
A course on the braid groups

The braid group on n strands is the group Bn given by the presentation

Bn = 〈σ1, . . . , σn−1 | σkσk+1σk = σk+1σkσk+1 for 1 ≤ k ≤ n− 2,

and σkσl = σlσk for |k − l| ≥ 2〉 .
This group has many approaches from different branches of mathematics such as the low
dimensional topology, the theory of groups, the algebraic geometry, and the mathematical
physics.

The goal of this course is to present some aspects of the theory of braid groups. However,
we will not always focus on the groups themselves, but often use them as a connecting
thread to broach other subjects.

The first part of the course concerns the classical definition of the braid groups and their
link with the configuration spaces and the discriminant.

The aim of the second part is the proof of Artin’s presentation for Bn (the one given in
the beginning of the abstract), but we will also study the standard (also called Coxeter
type) presentation for the symmetric group. Somme homotopy theory and some group
theory needed in the proof will be also explained.

Let M be an oriented and compact surface, possibly with boundary, and let P be a
finite set of points in the interior of M . The mapping class group of M relatively to P is
defined to be the groupM(M,P) of isotopy classes of diffeomorphisms F : M → M which
preserve the orientation, pointwise fix the boundary of M , and such that F (P) = P . In
the third part we will present some basic examples of mapping class groups and some
special elements belonging to them, and prove that the mapping class group of the disc
relatively to n points is the braid group Bn.

Bibliography. Some previous knowledge on fundamental groups and coverings may be
useful to the listener. A good reference for this is [Mas]. The listener may also need to
know the definitions of a free group and of a presentation for a group. The first 20 pages
of [MKS] will suffice for that. Standard references for braid groups are [Bir], [Han] and
[KuMu].
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