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1 Introduction

The purpose of this paper is to show that the theory of “Conformal Folia-
tions”, as developed a few years ago by Montesinos, Vaisman, and others,
helps the understanding of “Constraint (Dirac) Quantization of Parametrized
Relativistic Gauge Systems”, by providing a natural solution for the so called
“Factor Ordering Problem” in the “Quantum Operators” corresponding to
the “Classical Constraints” Hα = 0 = H (see discussion in [8] and [5]).

We follow Hájicẽk/Kuchař’s philosophy, developed in a series of papers
(see [7],[8],[5],[6]), but here we adopt modern differential geometric methods
(in the spirit of [12] or [13]) to construct the natural quantum operators
and deduce the corresponding “Commutator Algebra”. We hope that the
use of the theory of conformal foliations helps to clarify the essential unique
geometric character of Hájicẽk/Kuchař’s quantization method, as well as the
naturality in the choice of the quantum operators.

The paper is organized as follows. In section 2, we redefine the model, in-
troduced in [5], of “Parametrized Relativistic Gauge System” (where it will be
called only a “Gauge System”, for simplicity), using sympletic geometry (see
[1], [3] or [4]). Section 3 discusses the “Transversal Geometry” of the “Gauge
Foliation F”, in terms of a choice of a transversal distribution T , and shows
that the mathematical structure deduced from the classical “Constraint Al-
gebra” (9)-(10), is that of a conformal foliation with “Complementary Form
λ = −Ω” (see definition 4.1). Section 4 reviews the geometry of conformal
foliations, following closelly [10] and [14]. We introduce a “Conformal Cur-
vature Tensor” C (see (61)) and the unique g-Riemannian connection ∇, on
(T , g) such that C is conformally invariant (see Theorem 4.4). In particular,
this seems to be the connection introduced in [6], using a substantial differ-
ent formalism. Then, we define a “Scalar Curvature” S (see definition 4.11),
a “Transversal Laplacian” (see definition 4.13), constructed from the above
mentioned connection, and deduce some useful identities (see Lemmas 4.8,
4.10 and 4.12). Finally, in section 5, we implement the “Constraint (Dirac)
Quantization Program”, defining the quantum operators and computing the
“Quantum Commutator Algebra” (see Theorems 5.1 and 5.4). The more
relevant formulas are deduced in an appendix, at the end of the paper.
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2 Sympletic Geometry of Gauge Systems

The situation we have in mind is the following. Let M be a (N + 1)-
dimensional smooth manifold, T ∗M its cotangent bundle, together with its
canonical sympletic form ω = dθ, and (C∞(T ∗M), {, }) the Poisson algebra
of C∞ functions on T ∗M .

Assume that we have a v-dim. integrable distribution D (a subundle
of TM) and let F be the corresponding foliation on M . The leaves of F
describe “Gauge Equivalent” or physically indistinguible configurations on
M . We call the pair (M,F) a “Gauge System”. When F is simple, then
m = M/F is called the physical space and T ∗m the physical phase space of
the gauge system.

We consider now a special subalgebra of (C∞(T ∗M), {, }), consisting of
functions “at most Linear in Momenta”, linearly generated by the following
two types of functions:

(i)... Configuration functions - functions F ∈ C∞(M), identified with
their pull-backs to T ∗M .

(ii)... Momentum functions - to each vector field X ∈ X (M) we associate
the corresponding “Momentum Function” JX defined by:

JX(αQ) = αQ(XQ) ∀αQ ∈ T ∗M (1)

The following Poisson brackets characterize the kinematics of the system:

Proposition 1 ([1])

(i)... {F1, F2} = 0
(ii)... {F, JX} = X .F
(iii)... {JX , JY } = −J[X,Y ]

∀F1, F2 ∈ C∞(M) ∀X,Y ∈ X (M).

In particular, we consider momentum functions of the form JX with X ∈
ΓD (i.e., X is a vector field on M , tangent to F) which we call “Constraint
Functions”. They form a subalgebra of (C∞(T ∗M), {, }) called the (linear)
“Gauge Algebra” G of the system. Using this, we define now the “Constraint
Set” C ⊂ T ∗M by:

C = {αQ ∈ T ∗M : JX(αQ) = 0,∀X ∈ ΓD} (2)
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Note that C is the subundle Do of T ∗M , consisting of the covectors that
vanish onD and, therefore, that C is a coisotropic submanifold in T ∗M (a first
class constraint set, in Dirac’s terminology). When we consider the closed 2-
form i∗ω (where i : C → T ∗M is inclusion), we see that it is degenerate and its
characteristic distribution K = Ker(i∗ω) is integrable and locally generated
by the Hamiltonian vector fields associated to the constraint functions. The
quotient (if it exists) of C by the characteristic foliation determined by K,
S = C/K has a unique sympletic form ωS such that π∗ωS = i∗ω (see [1],[3]
or [4]):

C i−→ T ∗M
π

S = C/K
Also if F1, F2 ∈ C∞(T ∗M) are two functions constant on the leaves of the
characteristic foliation, i.e., such that i∗Fk = π∗fk (k=1,2), for uniquely
determined functions f1, f2∈C∞(S), then:

i∗{F1, F2} = π∗{f1, f2}S (3)

Under certain regularity assumptions, we know that (S, ωS) is symplectomor-
phic to (T ∗m,ωm = dθm) and so, it is the natural candidate for the physical
(or reduced) phase space of the physical system (see [3]).

Now we assume that the intrinsic dynamics of our gauge system is gen-
erated by a quadratic function in momenta, of the form:

H = 1/2 G + JU + V (4)

where G is a contravariant “metric” (eventually degenerate) on M , viewed as
a function on T ∗M , U ∈ X (M) is a vector field in M and V ∈ C∞(M). We
have the following Poisson brackets, involving the new kind of homogeneous
quadratic function G:

Proposition 2 ([1])

(i)... {G, F} = −2JgradGF , where gradGF is the vector field G(dF, .) ∈
X (M)

(ii)... {G, JX} = LXG, the Lie derivative of G in the direction of X ∈
X (M)
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∀F ∈ C∞(M) ∀X ∈ X (M).

Now we consider the equations of motion, which follow from the canonical
action principle, for a parametrized gauge system:

S(QA, PA; N, Nα) =
∫

dt(PAQ̇A −N.H −Nα.Hα) −→ stat. (5)

where (QA, PA) are local canonical coordinates in T ∗M ; N , Nα Lagrange
multipliers and Hα = JXα are momentum functions associated to a local
basis Xα (α = 1, . . . , v) of the “Gauge Distribution” D on M.

Following the physical terminology, we call the Hα the “Supermomen-
tum Functions” and H the “Superhamiltonian” of the (parametrized) Gauge
system (see [5] for discussion and examples).

Variation with respect to QA and PA yields the Hamiltonian equations,
while variation with respect to the “Lapse Function” N and the “Shift Vector
Field” Nα, leads to the constraints:

H = 0 = Hα (6)

So, we recover the “Kinematical Constraint Set” C, defined in (2), to-
gether with a new “Dynamical Constraint” H = 0, that reveals the fact that
the system is invariant under external “time” reparametrizations.

Assume that Co = H−1(0) is a submanifold of T ∗M . Since codim Co = 1,
Co is coisotropic and is foliated by the trajectories of XH (the Hamiltonian
vector field associated to H) that represent the evolution of the system. For
consistency, we assume that the full set of constraints (6) is preserved by the
dynamics, which means that Co ∩ C is coisotropic, i.e., we have:

{H, Hα} = CαH + Cβ
αHβ (7)

where Hα = JXα are supermomenta associated to a local basis Xα of D,
Cα ∈ C∞(M) and Cβ

α ∈ C∞(T ∗(M)) is at most linear in momenta. If the
local basis Xα for D verifies:

[Xα, Xβ] = −Γγ
αβXγ (8)

with Γγ
αβ ∈ C∞(M), then the “Algebra of Constraints” H = 0 = Hα has the

following (open) structure:

{Hα, Hβ} = Γγ
αβHγ (9)

4



{H, Hα} = CαH + Cβ
αHβ (10)

H is given by (4) and, working equality (10), using propositions 1 and 2, we
conclude the following identities for the Lie derivatives in “Gauge Directions”:

LαG = CαG (mod I) (11)

LαU = CαU (mod I) (12)

LαV = CαV (13)

where I is the ideal of the contravariant tensor algebra
⊗

TM , generated
by ΓD and Lα is Lie derivative in the direction of Xα ∈ ΓD. So, this Lie
derivative rescales the fields by a common factor and adds certain elements
from I.

All the conclusions about the physical content of the gauge system de-
scribed by the above model, must be deduced only from intrinsic data,
namely, from the “Kinematical Constraint C”, determined by the foliation
F , and the “Dynamical Constraint Co”, given by H = 0. So, they must be
invariant under transformations that preserve these data. We impose also
that these transformations preserve the polynomial character (in momenta)
of the constraints (this will be needed for the quantization program, as we
shall see later, and is related to Van Hove’s theorem (see [1], section 5.4)). So,
they must be a combination of the following three types of transformations:

(A). Change in the local basis for D:

Xα → Xα = Λβ
αXβ (14)

where Λβ
α ∈ C∞(M), det Λβ

α 6= 0, with the corresponding change in supermo-
menta:

Hα → Hα = Λβ
αHβ (15)

(B). Gauging the superhamiltonian:

H → H = H + ΛαHα (16)

with Λα ∈ C∞(T ∗(M)), at most linear in momenta.

(C). Scalling the superhamiltonian:

H → H = eΩH (17)
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onde Ω ∈ C∞(M). To preserve the signature of the metric we only allow
positive scallings.

Note that the above transformations doesn’t leave invariant the super-
hamiltonian H, given by (4). In fact, after an easy computation, we deduce
that, if:

H → H =
1

2
G + JU + V

then:

G = eΩ(Q)G (mod I) (18)

U = eΩ(Q)U (mod I) (19)

F = eΩ(Q)V (20)

Let us say that two superhamiltonians H = 1
2
G + JU + V and H =

1
2
G+JU +V , are conformally equivalent (mod I), if they are related through

(18) to (20).
Then we conclude that the above transformations (A,B and C), leave

invariant the conformally equivalence class (mod I) of the superhamiltonian.

3 Transversal Geometry of F
The transversal geometry of F is infinitesimally modeled by the normal bun-
dle TM/D. We make a choice of a transversal subundle T to D:

TQM = DQ ⊕ TQ (21)

which identifies TM/D ∼= T . Vectors on D are called “Longitudinal”, and
vectors on T are called “Transversal”. Associated to (21), we have two
projectors:

Id = P‖ ⊕ P⊥ (22)

a decomposition:
TQ

∗M = DQ
∗ ⊕ TQ

∗ (23)

with T ∗
Q
∼= Do

Q, and the two corresponding projectors:

Id∗ = P‖
∗ ⊕ P⊥

∗ (24)
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We can form various tensor products of these projectors, using them
to project the various tensors into longitudinal and transversal parts. In
particular, the choice of the “Transversal Gauge” T allows us to define the
“Transversal Superhamiltonian” H⊥ by:

H⊥ = 1/2 G⊥ + JU⊥ + V (25)

where:

G⊥ = (P⊥ ⊗ P⊥)(G) (26)

and

U⊥ = P⊥U (27)

are the “Transversal Contravariant Metric” and the “Transversal Vector Po-
tencial”, respectivelly (associated to G and T ).

So, the transversal gauge T fixes a representative of the equivalence class
of superhamiltonians, connected by the “Gauging” (B), since the difference
between two transversal projections of the same vector, belongs to D.

Let us compute the constraint algebra in the transversal gauge T . For
this, we compute first LαG⊥ and LαU⊥, using the fact that Lα is a tensor
derivation that commutes with contractions:

Lα(C(P⊥ ⊗ t)) = C(LαP⊥ ⊗ t) + C(P⊥ ⊗ Lαt) (28)

where C is a contraction, P⊥ a transversal projector (a tensor product of
some P⊥ and P⊥

∗) and t some tensor field on M.
Define for each α, β ∈ {1, ..., v} a transversal 1-form (i.e., a form which

anihilates longitudinal vectors) ωβ
α by:

ωβ
α = (LαP ∗

⊥)(θβ) (29)

where θβ ∈ ΓD∗ is the dual basis to Xβ ∈ ΓD. A computation, using local
frame fields for D, T , their duals and also formula (28) (see Appendix), shows
that:

LαU⊥ = CαU⊥ + ωβ
α(U⊥)Xβ

= CαU⊥ (mod I) (30)
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LαG⊥ = CαG⊥ + V β
α ∨Xβ

= CαG⊥ (mod I) (31)

where V β
α = G(ωβ

α, .) is the transversal vector field “metric-equivalent” to ωβ
α,

and
∨

denotes symmetric tensor product.
Finally, using (30) and (31) together with proposition 1 and 2, we deduce

that:

{H⊥, Hα} = CαH⊥ + F β
α Hβ (32)

where F β
α ∈ C∞(T ∗M) is given by:

F β
α = JV β

α
− ωβ

α(U⊥) (33)

Now we arrive at a crucial point - the definition of a 1-form Θ, on M,
attached to the geometry of the gauge system as specified by the constraint
algebra (9) and (10). So, consider the longitudinal 1-form:

Θ = Cαθα (34)

where θα ∈ ΓD∗ are dual 1-forms to the Xα. It’s easy to see that Θ is a
globally well-defined longitudinal 1-form on M . We want to compute its
“Foliated Derivative” dFΘ (i.e., the derivative along longitudinal directions,
see [16]). For this, we first note that Jacobi Identity:

cyclsum{H, {Hα, Hβ}} = 0 (35)

implies the following identity:

{Cα, Hβ} − {Cβ, Hα} = Γγ
αβCγ (36)

So, recalling that Cα, Γγ
αβ ∈ C∞(M), we deduce that:

LβCα − LαCβ = Γγ
αβCγ (37)

and finally:

dFΘ(Xα, Xβ) = dΘ(Xα, Xβ)

= Xα.Θ(Xβ)−Xβ.Θ(Xα)−Θ([Xα, Xβ])

= LαCβ − LβCα −Θ(−Γγ
αβXγ)

= LαCβ − LβCα + Γγ
αβCγ

= 0
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i.e., Θ is dF -closed. Recall that a kind of “Poincaré Lemma” (see [15]) applies
to this case - locally, there exists a function Ω such that Θ = dFΩ, i.e.:

Θ(X) = LXΩ, ∀X ∈ ΓD (38)

In particular, for X = Xα, we have:

Cα = LαΩ (39)

Consider now the “Transversal Contravariant Metric” g̃ = G|Do = G⊥|Do

(see Appendix), that we assume to be nondegenerate. Let g be the associated
transversal covariant metric on T ∼= T ∗∗ ∼= Do∗. A computation made in the
Appendix (see also the note following definition 4.1), shows that:

Lαg = −Θ(Xα)g (40)

Find a function Ω that locally verifies (39), and define the rescalled metric
g by:

g = eΩg (41)

Then we have:

Lαg = Lα(eΩg) = (LαΩ)g + eΩLαg

= Cαg − Cαg

= 0

and we see that the rescaled metric is foliated (i.e., constant along the leaves
of F), or, put another way, g is locally conformal to a foliated metric.

Acording to Montesinos ( see [10],[11] and section 4) we say that F is a
“Conformal Foliation” and that:

λ = −Θ (42)

is the corresponding “Complementary Form”.

One more point, before closing this section.
Recall that a choice of a transversal subundle T , fixes a representative

H⊥ in the equivalence class of superhamiltonians connected by the “Gauging
Transformations” (B). However, we are still free to “rescale” the superhamil-
tonian acording to (C). When we do this, and compute the new structure
functions in (10), we see that:

Cα → Cα = Cα + LαΩ (43)
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and
Cβ

α → Cβ
α = eΩCβ

α (44)

Hence we conclude two things: first, the dF -cohomology class [λ] remains
unchanged. In fact:

Θ−Θ = (Cα − Cα)θα = (LαΩ)θα = dFΩ

Secondly, as λ = −Θ is dF -closed, locally we can choose a function Ω
such that dFΩ = λ, which implies in particular that dFΩ(Xα) = LαΩ =
λ(Xα) = −Cα, and so, by (43), Cα = 0, for the corresponding rescalled
superhamiltonian H = eΩH.

If we can find globally such a Ω, i.e., if λ is dF - exact, then:

LαG = 0 = LαU = 0 = LαV (mod I) (45)

and so the fields G, U, V are projectable in the (leaf) physical space (when
it exists). However, note that Ω is defined up to a function ω such that
dFω = 0, i.e., up to a basic function (constant on the leaves of the foliation
F).

So, when the foliation is simple, we will have a physical superhamilto-
nian h, defined up to a multiplication by a function ew, with w ∈ C∞(M) a
basic function. In other words, the gauge system only determines the con-
formal geometry in the physical configuration space. Moreover, in this case,
if π : M → m = M/F , denotes the canonical projection, then, as π∗ = dπ
anihilates I, we obtain a conformally class of contravariant tensors on m,
(ew.g, ew.Pu, e

w.v), w ∈ C∞(m), and also conformally class of “physical su-
perhamiltonians”:

{h} = {ew(g + Pu + v) : w ∈ C∞(m)} (46)

4 Geometry of Conformal Foliations

In the last section, we have seen that the gauge system determines the struc-
ture of conformal foliation on F . To be more specific, we adopt the following
definition from [10-11]:
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4.1 Definition

Let M be a manifold, D an integrable distribution, T a transversal subundle
to D and g a covariant metric on T . We say that (M ,D,T ,g) is a Conformal
Foliation, if there exists a longitudinal 1-form λ such that:

LXg = λ(X)g ∀X ∈ ΓD (47)

λ is called the “Complementary Form” of F .

Note.

In equation (47), LXg, X ∈ ΓD, is defined as in equations (97-98) of the
appendix.

Now we collect some facts about conformal foliations (see [10-11] and
[14]).

Let ∇ be a linear connection on the vector bundle T . We define as usual
its curvature and torsion, respectivelly, by:

R(U, V )Q = ([∇U ,∇V ]−∇[U,V ])Q (48)

T(U, V ) = ∇UV⊥ −∇V U⊥ − [U, V ]⊥ (49)

where U, V ∈ X (M) and Q ∈ ΓT .
Define Dp,q as the space of (p,q)-double forms on M , i.e., the space of

p-forms on M with values on transversal q-forms (which anihilate vectors on
D):

Dp,q =
p∧

T ∗M ⊗
q∧ T ∗ (50)

With R and T we associate two double forms K ∈ D2,2 and N ∈ D2,1

defined, respectivelly, by:

K(U, V ; Q,S) = g(R(U, V )Q,S) (51)

N(U, V ; Q) = g(T(U, V ), Q) (52)

and also the “Transversal Torsion” N⊥, of ∇ by:

N⊥(U, V ; .) = N(U⊥, V⊥; .) (53)

∀U, V ∈ X (M),∀Q,S ∈ ΓT .
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4.2 Definition

We say that a linear connection ∇ on the Riemannian vector bundle (T , g)
is g-Riemannian, if it verifies the following two conditions:

(i)...
U.g(Q,S) = g(∇UQ,S) + g(Q,∇US) (54)

and: (ii)...

N⊥ = 0 i.e. ∇U⊥V⊥ −∇V⊥U⊥ − [U⊥, V⊥]⊥ = 0 (55)

∀U, V ∈ X (M),∀Q,S ∈ ΓT . (Note that we are only assuming g nondegen-

erate).

For example, if G̃ is a covariant metric on M , such that G̃|T = g, and if
∇̃ is the Levi-Cività connection of G̃, then:

∇UQ = (∇̃UQ)⊥ (56)

is a g-Riemannian connection on (T , g). So g-Riemannian connections are
not unique and this difficults the definition of a natural conformal curvature
tensor for the transversal bundle (T , g).

However, by a careful analysis based on early work of Kulkarni, Mon-
tesinos succeeds in isolating a class of conformal equivalent connections, on
which he defines a conformal curvature tensor.

Note.

For motivation, recall the classical theory: conformal (Weyl) curvature is a
tensor field associated to a class of conformally equivalent Riemannian connections
and which is conformal invariant:

g −→ g = e2fg
∇ = ∇g −→ ∇ = ∇g, defined by

∇XY = ∇XY + (Xf)Y + (Y f)X
−g(X, Y )gradgf

K (Riemann tensor) −→ K = e2f (K− ....)
C = C (Weyl tensor)

Here the dificulty is in the analogue of the second line in the above scheme
- what must be ∇ = ∇g? Montesinos answers the following: let ∇ be any g-
Riemannian connection on (T , g). Then there exists a unique g-Riemannian
connection ∇, given by:
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∇UQ = ∇UQ + (Q.Ω)U⊥ + (U.Ω)Q− g(U ; Q)Z (57)

It’s torsion N is:

N = e2Ω(N− g ∧ (dΩ)‖) (58)

Note.

The meaning of the symbols in the above equations, is the following: g is
interpreted as a (1,1)-double form, defined by g(U ; Q) = g(U⊥, Q); (dΩ)‖ ∈ D1,0

is defined by (dΩ)‖(U) = (dΩ)(U‖) = (dFΩ)(U); g ∧ (dΩ)‖ ∈ D2,1 is defined in the
usual way by:

g∧(dΩ)‖(U, V ; .) = g(U, .)(dΩ)‖(V )−g(V ; .)(dΩ)‖(U) and finally: Z = grad⊥Ω =
g−1(dΩ|T , .) ∈ ΓT is the “Transversal Gradient” of Ω ∈ C∞(M) (see definition
4.13).

4.3 Definition

We call ∇, given by (57), the Connection Conformally Associated to ∇, by
the conformal scaling:

g → g = e2Ωg, Ω ∈ C∞(M) (59)

Based on this class of conformally equivalent connections [10] proceeds in
the construction of a conformal curvature tensor, in the following steps:

(1). First, he proves that, given a w ∈ Dk+1,l+1 with b = v−k−l ≥ 1,there
exists only one δw ∈ Dk,l such that (see Th.3.3 in [10]):

c(w − g ∧ δw) = 0

Here c means contraction: for an α ∈ Dk+1,l+1 we define cα ∈ Dk,l by
cα(U1, ..., Uk; Q1, ..., Ql) =

∑
a εa(Ea, U1, ..., Uk; Ea, Q1, ..., Ql), where Ea is an

orthonormal frame field for ΓT and εa = g(Ea, Ea).
With this, he defines a “Conformal Operator” conf : Dk+1,l+1 → Dk+1,l+1

by:

confw = w − g ∧ δw (60)

so that: c(confw)=0.
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(2). In particular, for K ∈ D2,2 given by (51), we define the Conformal
Curvature Tensor C by:

g(C(U, V )Q,S) = (confK)(U, V ; Q, S) (61)

(3). Making a conformal change in g: g → g = e2Ωg, Ω ∈ C∞(M), we
can prove that:

(i)...
conf = conf

and that: (ii)...
confK = e2Ωconf(K−N ∧ dΩ|T )

So, denoting by C the conformal curvature given by (61) and constructed
with ∇, given by (57), we see that:

e2Ω(C(U, V )Q,S) = g(C(U, V )Q, S)

= confK(U, V ; Q,S) by(61)

= confK(U, V ; Q,S) by (i). above

= e2Ωconf(K−N ∧ dΩ|T )(., .; ., .) by (ii). above

= e2Ωconf(., .; ., .)− e2Ω(N ∧ dΩ|T )(., .; ., .)

and we conclude that C is conformally invariant (C = C) iff:

conf(N ∧ dΩ|T ) = 0 (62)

∀Ω ∈ C∞(M).
Now comes the main point, namely, the existence of a conformally invari-

ant conformal curvature for the transversal bundle T of F , is an exclusive
property of conformal foliations (see Th.4.2 in [10]). For us, the main interest
is in the following:

4.4 Theorem

Let (M ,D,T ,g) be a conformal foliation with complementary form λ, and
assume that codim D = n+1 ≥ 3. Then there exists a unique g-Riemannian
connection on (T , g) such that C is conformal invariant.
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Sketch of proof...

Let G̃ be any metric on M such that G̃|T = g, and let ∇̃ be its Levi-Cività
connection. Define a connection ∇ on (T , g) by the formula:

∇UQ = (∇̃UQ)⊥ − (∇̃QU‖)⊥ + 1/2λ(U)Q (63)

∀U ∈ X and Q ∈ ΓT
We can prove the following facts:
(i)... ∇ is g-Riemannian
(ii)... N = 1/2(λ ∧ g)
(iii)... K‖ = 0 where K‖(U, V ; ..) = K(U‖, V‖; ..),i.e., ∇ is Flat in longitudinal

directions.
(iv)... ∀X ∈ ΓD:

∇XQ = (LXQ)⊥ + 1/2λ(X)Q (64)

Now we deduce, by computation, that (ii). above implies (62), so that ∇ solves
our problem. Conversely, (62) implies that the torsion N must be given by (ii).
above, and so ∇ is unique.////

4.5 Definition

We say that the conformal foliation (M ,D,T ,g) is Conformally Flat if, for
each m ∈ M there exists a neighbourhood U of m, and a function Ω ∈ C∞(U)
such that K = 0, where K is the curvature associated to g = e2Ωg (and to
the connection given by the above Theorem) .

4.6 Theorem

If codimD = n + 1 ≤ 2, then T is always conformally flat. For n + 1 ≥ 4, T
is conformally flat iff C = 0

Note.

The case n + 1 = 3 requires a special treatment (see Th.4.3 in [10]).

Now we introduce some more definitions and computations, that we will
use later in the quantization program. First note that K‖ = 0 implies that we
can choose an orthonormal longitudinal parallel transversal frame (in short,
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a OLPT frame) Ea, i.e.: g(Ea, Eb) = 0, for a 6= b ; g(Ea, Ea) = εa(= ±1) and
∇XEa = 0,∀X ∈ ΓD.

In the following Ea always designate such an OLPT frame for ΓT , and ∇
the connection given by (63). If Xα is a local frame for ΓD, then (64) gives:

0 = ∇XαEa = (LαEa)⊥ + 1/2 λ(Xα)Ea

and, by (26), with λ = −Θ:

LαEa = 1/2 CαEa + ωβ
α(Ea)Xβ (65)

4.7 Definition

We define the “Ricci Tensor” Ric ∈ D1,1 by the formula:

Ric(X; Q) = (cK)(X; Q) =
∑
a

εaK(X, Ea; Q,Ea) (66)

4.8 Lemma

Ric(X; Q) = n/2 dΘ(X, Q).

Proof...

We make use of the following identity from [10]:

cyclsumK(X,Y ; Z⊥, .) = −1/2 cyclsum dΘ(X, Y )g(Z⊥, .)

to compute K(X, Ea; Q,Ea). We have that:

K(X,Ea; Q,Ea) = −1/2dΘ(X, Ea)g(Q,Ea)− 1/2εadΘ(Q,X)

Multiplying by εa and summing over a = 1, ..., n, we get easily the result, using∑
a εag(Q,Ea)Ea = Q ////.

4.9 Definition

For Q ∈ ΓT we define the “Transversal Divergence of Q”, as the function:

div⊥Q =
∑
a

εag(∇EaQ,Ea) (67)
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4.10 Lemma

Xα.div⊥U⊥ = Cαdiv⊥U⊥ + (n− 1)/2 dΘ(Xα, U⊥) (68)

Proof...

Omiting the symbols
∑

a and ⊥ in U⊥ and div⊥, we have:

Xα.divU = Xα.εag(∇EaU,Ea)
= εag(∇Xα∇EaU,Ea) + εag(∇EaU,∇XαEa)
= εag(∇Ea∇XαU +∇[Xα,Ea]U + R(Xα, Ea)U,Ea)
= εag(∇Ea(1/2CαU), Ea) + εag(∇

1/2CαEa+ωβ
α(Ea)Xβ

U,Ea) +

Ric(Xα; U)

where we have used (65) for LαEa = [Xα, Ea] and the fact that ∇XαU = 1/2CαU
(use (64) together with (24)). So, computing we obtain:

Xα.divU = 1/2εag((Ea.Cα)U + Cα∇EaU,Ea) + 1/2εag(Cα∇EaU,Ea) +
εaω

β
α(Ea)g(∇Xβ

U,Ea) + Ric(Xα, U)
= 1/2εadCα(Ea)g(U,Ea) + 1/2εaCαg(∇EaU,Ea) +

1/2εaCαg(∇EaU,Ea) + εaω
β
α(Ea)g(1/2CβU, Ea) +

Ric(Xα; U)
= 1/2dCα(U) + 1/2Cβωβ

α(U) + CαdivU + Ric(Xα; U)
= 1/2dΘ(U,Xα) + CαdivU + Ric(Xα; U)

where we have used the following:

U.Cα = U(Θ(Xα))
= (LUΘ)(Xα) + Θ([U,Xα])
= (iUdΘ + diUΘ)(Xα) + Θ(−CαU − Cβ

αXβ)
= dΘ(U,Xα)− CβCβ

α (69)

with Cβ
α = ωβ

α(U).
Finally, using Lemma 4.8, we obtain:

Xα.divU = CαdivU + 1/2dΘ(U,Xα) + n/2dΘ(Xα, U)
= CαdivU + (n− 1)/2dΘ(Xα, U).////
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Finally, we want to define a kind of Scalar Curvature for the connection
∇, given by (63).

4.11 Definition

We define the “Scalar Curvature of ∇” by:

S = c ◦ cK

= cRic.

We will need the longitudinal derivative of S, Xα.S. For this, we first
recall the Bianchi Identity for the connection ∇ on (T , g) (see [13], pag.89):

cycl(U,V,W )∇UR(V, W ) = cycl(U,V,W ) R([U, V ],W ) (70)

Recall that (∇UR(V, W ))(Q) = ∇U(R(V,W )Q)−R(V, W )(∇UQ). Tak-
ing the inner product with another S ∈ ΓT , and using the properties of ∇,
we easily see that we can write Bianchi’s Identity in the form:

cycl(U,V,W )(U.K(V,W ; Q,S)−K(V, W ; Q,∇US)−K(V, W ;∇UQ,S)) =

= cycl(U,V,W )K([U, V ],W ; Q,S)) (71)

Now put U = Xα, V = Ec, W = Ed, Q = Ea, S = Eb in (71) and compute
the contractions in the pairs of indices (d,b) and (c,a), respectivelly, using
formula (69) and the fact that N⊥ = 0 (see definition 4.2(ii)). After a tedious
calculation we conclude that:

4.12 Lemma

XαS = CαS− n(2V β
α .Cβ + Cβdiv⊥V β

α +

Cβωβ
γ (V γ

α ) + ∆Cα) (72)

where:

V β
α =

∑
a

εaω
β
α(Ea)Ea = ηacωβ

α(Ec)Ea (73)

is the transversal vector field metric-equivalent to the 1-form ωβ
α, and

∆Cα) is the “Transversal Laplacian” of Cα, defined by:
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4.13 Definition

For a function φ ∈ C∞(M) we define its “Transversal Laplacian” ∆ by:

∆φ = div⊥ grad⊥φ (74)

where grad⊥φ =
∑

a εadφ(Ea)Ea = ηab(Ea.φ)Eb is the “Transversal Gra-
dient” of φ.

We can compute that:

∆φ =
∑
a

εag(∇Eagrad⊥φ,Ea) (75)

= ηab(EaEb −∇EaEb)φ (76)

5 Quantization

When we face the problem of quantizing a gauge system, two different ap-
proaches are conceivable, in principle. We can reduce the gauge system to
the physical system (if possible) and quantize or, either, quantize the gauge
system directly and then reduce by some “Quantum Reduction Process”.
Hopefully, these two processes must be consistent, i.e., schematically the
following diagram must commute: (see discussion in [8] and [5])

Quantum
Gauge System

-
Quantum
reduction

Quantum
Physical System

Gauge System -
Classical
reduction Physical System

Quant. Quant.

? ?

As we have seen in the preceeding sections, the reduced physical system
(when exists) is characterized by a conformal class of physical superhamilto-
nians:

h = ew(g + Ju + v) w ∈ C∞(m)
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Moreover, the dynamical constraint remains after reduction: h = 0. So,
the proper way of quantizing this relativistic physical system is through a
“Conformal Klein-Gordon” type equation.

Note.

Recall that an equation of type DgΦ = 0, for a field Φ (where Dg is an operator
constructed from the metric g), is called “Conformally Invariant” if there exists a
number k ∈ < (called the “Conformal Weight of the Equation, or of the Field”)
such that Φ is a solution of DgΦ = 0 if and only if Φ = ekΩΦ is a solution of
DgΦ = 0, where Dg is the same operator but now constructed from the metric
g = eΩg, (see [17]).

Now we define The “Quantum Operators” corresponding respectivelly to
g, Ju and v, by:

ĝ = −∆c

= −∆g − ξSg (77)

Ĵu = 1/i (u + 1/2divgu) (78)

v̂ = v (79)

acting on C∞(m), where ∆c ≡ ∆g + ξSg is the “Conformal Laplacian” of the
metric g (here, ∆g and Sg are, respectively, the usual Laplacian and Scalar
Curvature of g), and ξ = (n− 1)/4n.

Then it’s easy to see that the “Conformal Klein-Gordon Equation”:

ĥψ = (ĝ + Ĵu + v̂)ψ = 0 (80)

is conformally invariant with weight k = (n− 1)/4.
Of course, now we must face the problem of the possibility of construction

of an Hilbert Space from solutions of (80), as well as the interpretation of the
theory (one-particle, second quantization, etc.) (see [7] and [2], for which we
defer the discussion of these subjects).

What about “Constraint Quantization” ? Here we adopt Kuchař’s phi-
losophy, reinforced by the essential unique character of the objects defined
in section 4, namely, the connection ∇, the corresponding scalar curvature S
(Definition 4.11) and transversal laplacian ∆ (Definition 4.13).

So, we quantize the supermomentum constraints Hα by the following
operators:
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Ĥα = 1/i (Xα − kCα) (81)

and the transversal superhamiltonian H⊥, by:

Ĥ⊥ = ĝ + ĴU⊥ + V̂ (82)

with

ĝ = −∆− ξS (83)

ĴU⊥ = 1/i (U⊥ + 1/2div⊥U⊥) (84)

V̂ = V (85)

acting on C∞(M).

Then the classical constraints are imposed at quantum level as the “Quan-
tum Constraints”:

Ĥαψ = 0 = Ĥ⊥ψ ψ ∈ C∞(M) (86)

As we have said, this “Quantum Reduction Process” must be consistent
with the first approach to quantization (see discussion in [8] and [5]). This
is implied by the following Lemmas and Theorems.

5.1 Theorem

1/i [Ĥα, Ĥβ] = Γγ
αβĤγ

where Γγ
αβ ∈ C∞(M) are given by (9).

Proof

Compute, using definitions and (37). ////

5.2 Lemma

1/i [ĴU⊥ , Ĥα] = CαĴU⊥ + ωβ
α(U⊥)Ĥβ

where Cα = Θ(Xα) and ωβ
α(U⊥) is given by (30).

Proof
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Using Definition (84) we compute the commutator in the LHS of the above
equation, and conclude that:

1/i [ĴU⊥ , Ĥα]φ = (CαĴU⊥ + ωβ
α(U⊥)Ĥβ)ψ + k/i (U⊥.Cα + ωβ

α(U⊥)Cβ) +
1/2 (Xα.div⊥U⊥ − Cαdiv⊥U⊥))ψ

However, by (69), U⊥.Cα + Cβωβ
α(U⊥) = dΘ(U⊥, Xα), while Lemma 4.10 gives

Xα.div⊥U⊥ = Cαdiv⊥U⊥+(n−1)/2 dΘ(Xα, U⊥), and so we see that the last sum
in the RHS is zero.////

5.3 Lemma

1/i [ĝ, Ĥα] = Cαĝ + 2(V̂β
α − i/2 ωβ

γ (V γ
α ))Ĥβ

where V β
α is defined in (73), and, as usual (see [1]):

V̂β
α = 1/i (V β

α + 1/2div⊥V β
α ) (87)

with div⊥V β
α as in Definition 4.9, equation (67).

Proof

First we compute that:

1/i [ĝ, Ĥα] = [∆, Xα]− k[∆, Cα] + ξ[S, Xα] (88)

and it’s easy to see that:

[∆, Cα] = 2i ĝrad⊥Cα = 2(grad⊥Cα + 1/2∆Cα) (89)

and
[S, Xα] = −Xα.S (90)

So we must compute [∆, Xα]. For this, we use formulas (75-76) for ∆φ and
compute that:

[∆, Xα]φ = ηab(EaEbXα −XαEaEb)φ + ηab(Xα∇EaEb −∇EaEbXα)φ (91)

Now we commute the derivatives and uses systematically (65), to get:

XαEaEbφ = EaEbXαφ + CαEaEbφ + 1/2(Ea.Cα)Ebφ +
ωβ

α(Eb)EaXβφ + (Ea.ω
β
α(Eb))Xβφ + ωβ

α(Ea)EbXβφ +
1/2Cβωβ

α(Eα)Ebφ + ωβ
α(Ea)ω

γ
β(Eb)Xγφ
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and:

(Xα∇EaEb −∇EaEbXα)φ = (Cα∇EaEb + R(Xα, Ea)Eb +
ωβ

α(∇EaEb)Xβ)φ

Substituting these last two identities in (91), we obtain:

[∆, Xα]φ = −Cα∆φ− (2V β
α + div⊥V β

α + ωβ
γ (V γ

α ))Xβφ−
1/2(grad⊥Cα + CβV β

α − 2ηabR(Xα, Ea)Eb)

Now we use the fact:

ηabR(Xα, Ea)Eb = ηab
∑

c

εcK(Xα, Ea; Eb, Ec)Ec

= −
∑

c

εcη
abK(Xα, Ea; Eb, Ec)Ec

= n/2
∑

c

εc(Ec.Cα + Cβωβ
α(Ec))Ec

= n/2 (grad⊥Cα + CβV β
α )

where we have used (69), Lemma 4.10 and (73).
By [13] (pag.151), we have:

div⊥V β
α = div⊥ωβ

α

= ηab(∇Eaω
β
α)(Eb)

= ηab(Ea.ω
β
α(Eb)− ωβ

α(∇EaEb))

and so, substituting and calculating, we have:

[∆, Xα]φ = −Cα∆φ− CαξSφ + 2(V̂β
α − i/2ωβ

γ (V γ
α ))Ĥβφ−

k(2V β
α .Cβ + Cβdiv⊥V β

α + Cβωβ
γ (V γ

α ))φ +
2kgrad⊥Cαφ + CαξSφ

By (89) - (91), we have:

1/i[ĝ, Ĥα]φ = Cαĝφ + 2(V̂β
α − i/2ωβ

γ (V γ
α ))Ĥβφ

= −k(2V β
α .Cβ + Cβdiv⊥V β

α + Cβωβ
γ (V γ

α ))φ +
CαξSφ− k∆Cα − ξ(Xα.S)φ

and so, it suffices to prove that:

ξXα.S = ξCαS− k(2V β
α .Cβ + Cβdiv⊥V β

α +
Cβωβ

γ (V γ
α ) + ∆Cα)
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which is preciselly Lemma 4.12. ////

Now, collecting the above two Lemmas, together with (13), we finally
have the following:

5.4 Theorem

1/i [Ĥ⊥, Ĥα] = CαĤ⊥ + Cβ
αĤβ

where:

Cβ
α = 2V̂β

α − iωβ
γ (Vγ

α) + ωβ
α(U⊥)

So, Theorems 5.1 and 5.4 show that we have a closed commutator algebra
of quantum operator constraints, with the structure functions appearing on
the left of that quantum operators. This implies the consistency of the above
quantization process. Moreover we recover the physical theory described by
the “Conformal Klein-Gordon equation” (80). In fact, start with a wave
function Ψ ∈ C∞(M) that solves the quantum constraints (86). Assume also
that the foliation F is simple, and that Θ is dF − exact, i.e., ∃Ω ∈ C∞(M)
such that Θ = −dFΩ. Then we easily prove that the rescaled wave function
Ψ = ekΩΨ is a basic function and so, descends to a wave function ψ ∈ C∞(m).
Now, as in [6], we can prove that the transversal superhamiltonian Ĥ⊥ has
conformal weight 1, when acting on wave functions of conformal weight k,
i.e.:

Ĥ⊥Ψ = e(k+1)ΩĤ⊥Ψ (92)

where Ψ = ekΩΨ, and Ĥ⊥ is the transversal superhamiltonian constructed
from the rescaled metric g = eΩg. So we see that (86) ⇒ Ĥ⊥Ψ = 0 ⇒
Ĥ⊥Ψ = 0, and, since Ψ is basic, this equation implies that:

ĥψ = 0 (93)

where ψ is the induced wave function on m. In this way, we recover the
physical conformal Klein-Gordon equation (80).
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6 Appendix

Hereafter we adopt the following notations, related to decompositions (21)-(24):
QA are local coordinates on M
∂A = ∂/∂QA, and ∂A = dQA, A = 0, ..., N
Xα = XA

α ∂A , a local frame field for ΓD, α = 1, ..., v
Qa = QA

a ∂A a local frame field for ΓT , a = 0, ..., n
(θα, θa), a dual coframe for D ⊕ T , so that θα ∈ ΓD∗, θa ∈ ΓT ∗ ∼= ΓDo (we

may assume that θa are closed 1-forms), θα(Xβ) = δα
β , θa(Qb) = δa

b , θα(Qa) = 0 =
θa(Xα).

G = GAB∂A ⊗ ∂B , a contravariant metric on M .
g̃ = G|(Do ∼= T ∗)
The projector P⊥ : TM → T can be writen in the form:

P⊥ = Qa ⊗ θa(.)
= QB

a Qa
A∂B ⊗ ∂A

= PB
A ∂B ⊗ ∂A

and the transversal metric G⊥ is:

G⊥ = P⊥ ⊗ P⊥(G)
= Qa ⊗ θa ⊗Qb ⊗ θb(GAB∂A ⊗ ∂B)
= GABQC

a Qa
AQE

b Qb
B∂C ⊗ ∂E

= GABPC
APE

B ∂C ⊗ ∂E .

From

g̃ab = G(θa, θb)
= GAB∂A ⊗ ∂B(Qa

C∂C , Qb
D∂D)

= GABQa
AQb

B,

we can also write:
G⊥ = g̃abQC

a QE
b ∂C ⊗ ∂E (94)

Now it’s easy to see that:

Lαθa ∈ Do ∼= T ∗ ∀α, a (95)
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We compute now LαP⊥ = Lα(Qa ⊗ θa): first we decompose LαQa = tbαaQb +
lβαaXβ. However, we have:

0 = Lα < θb, Qa >=< Lαθb, Qa > + < θb, LαQa >

and by (94), we can put Lαθb = rb
αdθ

d, and deduce, from the last equation, that
tbαa = −rb

αa. So, reuning these information, we easily compute that:

LαP⊥ = lβαaXβ ⊗ θa (96)

where lβαa = θβ(LαQa).

Now we compute LαU⊥, with U⊥ = P⊥(U) and U ∈ X (M). By (28):

LαU⊥ = Lα(P⊥ • U)
= (LαP⊥) • U + P⊥ • (LαU)
= (lβαaXβ ⊗ θa)(uaQa + uβXβ) +

P⊥(Cα + long.vector) by (12)
= lβαau

aXβ + CαU⊥,

and recalling the definition of the 1-form ωβ
α in (29), it’s easy to see that: ωβ

α =
lβαaθ

a, and so we can write LαU⊥ also in the form (30).

Now we compute LαG⊥. Again by (28), we have, with P⊥ = P⊥ ⊗ P⊥:

LαG⊥ = Lα(P⊥ •G)
= P⊥ • (LαG) + (LαP⊥) •G

= P⊥ • (CαG + terms in I) + Lα(P⊥ ⊗ P⊥) •G

= CαG⊥ + (LαP⊥ ⊗ P⊥ + P⊥ ⊗ LαP⊥) •G

= CαG⊥ + lβαaXβ ⊗ θa ⊗Qb ⊗ θb + Qb ⊗ θb ⊗
⊗lβαaXβ ⊗ θa(g̃cdQc ⊗Qd)

= CαG⊥ + lβαag̃
abXβ ⊗Qb + lβαag̃

baQb ⊗Xβ

where we have used (11) and the fact that θa ∈ Do. Now, let V β
α = G(ωβ

α, .) ∈ ΓT
the transversal vector field, metric-equivalent to the transversal 1-form ωβ

α, given
by (29). We compute that V β

α = lβαag̃
abQb, and so we see that we can write LαG⊥

in the form (31).
As in section 3, we assume that g̃ = G|Do = G⊥|Do is nondegenerate, and let

g be the corresponding transversal covariant metric on T . We want to compute
Lαg. For this, we first note that Lαg must be a covariant transversal vector field,
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since g = gabθ
a ⊗ θb and Lαθa ∈ Do. So, we compute (Lαg̃)|T , since it sufices to

compute Lαg. We have:

(Lαg̃)(θa, θb) = (LαG⊥)(θa, θb)
= (CαG⊥ + V β

α ∨Xβ)(θa, θb)
= CαG⊥(θa, θb) since θa ∈ Do

= Cαg̃(θa, θb) by (94)

and so, defining Lαg as:

(Lαg)(Qa, Qb) = gacgbd(Lαg̃)(θa, θb) (97)

we conclude that Lαg = −Cαg. Notice that if G is a covariant metric on M , such
that G(D, T ) = 0, then the definition (97) of Lαg is equivalent to:

(Lαg)(Qa, Qb) = (LαG)(Qa, Qb) (98)
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