, 1, 1) >,

E−1 =< (1,−1,−1, 0, 0), (1, 0, 0,−1,−1) > and E0 =< (1, 0,−1, 0,−1), (0, 1, 0,−1, 0) > .

Steps 1.1-1.3 for E2: Table 2 is constructed.

Conditions Polydiag. dim. Basis Nr. l.i. vectors
x1 = x2 = x3 = x4 = x5 1 ((1, 1, 1, 1, 1)) 1

Table 2: Table for E2.
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Steps 1.1-1.6 for E−1: let

M =




1 1

−1 0

−1 0

0 −1

0 −1




.

As rows 2, 3 are equal and rows 4, 5 are equal we have that vectors x = (x1, . . . , x5) ∈ E−1

satisfy x2 = x3 and x4 = x5. We eliminate rows 3 and 5 of M and create a table with one

row, the first row in Table 3. Thus,

M =




1 1

−1 0

0 −1




and M =




2 1

1 2

−1 1




.

As M has three rows, we have s = 3, and so, it is sufficient to consider the submatrices

of M with 3 − 2 = 1 row. The first row of M corresponds to the equality x1 = x2, the

second row to x1 = x4 and the third to x2 = x4. Considering all the submatrices formed

by one row of M , that is,

S = {[2 1], [1 2], [−1 1]} ,

we obtain Table 3.

Conditions Polydiag. dim. Basis Nr. l.i. vectors
x2 = x3, x4 = x5 3 ((1,−1,−1, 0, 0), (1, 0, 0,−1,−1)) 2
x1 = x2 = x3, x4 = x5 2 ((1, 1, 1,−2,−2)) 1
x1 = x4 = x5, x2 = x3 2 ((1,−2,−2, 1, 1)) 1
x2 = x3 = x4 = x5 2 ((2,−1,−1,−1,−1)) 1

Table 3: Table for E−1.
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Steps 1.1-1.6 for E0: let

M =




1 0

0 1

−1 0

0 −1

−1 0




and observe that row 3 is equal to row 5. Therefore x3 = x5 for the eigenvectors x in E0.

We then eliminate row 5 of M creating a table with one row, the first row of Table 4, and

obtaining

M =




1 0

0 1

−1 0

0 −1




and M =




1 −1

2 0

1 1

1 1

0 2

−1 1




.

We have s = 4, and so, it is sufficient to consider the submatrices of M with 4− 2 = 2

rows. The rows of M correspond, respectively, to the equalities x1 = x2, x1 = x3, x1 = x4,

x2 = x3, x2 = x4 and x3 = x4. The submatrices of M with 2 rows and rank less than

2 are




1 −1

−1 1


 and




1 1

1 1


. These submatrices correspond, respectively, to the

conditions x1 = x2, x3 = x4 = x5 and x1 = x4, x2 = x3 = x5. We have then that the set S

in step 1.6 is

S =





[1 − 1], [2 0], [1 1], [1 1], [0 2], [−1 1],




1 −1

−1 1


 ,




1 1

1 1








.

Considering this information, we obtain Table 4.
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Conditions Polydiag. dim. Basis Nr. l.i. vectors
x3 = x5 4 ((1, 0,−1, 0,−1), (0, 1, 0,−1, 0)) 2
x1 = x2, x3 = x5 3 ((1, 1,−1,−1,−1)) 1
x1 = x3 = x5 3 ((0, 1, 0,−1, 0)) 1
x1 = x4, x3 = x5 3 ((1,−1,−1, 1,−1)) 1
x2 = x3 = x5 3 ((1,−1,−1, 1,−1)) 1
x2 = x4, x3 = x5 3 ((1, 0,−1, 0,−1)) 1
x3 = x4 = x5 3 ((1, 1,−1,−1,−1)) 1
x1 = x2, x3 = x4 = x5 2 ((1, 1,−1,−1,−1)) 1
x1 = x4, x2 = x3 = x5 2 ((1,−1,−1, 1,−1)) 1

Table 4: Table for E0.

Steps 2.1-2.3 From Table 2 we obtain the trivial synchrony subspace ∆0 = {x : x1 =

x2 = x3 = x4 = x5}.

Consider the first row in Table 3 of E−1. The polydiagonal subspace of R5 of the

vectors (x1, x2, x3, x4, x5) satisfying the conditions x2 = x3, x4 = x5 is 3-dimensional.

The two linearly independent eigenvectors of E−1 that verify those conditions and the

eigenvector (1, 1, . . . , 1) of Table 2 form a basis of that polydiagonal subspace. Thus, it is

a synchrony subspace. The same holds for the other three rows of Table 3 obtaining so

the synchrony subspaces ∆8, ∆12, ∆13 and ∆14 of Table 1.

The polydiagonal subspace F of the vectors (x1, x2, x3, x4, x5) (in R5) satisfying the

condition x3 = x5 which appears in the first row of Table 4 for E0 is 4-dimensional.

Besides the eigenvector (1, 1, . . . , 1) there are two linearly independent eigenvectors of E0

in F and one linearly independent eigenvector of E−1 (satisfying x2 = x3 = x4 = x5) in

F (fourth row of Table 3). Thus, there is an eigenvector basis for the subspace and so, it

is a synchrony subspace, ∆2.

The subspace F of the vectors (x1, x2, x3, x4, x5) in R5 satisfying the conditions x1 =

x2, x3 = x5 in the second row of Table 4 for E0 is 3-dimensional. Besides the eigenvector

(1, 1, . . . , 1), there is only one linearly independent eigenvector of E0 in F and no eigen-

vector of E−1 in F . Thus, there is no eigenvector basis for the subspace and so, it is not a

synchrony subspace. The same happens for the next two rows of Table 4 for E0. Applying
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the step 2.3.2 to these three rows, we have to add the following four rows to the Table 4:

Conditions Polydiag. dim. Basis Nr. l.i. vectors

x1 = x2 4 ((1, 1,−1,−1,−1)) 1

x1 = x3 4 ((0, 1, 0,−1, 0)) 1

x1 = x5 4 ((0, 1, 0,−1, 0)) 1

x1 = x4 4 ((1,−1,−1, 1,−1)) 1

However, applying the steps 2.1-2.3 to these rows we obtain no synchrony subspaces.

The subspace F of the vectors (x1, x2, x3, x4, x5) in R5 satisfying the conditions x2 =

x3 = x5 in row five of Table 4 for E0 is 3-dimensional. Besides the eigenvector (1, 1, . . . , 1)

there is one linearly independent eigenvector of E0 in F and one linearly independent

eigenvector of E−1 (satisfying x2 = x3 = x4 = x5) in F . Thus,there is an eigenvector

basis for the subspace and so, it is a synchrony subspace, ∆4. The same happens for the

subspaces of R5 defined by the conditions in the next two rows of the table for E0: we

obtain ∆9 and ∆5.

For the last two rows of Table 4 for E0, the subspace of R5 of the vectors (x1, x2, x3, x4, x5)

satisfying the conditions in each row is 2-dimensional. Besides the eigenvector (1, 1, . . . , 1)

there is one more linearly independent eigenvector in E0 that verifies those conditions.

Thus, it is a synchrony subspace. We have then more six synchrony subspaces: ∆2, ∆4,

∆5, ∆9, ∆10 and ∆11 of Table 1.

At the end of the step 2.3, the sum-dense set S of synchrony subspaces (which con-

tains the minimal synchrony set mG as defined in Theorem 5.13), obtained directly from

Tables 3 and 4, is

S = {∆0, ∆2, ∆4, ∆5, ∆8, ∆9, ∆10, ∆11, ∆12, ∆13, ∆14} .

Step 3 Observe that each of the synchrony subspaces ∆10, . . . , ∆14 is two-dimensional
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and so it is sum-irreducible. Moreover,

∆2 = ∆10 + ∆11 + ∆14, ∆4 = ∆11 + ∆14, ∆5 = ∆10 + ∆14 and ∆8 = ∆12 + ∆14 .

It follows then that at the end of step 3, we get the irreducible sum-dense set

IG = {∆9, ∆10, ∆11, ∆12, ∆13, ∆14} .
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Figure 5: The lattice of synchrony subspaces for the 5-cell regular network G on the
left of Figure 1: the nontrivial synchrony subspaces ∆i, for i = 1, . . . , 14, are listed in
Table 1. The top element is the total phase space P (the total asynchronous polydiagonal
space) and the bottom element ∆0 is the full synchronous polydiagonal space. The sum-
irreducible synchrony subspaces of the sum-dense set IG are in green.

Step 4 Applying Sum
(
IG

)
, we get the lattice of synchrony subspaces listed in Table 1.

See the lattice in Figure 5. 3

Example 6.11 Consider the 5-cell regular network G in Figure 6. Using Algorithm 6.5,

we obtain all the nontrivial synchrony spaces associated to the network G, see Table 5.
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Figure 6: A 5-cell regular network.

∆1 = {x : x2 = x5} ∆2 = {x : x1 = x2 = x3}
∆3 = {x : x1 = x2 = x3 = x5}
∆4 = {x : x1 = x2 = x3, x4 = x5}

Table 5: Nontrivial synchrony subspaces for the network in Figure 6.

We illustrate very briefly the implementation of Algorithm 6.5.

Step 1. The adjacency matrix of G has eigenvalues 2, 0, 1 and ±i. We consider thus

the complexification Ac of A (see Remark 5.4). The associated eigenspaces (in C5) are

E2 =< (1, 1, 1, 1, 1) > and

E0 =< (0, 0, 0, 1, 0) >, E1 =< (0, 0, 0, 1, 1) >, Ei =< (−1+i, 1,−2i,−2−i, 1) >, E−i =< (−1−i, 1, 2i,−2+i, 1) > .

Steps 1.1-1.6: at the end of Step 1 we get five tables, each with one row, whose infor-

mation is collected in Table 6.

Table Conditions Polydiag. dim. Basis Nr. l.i. vectors
E2 x1 = x2 = x3 = x4 = x5 1 ((1, 1, 1, 1, 1)) 1
E0 x1 = x2 = x3 = x5 2 ((0, 0, 0, 1, 0)) 1
E1 x1 = x2 = x3, x4 = x5 2 ((0, 0, 0, 1, 1)) 1
Ei x2 = x5 4 ((−1 + i, 1,−2i,−2 − i, 1)) 1
E−i x2 = x5 4 ((−1 − i, 1, 2i,−2 + i, 1)) 1

Table 6: Table collecting the information of the tables for E2, E0, E1, Ei, E−i.

Steps 2.1-2.3 Since all the polydiagonals in Table 6 have an eigenvector basis, at the

end of Step 2 we get the synchrony subspaces ∆0, ∆1, ∆3 and ∆4.
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Figure 7: The lattice of synchrony subspaces for the 5-cell regular network G of Fig-
ure 6: the nontrivial synchrony subspaces ∆i, for i = 1, . . . , 4, are listed in Table 5. The
top element is the total phase space P (the total asynchronous polydiagonal space) and
the bottom element ∆0 is the full synchronous polydiagonal space. The sum-irreducible
synchrony subspaces of the sum-dense set IG are in green.

Steps 3 and 4 We get the irreducible sum-dense set

IG = {∆1, ∆3, ∆4} .

Applying Sum
(
IG

)
, we get the lattice of synchrony subspaces listed in Table 5. See the

lattice in Figure 7. 3

6.3.2 Non semi-simple adjacency matrix

Example 6.12 Consider the 6-cell regular network G of Figure 8. Using Algorithm 6.5,

we obtain all the nontrivial synchrony spaces associated to the network G, see Table 7.

We illustrate briefly the implementation of Algorithm 6.5.

Step 1. The adjacency matrix A of G has eigenvalues 2 and 0, with algebraic multiplicities
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Figure 8: A 6-cell regular network.

∆1 = {x : x2 = x3}
∆2 = {x : x4 = x5}

∆3 = {x : x2 = x3, x4 = x5}
∆4 = {x : x2 = x6, x4 = x5}
∆5 = {x : x3 = x6, x4 = x5}

∆6 = {x : x1 = x4 = x5, x3 = x6}
∆7 = {x : x2 = x3 = x6, x4 = x5}

∆8 = {x : x1 = x2, x3 = x4 = x5 = x6 }
∆9 = {x : x1 = x4 = x5, x2 = x3 = x6 }

Table 7: Nontrivial synchrony subspaces for the network of Figure 8.

1 and 5, respectively. The associated eigenspaces (in R6) are E2 =< (1, 1, 1, 1, 1, 1) > and

E0 = ker A =< (1, 0,−1, 0, 0,−1), (0, 1, 0,−1,−1, 0) > .

Steps 1.1-1.3 for E2: Table 8 is constructed.

Conditions Polydiag. dim. Basis Nr. l.i. vectors
x1 = x2 = x3 = x4 = x5 = x6 1 ((1, 1, 1, 1, 1, 1)) 1

Table 8: Table for E2.

Steps 1.1-1.6 for E0: we get Table 9 and we identify the synchrony subspaces ∆8 and

∆9 (first two lines of the table).

Step 1.7

Step 1.7.1 Since ImA = {x : x2 = x3, x4 = x5}, we can take the following basis for
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Conditions Polydiag. dim. Basis Nr. l.i. vectors
x1 = x2, x3 = x4 = x5 = x6 2 ((1, 1,−1,−1,−1,−1)) 1
x1 = x4 = x5, x2 = x3 = x6 2 ((1,−1,−1, 1, 1,−1)) 1
x1 = x2, x3 = x6, x4 = x5 3 ((1, 1,−1,−1,−1,−1)) 1
x1 = x3 = x6, x4 = x5 3 ((0, 1, 0,−1,−1, 0)) 1
x1 = x4 = x5, x3 = x6 3 ((1,−1,−1, 1, 1,−1)) 1
x2 = x3 = x6, x4 = x5 3 ((1,−1,−1, 1, 1,−1)) 1
x2 = x4 = x5, x3 = x6 3 ((1, 0,−1, 0, 0,−1)) 1
x3 = x4 = x5 = x6 3 ((1, 1,−1,−1,−1,−1)) 1
x3 = x6, x4 = x5 4 ((1, 0,−1, 0, 0,−1), (0, 1, 0,−1,−1, 0)) 2

Table 9: Table for E0.

ImA:

((1, 0, 0, 0, 0, 0), (0, 1, 1, 0, 0, 0), (0, 0, 0, 1, 1, 0), (0, 0, 0, 0, 0, 1)) .

Step 1.7.2 Observe that only the rows 2, 5, 6, 9 of Table 9 for E0 are such that the intersec-

tion of the subspace corresponding to the basis in the row with ImA is a nonzero subspace.

Step 1.7.2.1 for row 2 of Table 9

Take the following basis for the intersection of the subspace corresponding to the

basis in the row with ImA,

B1 = ((1,−1,−1, 1, 1,−1)) ,

and call:

JordanChain(((1,−1,−1, 1, 1,−1)) , {x1 = x4 = x5, x2 = x3 = x6}, 2)

Steps 1-5 of the JordanChain We obtain the following data:

V1 =< (1,−1,−1, 1, 1,−1) >, BC = ((1,−1,−1, 1, 1,−1)) ;
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The subspace V2 of the vectors v2 ∈ ker A2 satisfying Av2 ∈ V1 is ker A2:

V2 = {(β, γ, α − β,−α − γ,−α − γ, α − β) : α, β, γ ∈ R} .

Choosing

B2 = ((1, 0,−1, 0, 0,−1), (0, 0, 1,−1,−1, 1)) ,

we have that

BC ∪ B2 = ((1,−1,−1, 1, 1,−1), (1, 0,−1, 0, 0,−1), (0, 0, 1,−1,−1, 1) )

is a basis of V2 and

M =




1 0

0 0

−1 1

0 −1

0 −1

−1 1




.

Steps 6-8 of JordanChain The matrix M for the set of equality conditions C =

{x1 = x4 = x5, x2 = x3 = x6} is

M =




1 1

1 1

1 −1

1 −1

0 0

0 0




and rankM = 2;

Taking the set S = S1 ∪ S0 of the submatrices of M with rank 1 or 0, as described
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in Step 8 of the JordanChain routine, we have

S1 =





N1 =




1 1

1 1

0 0

0 0




, N2 =




1 −1

1 −1

0 0

0 0








and

S0 =





N3 =




0 0

0 0








.

N1 Step 9.1 The rows of N1 correspond to the set of equality conditions CN1
=

{x1 = x4 = x5, x3 = x6} of row 5 of Table 9 for E0.

N2 Step 9.1 The rows of N2 correspond to the set of the equality conditions

CN2
= {x2 = x3 = x6, x4 = x5} of row 6 of Table 9 for E0.

N3 Step 9.1 The rows of N3 correspond to the set of equality conditions CN3
=

{x3 = x6, x4 = x5} of row 9 of Table 9 for E0.

Step 1.7.2.1 for row 5 of Table 9

Take the following basis for the intersection of the subspace corresponding to the

basis in the row with ImA,

B1 = ((1,−1,−1, 1, 1,−1)) ,

and call:

JordanChain(((1,−1,−1, 1, 1,−1)) , {x1 = x4 = x5, x3 = x6}, 2)

Steps 1-5 of the JordanChain We obtain the same data as for row 2.
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Steps 6-8 of JordanChain The matrix M for the set of equality conditions C =

{x1 = x4 = x5, x3 = x6} is

M =




1 1

1 1

0 0

0 0




and rankM = 1 < 2 .

Taking the set S = S1 ∪ S0 of the relevant submatrices of M with rank 1 or 0,

S1 =





N1 = M =




1 1

1 1

0 0

0 0








and

S0 =





N2 =




0 0

0 0








.

N1 Step 9.1 The rows of N1 correspond to the set of equality conditions CN1
=

C = {x1 = x4 = x5, x3 = x6} of row 5 of Table 9 for E0. We take

B2 = ((1, 0,−2, 1, 1,−2))

and we change that row: taking the basis

B = ((1,−1,−1, 1, 1,−1), (1, 0,−2, 1, 1,−2))

in the third entry and #B = 2 in the fourth entry - see row 5 of the Old group

of rows of the Table 10. We also identify the synchrony subspace ∆6 and we
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don’t call the JordanChain routine at Step 9.1.5 since

< B2 > ∩ImA = {0} .

N2 Step 9.1 The rows of N2 correspond to the set of equality conditions CN2
=

{x3 = x6, x4 = x5} of row 9 of Table 9 for E0.

Step 1.7.2.1 for row 6 of Table 9

Take the following basis for the intersection of the subspace corresponding to the

basis in the row with ImA,

B1 = ((1,−1,−1, 1, 1,−1)) ,

and call:

JordanChain(((1,−1,−1, 1, 1,−1)) , {x2 = x3 = x6, x4 = x5}, 2)

Steps 1-5 of the JordanChain We obtain the same data as for row 2.

Steps 6-8 of JordanChain The matrix M for the set of equality conditions {x2 =

x3 = x6, x4 = x5} is

M =




1 −1

1 −1

0 0

0 0




and rankM = 1 < 2 .

Taking the set S = S1 ∪ S0 of the relevant submatrices of M with rank 1 or 0, we
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have

S1 =





N1 = M =




1 −1

1 −1

0 0

0 0








and

S0 =





N2 =




0 0

0 0








.

N1 Step 9.1 The rows of N1 correspond to the set of equality conditions CN1
=

C = {x2 = x3 = x6, x4 = x5} of row 6 of Table 9 for E0. We take

B2 = ((1, 0, 0,−1,−1, 0))

and we change that row: taking the basis

B = ((1,−1,−1, 1, 1,−1), (1, 0, 0,−1,−1, 0))

in the third entry and #B = 2 in the fourth entry - see row 6 of the Old group

of rows of the Table 10. We identify the synchrony subspace ∆7. As

< B2 > ∩ImA =< B2 >,

and < B >⊆ ImA, we have that < B > ∩ImA =< B >. Take

B2 = B = ((1,−1,−1, 1, 1,−1) , (1, 0, 0,−1,−1, 0)) ,

and execute:

JordanChain(B2, C, 3)
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We obtain the following data:

B2 = ((1,−1,−1, 1, 1,−1) , (1, 0, 0,−1,−1, 0)) ;

V2 =< B2 >;

V3 = {v3 ∈ ker A3 : Av3 ∈ V2} = ker A3

= {(α + β + γ + τ,−α,−2β,−γ,−γ,−2τ) : α, β, γ, τ ∈ R} ;

BC = ((1,−1,−1, 1, 1,−1) , (1, 0, 0,−1,−1, 0)) ;

B3 = ((1, 0,−1, 0, 0,−1), (2,−1,−2, 0, 0, 0)) ;

BC ∪ B3 is a basis of V3;

M =




1 2

0 −1

−1 −2

0 0

0 0

−1 0




.

The matrix M for the set of equality conditions CN1
= C = {x2 = x3 =
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x6, x4 = x5} is

M =




1 1

1 −1

0 −2

0 0




and rankM = 2;

Taking the set S = S1 ∪ S0 of the relevant submatrices of M with rank 1

or 0,

S1 =





N11 =




1 1

0 0


 , N12 =




1 −1

0 0


 , N13 =




0 −2

0 0








and

S0 =

{
N14 =

[
0 0

]}
.

N11 Step 9.1 The rows of N11 correspond to the set of equality conditions

{x2 = x3, x4 = x5}. We add one row to the Table 9, obtaining the

fourth row of the New group of rows of the Table 10, identifying the

synchrony subspace ∆3 and we have to execute

JordanChain(((1,−1,−1, 1, 1,−1), (1, 0, 0,−1,−1, 0), (−1, 1, 1, 0, 0,−1)) , {x2 =

x3, x4 = x5}, 4)
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We have

B3 = ((1,−1,−1, 1, 1,−1), (1, 0, 0,−1,−1, 0), (−1, 1, 1, 0, 0,−1)) ;

V3 =< B3 >;

V4 = {v4 ∈ ker A4 : Av4 ∈ V3} = ker A4

= {x : x4 = −4x1 − 4x2 − 2x3 − 3x5 − 2x6};

BC = B3 = ((1,−1,−1, 1, 1,−1), (1, 0, 0,−1,−1, 0), (−1, 1, 1, 0, 0,−1)) ;

B4 = ((0, 0, 0,−2, 0, 1), (0, 0, 1,−7, 1, 1)) ;

BC ∪ B4 is a basis of V4;

M =




0 0

0 0

0 1

−2 −7

0 1

1 1




.

The matrix M for the set of equality conditions {x2 = x3, x4 = x5}

is

M =




0 −1

−2 −8


 and rankM = 2.

We need to consider the submatrices [0,−1] and [−2,−8] of M ,
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of rank 1. From the first one, we add one row to the Table 9,

obtaining the third row of the New group of rows of the Table 10,

and identifying the synchrony subspace ∆1. From the second one,

we add one row to the Table 9, obtaining the second row of the New

group of rows of the Table 10, identifying the synchrony subspace

∆2 and we don’t call the JordanChain routine in Step 9.1.5.

N12 Step 9.1 The rows of N12 correspond to the set of equality conditions

x2 = x6, x4 = x5. We add one row to the Table 9, obtaining the first

row of the New group of rows of the Table 10, identifying the synchrony

subspace ∆4 and we don’t call the JordanChain routine in Step 9.1.5.

N13 Step 9.1 The rows of N13 correspond to the set of equality conditions

x3 = x6, x4 = x5 of row 9 of Table 9.

N14 Step 9.1 The row of N14 corresponds to the equality condition x4 = x5,

which is the condition in the second row of the New group of rows of

the Table 10.

N2 Step 9.1 The rows of N2 correspond to the set of equality conditions CN2
=

{x3 = x6, x4 = x5} of row 9 of Table 9 for E0.

Step 1.7.2.1 for row 9 of Table 9

Take the following basis for the intersection of the subspace corresponding to the

basis in the row with ImA,

B1 = ((1,−1,−1, 1, 1,−1)) ,

and call:

JordanChain(((1,−1,−1, 1, 1,−1)) , {x3 = x6, x4 = x5}, 2)
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Steps 1-8 of the JordanChain We obtain the following data:

V1 =< (1,−1,−1, 1, 1,−1) >;

BC = ((1, 0,−1, 0, 0,−1), (0, 1, 0,−1,−1, 0)) ;

V2 = {v2 ∈ ker A2 : Av2 ∈ V1} = ker A2

= {(β, γ, α − β,−α − γ,−α − γ, α − β) : α, β, γ ∈ R};

B2 = ((0, 0, 1,−1,−1, 1)) ;

BC ∪ B2 is a basis of V2;

M =




0

0

1

−1

−1

1




and M =




0

0


 .

As rankM = 0, we have S = S0 and in S0 we just have to take into consideration

the matrix N = M that corresponds to the set of equality conditions CN = C =

{x3 = x6, x4 = x5} of row 9 of Table 9 for E0. We change that row, taking the basis

B = BC ∪ B2

in the third entry and #B = 3 in the fourth entry - see row 9 of the Old group of
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rows of the Table 10. We identify the synchrony subspace ∆5 and we don’t call the

JordanChain routine since

< B2 > ∩ImA = {0} .

There are no more rows in Table 9 such that the corresponding basis intersects nontriv-

ially ImA. Thus step 1.7.2 is concluded and we proceed to step 2 of the Algorithm 6.5

considering now Table 10 that was obtained from Table 9, with changes at rows 5,6 and

9, and four new rows.

Conditions Polydiag. dim. Basis Nr. l.i. vectors

New

x2 = x6, x4 = x5 4 ((1,−1,−1, 1, 1,−1), (1, 0, 0,−1,−1, 0), 3
(3,−1,−3, 0, 0,−1) )

x4 = x5 5 ((1,−1,−1, 1, 1,−1), (1, 0, 0,−1,−1, 0), 4
(−1, 1, 1, 0, 0,−1), (0, 0, 1, 1, 1 − 3) )

x2 = x3 5 ((1,−1,−1, 1, 1,−1), (1, 0, 0,−1,−1, 0), 4
(−1, 1, 1, 0, 0,−1), (0, 0, 0,−2, 0, 1) )

x2 = x3, x4 = x5 4 ((1,−1,−1, 1, 1,−1), (1, 0, 0,−1,−1, 0), 3
(−1, 1, 1, 0, 0,−1) )

Old

x1 = x2, x3 = x4 = x5 = x6 2 ((1, 1,−1,−1,−1,−1)) 1

x1 = x4 = x5, x2 = x3 = x6 2 ((1,−1,−1, 1, 1,−1)) 1

x1 = x2, x3 = x6, x4 = x5 3 ((1, 1,−1,−1,−1,−1)) 1

x1 = x3 = x6, x4 = x5 3 ((0, 1, 0,−1,−1, 0)) 1

x1 = x4 = x5, x3 = x6 3 ((1,−1,−1,1,1,−1), (1,0,−2,1,1,−2)) 2

x2 = x3 = x6, x4 = x5 3 ((1,−1,−1,1,1,−1), (1,0,0,−1,−1,0)) 2

x2 = x4 = x5, x3 = x6 3 ((1, 0,−1, 0, 0,−1)) 1

x3 = x4 = x5 = x6 3 ((1, 1,−1,−1,−1,−1)) 1

x3 = x6, x4 = x5 4 ((1,0,−1,0,0,−1), (0,1,0,−1,−1,0), 3

(0,0,1,−1,−1,1) )

Table 10: At the end of the execution of the Step 1 of the Algorithm 6.5, rows 5,6,9 of the
Table 9 for E0 were changed and four rows were added (the first four rows of this table).

Step 2. We identify the sum-dense set of synchrony subspaces

S = {∆0, ∆1, ∆2, ∆3, ∆4, ∆5, ∆6, ∆7, ∆8, ∆9} .
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Step 3. From the set S, we have that ∆5 = ∆6 + ∆8 and ∆2 = ∆3 + ∆4. Moreover, all

the others synchrony subspaces are sum-irreducible. It follows then that

IG = {∆1, ∆3, ∆4, ∆6, ∆7, ∆8, ∆9} .
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Figure 9: The lattice of synchrony subspaces for the 6-cell regular network G of Figure 8.
The synchrony subspaces ∆i, for i = 1, . . . , 9, are listed in Table 7. The top element is the
total phase space P (the total asynchronous polydiagonal space) and the bottom element
∆0 is the full synchronous polydiagonal space. The sum-irreducible synchrony subspaces
of the sum-dense IG are in green.

Step 4. We obtain the lattice VG formed by the synchrony subspaces in Figure 9 and

listed in Table 7.

3
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7 More on the lattice of synchrony subspaces for non-

regular homogeneous networks

Recall Corollary 4.3 in Section 4 which shows that, a polydiagonal subspace for a ho-

mogeneous network G with edge-types E1, . . . , E l, is of synchrony, if and only if it is a

synchrony subspace for all its regular subnetworks GE j
. Thus we can use Algorithm 6.5

to obtain the lattice VGE j

for the subnetworks GE j
and then the lattice VG is given by

the intersection of those lattices.

Example 7.1 Consider the 5-cell homogeneous network G in Figure 4. The coupled cell

systems associated to the network G satisfy

ẋ1 = f(x1, x2, x4, x2, x4)

ẋ2 = f(x2, x1, x5, x1, x4)

ẋ3 = f(x3, x1, x5, x1, x5)

ẋ4 = f(x4, x1, x3, x1, x2)

ẋ5 = f(x5, x1, x3, x1, x3)

,

where f(u, v, w, z, t) is a smooth function invariant under permutation of the variables v

and w and under the permutation of the variables z and t. There are two edge types, E1

and E2 with adjacency matrices, respectively,

A1 =




0 1 0 1 0

1 0 0 0 1

1 0 0 0 1

1 0 1 0 0

1 0 1 0 0




and A2 =




0 1 0 1 0

1 0 0 1 0

1 0 0 0 1

1 1 0 0 0

1 0 1 0 0




.

Note that, the subnetwork GE1
, with adjacency matrix A1, is the one in the Example 6.10
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and the set of the nontrivial synchrony subspaces for the subnetwork GE1
is given in

Table 1. Using Algorithm 6.5 to obtain the lattice VGE2

for the subnetwork GE2
, we

obtain the set of the nontrivial synchrony subspaces in Table 11. By Corollary 4.3, the

nontrivial synchrony subspaces for G are the ones listed in Table 12.

∆1 = {x : x1 = x2}
∆2 = {x : x1 = x4}
∆3 = {x : x2 = x4}
∆4 = {x : x3 = x5}

∆5 = {x : x1 = x2 = x4}
∆6 = {x : x2 = x3, x4 = x5}
∆7 = {x : x1 = x2, x3 = x5}
∆8 = {x : x2 = x4, x3 = x5}
∆9 = {x : x2 = x5, x3 = x4}
∆10 = {x : x1 = x4, x3 = x5}

∆11 = {x : x1 = x2 = x3, x4 = x5}
∆12 = {x : x1 = x2 = x4, x3 = x5}
∆13 = {x : x1 = x2 = x5, x3 = x4}
∆14 = {x : x1 = x3 = x4, x2 = x5}
∆15 = {x : x1 = x4 = x5, x2 = x3}
∆16 = {x : x2 = x3 = x4 = x5}

Table 11: Nontrivial synchrony subspaces for the network with adjacency matrix A2.

{x : x3 = x5}
{x : x2 = x3, x4 = x5}
{x : x2 = x4, x3 = x5}

{x : x1 = x2 = x3, x4 = x5}
{x : x1 = x4 = x5, x2 = x3}
{x : x2 = x3 = x4 = x5}

Table 12: Nontrivial synchrony subspaces for the network of Figure 4.

3

One way to implement an efficient algorithm to obtain the lattice VG is to find the

lattice VGE j

for some subnetwork GE j
executing Algorithm 6.5, and then finding the

subset of subspaces in VGE j

that are left invariant by the adjacency matrices of the other

subnetworks GEk
.

Another way to implement an optimized algorithm to obtain the lattice VG is not

to make distinction of the edge-types and consider a ‘global adjacency matrix’ (that

includes the arrows of all types). Obviously, the synchrony subspaces in VG are synchrony

subspaces for the regular network G with adjacency matrix given by that global matrix.

Since the reverse is not true, after executing Algorithm 6.5 for G, it is then necessary to

find the subset of subspaces in VG that are left invariant by all the adjacency matrices of

G.
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8 More on the lattice of synchrony subspaces for non-

homogeneous networks

Theorem 4.2 in Section 4 relates the lattice of balanced equivalence relations of a nonho-

mogeneous network G with the lattices of balanced equivalence relations of its subnetworks

by input class and edge-type class GIi and GIi

E ij

(recall the definition in Section 4). Here

we go further and present results that define a process to obtain the nontrivial balanced

equivalence relations in ΛG given the balanced equivalence relations in GIi

E ij

. For that,

we need to introduce the following definition.

Definition 8.1 Let H be a subnetwork of a network G and ⊲⊳ be an equivalence relation

on the set CH of the cells of H. Using ⊲⊳ we define an equivalence relation ⊲̆⊳ on the set

C ⊇ CH of the cells of G by [c]⊲̆⊳ = [c]⊲⊳, for c ∈ CH and [c]⊲̆⊳ = {c} for c ∈ C \ CH . We say

that ⊲̆⊳ is the unfolding of ⊲⊳ to C. Analogously, if ⊲⊳ is an equivalence relation on the set

C, then the equivalence relation ⊲̂⊳ on the set of cells CH ⊂ C of the cells in H defined by

[c]b⊲⊳ = [c]⊲⊳ ∩ CH is called the restriction of ⊲⊳ to CH . 3

Let G̃
Ii

and G̃
Ii

E ij
be the subnetworks of GIi and GIi

E ij

, considering only the cells in Ii

and in their input sets in GIi and GIi

E ij

, respectively.

Theorem 8.2 Let G be a nonhomogeneous network. For an input equivalence class Ii

of G, consider the corresponding subnetwork G̃
Ii

and the associated identical-edge subnet-

works G̃
Ii

E ij
, for j = 1, . . . , ri. Let B̃i be the set of balanced equivalence relations ⊲⊳i on the

cells of G̃
Ii

such that there is at least one cell c in Ii with #[c]⊲⊳i
> 1 and not admitting

a balanced refinement ⊲⊳r
i such that for c ∈ Ii we have [c]⊲⊳i

= [c]⊲⊳r
i
. Let B̃ij be the set of

balanced equivalence relations ⊲⊳ij on the cells of G̃
Ii

E ij
such that there is at least one cell

c in Ii with #[c]⊲⊳ij
> 1 and not admitting a balanced refinement ⊲⊳r

ij
such that for c ∈ Ii

we have [c]⊲⊳ij
= [c]⊲⊳r

ij
. For each ⊲⊳ij∈ B̃ij , consider its unfolding ⊲̆⊳ij to the set of cells of

G̃
Ii
.
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An equivalence relation ⊲⊳i is in B̃i if and only if

⊲⊳i= ⊲̆⊳i1 ∨ · · · ∨ ⊲̆⊳iri

for ⊲⊳i1∈ B̃i1 , . . . , ⊲⊳iri
∈ B̃iri

satisfying [c]⊲⊳ij
= [c]⊲⊳ik

, for all j, k ∈ {1, . . . , ri} and c ∈ Ii.

Proof Let ⊲⊳i∈ B̃i and ⊲⊳ij , for j = 1, . . . , ri, be the restriction of ⊲⊳i to the set of cells of

G̃
Ii

E ij
. Trivially each ⊲⊳ij is a balanced equivalence relation in B̃ij and ⊲⊳i= ⊲̆⊳i1 ∨· · ·∨ ⊲̆⊳iri

,

with ⊲̆⊳ij the unfolding of ⊲⊳ij to the cells of G̃
Ii
. Moreover, since for all j = 1, . . . , ri the

input equivalence class Ii is a subset of the set of cells of G̃
Ii

E ij
, we have [c]⊲⊳ij

= [c]⊲⊳ik
, for

all j, k ∈ {1, . . . , ri} and c ∈ Ii.

Now, let ⊲⊳i1∈ B̃i1 , . . . , ⊲⊳iri
∈ B̃iri

satisfying [c]⊲⊳ij
= [c]⊲⊳ik

, for all j, k ∈ {1, . . . , ri} and

c ∈ Ii. First, we prove that ⊲⊳i= ⊲̆⊳i1 ∨ · · · ∨ ⊲̆⊳iri
is a balanced equivalence relation on

the cells of G̃
Ii
. For that we have to show that given any two cells c, d of G̃

Ii
such that

c ⊲⊳i d, there is an edge-type preserving isomorphism βi(c, d) : I(c) → I(d), between the

input sets of c and d in G̃
Ii
, respectively, such that for all α ∈ I(c), the tail cells of α and

βi(c, d)(α) are in the same ⊲⊳i class. Note that c ⊲⊳i d only if c and d belong to the same

input equivalence class. Consider first the case c, d ∈ Ii. If c ⊲⊳i d, then c ⊲⊳ij d (and thus

c ⊲̆⊳ijd), for all j = 1, . . . , ri. Moreover, since ⊲⊳ij is balanced, as [c]⊲⊳ij
= [c]⊲⊳ik

, we define

the isomorphism βi(c, d) as βi(c, d)(e) = βij(c, d)(e), with ij the edge type of e. Since for

every βij(c, d), for j = 1, . . . , ri, the tail cells of α and βij(c, d)(α) are in the same ⊲⊳ij

class, the same follows for βi(c, d) and ⊲⊳i. In the case c ⊲⊳i d with c, d ∈ Il, for l 6= i, we

have I(c) = I(d) = ∅ and thus there is nothing to prove. That ⊲⊳i belongs to B̃i follows

trivially from the fact that ⊲⊳ij∈ B̃ij , for j = 1, . . . , ri. 2

Theorem 8.3 Let G be a nonhomogeneous network and for i = 1, . . . , k, consider G̃
Ii

the

subnetwork of G corresponding to the input equivalence class Ii. Let Bi be the set of the

unfoldings ⊲̆⊳i to C of all the balanced equivalence relations ⊲⊳i∈ B̃i defined in Theorem 8.2,
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together with the trivial relation (where each class is formed by a unique cell), on the set

of cells of G̃
Ii
.

An equivalence relation ⊲⊳ on the set of cells of G is balanced if and only if

⊲⊳= ⊲̆⊳1 ∨ · · · ∨ ⊲̆⊳k,

with ⊲̆⊳i ∈ Bi such that [c]⊲̆⊳j
⊆ [c]⊲̆⊳l

, for c ∈ Il, for all 1 ≤ j, l ≤ k.

Proof Let ⊲⊳ be a balanced equivalence relation on the set of cells of G. Let ⊲⊳i, for

i = 1, . . . , k, be the restriction of ⊲⊳ to the set of cells of G̃
Ii
. Trivially each ⊲⊳i is a balanced

equivalence relation on the cells of G̃
Ii
, for i = 1, . . . , k. If for all c ∈ Ii we have #[c]⊲⊳i

= 1

then we can take ⊲⊳i to be the trivial relation on C. Otherwise, if ⊲⊳i 6∈ B̃i then let ⊲⊳r
i∈ B̃i

such that ⊲⊳r
i ≺ ⊲⊳i and take ⊲⊳i=⊲⊳r

i . It follows trivially that ⊲⊳= ⊲̆⊳1∨· · ·∨ ⊲̆⊳k. Moreover,

observe that G̃
Il

contains the cells in Il and that ⊲⊳ refines ∼I since it is balanced. Thus,

for c ∈ Il, we have that [c]⊲⊳ ⊆ Il and so [c]⊲⊳ = [c]⊲⊳l
= [c]⊲̆⊳l

. If j 6= l then [c]⊲̆⊳j
⊆ [c]⊲̆⊳l

.

Let ⊲̆⊳i ∈ Bi such that [c]⊲̆⊳j
⊆ [c]⊲̆⊳l

, for c ∈ Il, for all 1 ≤ j, l ≤ k. To prove that

⊲⊳= ⊲̆⊳1∨ . . .∨ ⊲̆⊳k is a balanced equivalence relation on the cells of G we have to show that

given any two cells c, d of G such that c ⊲⊳ d, there is an edge-type preserving isomorphism

β(c, d) : I(c) → I(d), between the input sets of c and d, respectively, such that for all

α ∈ I(c), the tail cells of α and β(c, d)(α) are in the same ⊲⊳ class.

Note that c ⊲⊳ d only if c and d belong to the same input equivalence class since each

⊲̆⊳l ∈ Bl refines ∼I . If c, d ∈ Il, for l ∈ {1, . . . , k}, and c ⊲⊳ d, then c ⊲̆⊳ld, and thus c ⊲⊳l d,

since, for all j 6= l, [c]⊲̆⊳j
⊆ [c]⊲̆⊳l

. As ⊲⊳l is balanced, there is an edge-type preserving

isomorphism βl(c, d) : I(c) → I(d) such that for all α ∈ I(c), the tail cells of α and

βl(c, d)(α) are in the same ⊲⊳l class. We define β(c, d)(e) = βl(c, d)(e). Since the input

set of the cells in Il is empty in the subnetworks G̃
Ij

, for j 6= l, we conclude that the

isomorphism β(c, d) satisfies for all α ∈ I(c), that the tail cells of α and β(c, d)(α) are in
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the same ⊲⊳ class.

2

Using the above results and Algorithm 6.5, together with the one-to-one correspon-

dence between balanced equivalence relations and synchrony subspaces, it is easy to gen-

erate an algorithm to obtain the lattice of synchrony subspaces of a nonhomogeneous

network. More specifically, given a nonhomogeneous network G, consider the correspond-

ing subnetworks G̃
Ii

and the associated identical-edge subnetworks G̃
Ii

E ij
. Note that the

subnetworks G̃
Ii

E ij
may be not regular, even though they have only one edge type. For the

purpose of getting the lattice of synchrony subspaces, we consider the network adjacency

matrix. Thus, for each identical-edge subnetwork G̃
Ii

E ij
, its lattice of synchrony subspaces

can be obtained using Algorithm 6.5 taking into account Remark 6.9.

The lattices of balanced equivalence relations for the subnetworks G̃
Ii

E ij
are obtained

from the corresponding lattices of synchrony subspaces. The lattices of balanced equiva-

lence relations for the subnetworks G̃
Ii

are then obtained using the result in Theorem 8.2.

Finally, the lattice of balanced equivalence relations for the network G is obtained us-

ing the result in Theorem 8.3 and from that lattice we get the corresponding lattice of

synchrony subspaces of G.

We illustrate the above explanation with a network example.

Example 8.4 Consider the nonhomogeneous network G in Figure 2. The coupled cell
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systems associated to the network G satisfy

ẋ1 = f(x1, x2, x3, x8)

ẋ2 = f(x2, x1, x4, x7)

ẋ3 = g(x3, x4)

ẋ4 = g(x4, x5)

ẋ5 = g(x5, x3)

ẋ6 = h(x6, x1, x5)

ẋ7 = h(x7, x2, x5)

ẋ8 = h(x8, x2, x5)

,

where f(u, v, w, z, t) is a smooth function.

The nontrivial synchrony subspaces for the network G are given in Table 13 and we

show now how to use the above results in order to obtain this table.

∆1 = {x : x7 = x8} ∆4 = {x : x1 = x2, x3 = x4 = x5, x7 = x8}
∆2 = {x : x3 = x4 = x5} ∆5 = {x : x1 = x2, x3 = x4 = x5, x6 = x7 = x8}
∆3 = {x : x3 = x4 = x5, x7 = x8}

Table 13: Nontrivial synchrony subspaces for the network of Figure 2.

The ∼I- equivalence classes of G are

I1 = {1, 2}, I2 = {3, 4, 5} and I3 = {6, 7, 8}.

The subnetworks GIi , for i = 1, 2, 3, of G are shown in Figure 3. Recall that each sub-

network GIi is obtained from G considering only the edges that are directed to cells in

Ii. Looking at GI1 we see that: there are three edge-types with head cells in I1 - let E1,

E2 and E3 be the classes of the edges with head cells in I1 and tail cells in I1, I2 and I3,

respectively; there is only one type of edge with head cells in I2 - let E4 be the class of

the edges with head and tail cells in I2; there are two edge-types with head cells in I3 -
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let E5 and E6 be the classes of the edges with head cells in I3 and tail cells in I1 and I2,

respectively.

Let’s consider now the subnetworks G̃
Ii

of GIi , for i = 1, 2, 3. Thus each G̃
Ii

is obtained

from GIi considering only the cells in Ii and in their input sets. It follows then that the

subnetwork G̃
I1

contains the cells 1, 2, 3, 4, 7 and 8; the subnetwork G̃
I2

contains only the

cells in I2; and G̃
I3

contains the cells 6, 7, 8, 1, 2 and 5.

We get

V ˜G
I1

E1

= {{x : x1 = x2}} ,

V ˜G
I1

E2

= {{x : x1 = x2, x3 = x4}} ,

V ˜G
I1

E3

= {{x : x1 = x2, x7 = x8}} ,

using Algorithm 6.5 together with Remark 6.9. By Theorem 8.2, taking

∆1
1 = {x : x1 = x2} ∩ {x : x1 = x2, x3 = x4} ∩ {x : x1 = x2, x7 = x8}

= {x : x1 = x2, x3 = x4, x7 = x8},

we have that

V ˜G
I1 = {∆1

1} .

Analogously, we obtain

V ˜G
I2 = {∆2

1}

with

∆2
1 = {x : x3 = x4 = x5} .

Moreover, we have that

V ˜G
I3 = {∆3

1, ∆3
2, ∆3

3, ∆3
4, ∆3

5},
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taking

∆3
1 = {x : x1 = x2, x6 = x7},

∆3
2 = {x : x1 = x2, x6 = x8},

∆3
3 = {x : x1 = x2, x7 = x8},

∆3
4 = {x : x1 = x2, x6 = x7 = x8},

∆3
5 = {x : x7 = x8} .

By Theorem 8.3, we get the nontrivial synchrony subspaces in VG :

∆4 = ∆1
1 ∩ ∆2

1 ∩ ∆3
3,

∆5 = ∆1
1 ∩ ∆2

1 ∩ ∆3
4,

∆3 = ∆1
0 ∩ ∆2

1 ∩ ∆3
5,

∆2 = ∆1
0 ∩ ∆2

1 ∩ ∆3
0,

∆1 = ∆1
0 ∩ ∆2

0 ∩ ∆3
5 .

Here, each ∆i
0 corresponds to the total asynchronous polydiagonal subspace (correspond-

ing to the trivial relation where each class is formed by a unique cell). 3
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