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Finite automata have been used effectively in recent years to define infinite groups.23

The two main lines of research have as their most representative objects the class of24

automatic groups (including “word-hyperbolic groups” as a particular case) and automata25

groups (singled out among the more general “self-similar groups”).26

The first approach is studied in §1 and implements in the language of automata some27

tight constraints on the geometry of the group’s Cayley graph. Automata are used to define28

a normal form for group elements, and to execute the fundamental group operations.29

The second approach is developed in §2 and focuses on groups acting in a finitely30

constrained manner on a regular rooted tree. The automata define sequential permutations31

of the tree, and can even represent the group elements themselves.32

1 The geometry of the Cayley graph33

Since its inception at the beginning of the 19th century, group theory has been recognized34

as a powerful language to capture symmetries of mathematical objects: crystals in the35

early 19th century, for Hessel and Frankenheim [53, page 120]; roots of a polynomial, for36

Galois and Abel; solutions of a differential equation, for Lie, Painlevé, etc. It is only later,37

mainly through the work of Klein and Poincaré, that the tight connections between group38

theory and geometry were brought to light.39

Topology and group theory are related as follows. Consider a space X , on which a40

group G acts freely: for every g 6= 1 ∈ G and x ∈ X , we have x · g 6= x. If the quotient41

space Z = X/G is compact, then G “looks very much like” X , in the following sense:42

choose any x ∈ X , and consider the orbit x ·G. This identifies G with a roughly evenly43

distributed subset of X .44

Conversely, consider a “nice” compact space Z with fundamental group G: then45

X = Z̃, the universal cover of Z, admits a free G-action. In conclusion, properties46

of the fundamental group of a compact space Z reflect geometric properties of the space’s47

universal cover.48

We recall that finitely generated groups were defined in §23.1: they are groups G49

admitting a surjective map π : FA � G, where FA is the free group on a finite set A.50

Definition 1.1. A groupG is finitely presented if it is finitely generated, say by π : FA �51

G, and if there exists a finite subset R ⊂ FA such the kernel ker(π) is generated by the52

FA-conjugates of R, that is, ker(π) = 〈〈R〉〉; one then has G = FA/〈〈R〉〉. These r ∈ R53

are called relators of the presentation; and one writes54

G = 〈A | R〉.

Sometimes it is convenient to write a relator in the form ‘a = b’ rather than the more55

exact form ‘ab−1’.56

Let G be a finitely generated group, with generating set A. Its Cayley graph C (G,A),57

introduced by Cayley in [44], is the graph with vertex set G and edge set G×A; the edge58

(g, s) starts at vertex g and ends at vertex gs.59
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In particular, the group G acts freely on C (G,A) by left translation; the quotient60

C (G,A)/G is a graph with one vertex and #A loops.61

Assume moreover that G is finitely presented, with relator set R. For each r =62

r1 . . . rn ∈ R and each g ∈ G, the word r traces a closed path in C (G,A), starting at63

g and passing successively through gr1, gr1r2, . . . , gr1r2 . . . rn = g. If one “glues” for64

each such r, g a closed disk to C (G,A) by identifying the disks’ boundary with that path,65

one obtains a 2-dimensional cell complex in which each loop is contractible — this is a66

direct translation of the fact that the normal closure of R is the kernel of the presentation67

homomorphism FA → G.68

For example, consider G = Z2, with generating set A = {(0, 1), (1, 0)}. Its Cayley69

graph is the standard square grid. The Cayley graph of a free group FA, generated by A,70

is a tree.71

More generally, consider a right G-set X , for instance the coset space H\G. The72

Schreier graph C (G,X,A) of X is then the graph with vertex set X and edge set X×A;73

the edge (x, s) starts in x and ends in xs.74

1.1 History of geometric group theory75

In a remarkable series of papers, Dehn [48–50], see also [51] initiated the geometric study76

of infinite groups, by trying to relate algorithmic questions on a group G and geometric77

questions on its Cayley graph. These problems were described in Definition 23.1.1, to78

which we refer. For instance, the word problem asks if one can determine whether a path79

in the Cayley graph of G is closed, knowing only the path’s labels.80

It is striking that Dehn used, for Cayley graph, the German Gruppenbild, literally81

“group picture”. We must solve the word problem in a groupG to be able to draw bounded82

portions of its Cayley graph; and some algebraic properties of G are tightly bound to the83

algorithmic complexity of the word problem, see §23.3.4. For example, Muller&Schupp84

prove (see Theorem 23.3.9) that a push-down automaton recognizes precisely the trivial85

elements of G if and only if G admits a free subgroup of finite index.86

We consider now a more complicated example. Let Sg be an oriented surface of genus87

g > 2, and let Jg denote its fundamental group. Recall that [x, y] denotes in a group the88

commutator x−1y−1xy. We have a presentation89

Jg = 〈a1, b1, . . . , ag, bg | [a1, b1] · · · [ag, bg]〉. (1.1)

Let r = [a1, b1] · · · [ag, bg] denote the relator, and let R∗ denote the set of cyclic permu-90

tations of r±1. The word problem in Jg is solvable in polynomial time by the following91
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algorithm: let u be a given word. Freely reduce u by removing all aa−1 subwords. Then,92

if u contains a subword v1 such that v1v2 ∈ R∗ and v1 is longer than v2, replace v1 by93

v−12 in u and repeat. Eventually, u represents 1 ∈ G if and only if it is the empty word.94

The validity of this algorithm relies on a lemma by Dehn, that every nontrivial word95

representing the identity contains more than half of the relator as a subword.96

Incidentally, the Cayley graph of Jg is a tiling of the hyperbolic plane by 4g-gons,97

with 4g meeting at each vertex.98

Tartakovsky [122], Greendlinger [67, 68] and Lyndon [98, 99] then devised “small99

cancellation” conditions on a group presentation that guarantee that Dehn’s algorithm100

will succeed. Briefly said, they require the relators to have small enough overlaps. These101

conditions are purely combinatorial, and are described in §1.3.102

Cannon and Thurston, on the other hand, sought a formalism that would encode the103

“periodicity of pictures” of a group’s Cayley graph. Treating the graph as a metric space104

with geodesic distance d, already seen in §23.2.4, they make the following definition: the105

cone type of g ∈ G is106

Cg = {h ∈ G | d(1, gh) = d(1, g) + d(g, gh)}; (1.2)

the translate gCg is the set of vertices that may be connected to 1 by a geodesic passing107

through g. Their intuition is that the cone type of a vertex v remembers, for points near v,108

whether they are closer or further to the origin than v; for example, Z2 with its standard109

generators has 9 cone types: the cone type of the origin (the whole plane), those of vertices110

on the axes (half-planes), and those of other vertices (quadrants).111

Thurston’s motivation was to get a good, algorithmic understanding of fundamental112

groups of threefolds. They should be made of nilpotent (or, more generally, solvable)113

groups on the one hand, and “automatic” groups on the other hand.114

Definition 1.2. Let G = 〈A〉 be a finitely generated group, and recall that Ã denotes115

A t A−1. The word metric on G is the geodesic distance in G’s Cayley graph C (G,A).116

It may be defined directly as117

d(g, h) = min{n | g = hs1 . . . sn with all si ∈ Ã},

and is left-invariant: d(xg, xh) = d(g, h). The ball of radius n is the set118

BG,A(n) = {g ∈ G | d(1, g) 6 n}.

The growth function of G is the function119

γG,A(n) = #BG,A(n).

The growth series of G is the power series120

ΓG,A(z) =
∑
g∈G

zd(1,g) =
∑
n>0

γG,A(n)zn(1− z).

Growth functions are usually compared as follows: γ - δ if there is a constant C ∈ N121

such that γ(n) 6 δ(Cn) for all n ∈ N; and γ ∼ δ if γ - δ - γ. The equivalence class of122

γG,A is independent of A.123

Cannon observed (in an unpublished 1981 manuscript; see also [40]) that, if a group124
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has finitely many cone types, then its growth series satisfies a finite linear system and is125

therefore a rational function of z. For Jg , for instance, he computes126

ΓJg,A =
1 + 2z + · · ·+ 2z2g−1 + z2g

1 + (2− 4g)z + · · ·+ (2− 4g)z2g−1 + z2g
.

This notion was formalized by Thurston in 1984 using automata, and is largely the topic127

of the next section. We will return to growth of groups in §2.5; see however [27] for a128

good example of growth series of groups computed thanks to a description of the Cayley129

graph by automata.130

Gromov emphasized the relevance to group theory of the following definition, at-131

tributed to Margulis:132

Definition 1.3 ([83]). A map f : X → Y between two metric spaces is a quasi-isometry133

if for a constant C > 0 one has134

C−1d(x, y)− C 6 d(f(x), f(y)) 6 Cd(x, y) + C, ∀y ∈ Y : d(f(X), y) 6 C.

Two spaces are quasi-isometric if there exists a quasi-isometry between them; this is an135

equivalence relation.136

A property of finitely generated groups is geometric if it only depends on the quasi-137

isometry class of its Cayley graph.138

Thus for instance the inclusion Z → R, and the map R → Z, x 7→ bxc are quasi-139

isometries.140

Being finite, having a finite-index subgroup isomorphic to Z, and being finitely pre-141

sented are geometric properties. The asymptotics of the growth function is also a geomet-142

ric invariant; thus for instance having growth function - n2 is a geometric property.143

1.2 Automatic groups144

LetG = 〈A〉 be a finitely generated group. We will consider the formal alphabet Â = At145

A−1 t {1}, where 1 is treated as a “padding” symbol. Following the main reference [54]146

by Epstein et al.:147

Definition 1.4 ([22, 54, 55]). The group G is automatic if there are finite-state automata148

L,M, the language and multiplication automata, with the following properties:149

(i) L is an automaton with alphabet Ã;150

(ii) M has alphabet Â × Â, and has for each s ∈ Â an accepting subset Ts of states;151

callMs the automaton with accepting states Ts;152

(iii) the language of L surjects onto G by the natural map f : Ã→ FA → G; words in153

L(L) are called normal forms;154

(iv) for any two normal forms u, v ∈ L(L), consider the word155

w = (u1, v1)(u2, v2) . . . (un, vn) ∈ (Â× Â)∗,

where n = max{|u|, |v|} and ui, vj = 1 if i > |u|, j > |v|. ThenMs accepts w if156

and only if π(u) = π(vs).157
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In words,G is automatic if the automatonL singles out sufficiently many words which158

may be used to represent all group elements; and the automaton Ms recognizes when159

two such singled out words represent group elements differing by a generator. The pair160

(L,M) is an automatic structure for G.161

We will give numerous examples of automatic groups in §1.3. Here is a simple one162

that contains the main features: the group G = Z2, with standard generators x, y. The163

language accepted by L is (x∗ ∪ (x−1)∗)(y∗ ∪ (y−1)∗):164

x

x−1

y

y−1

x

y

y−1

x−1 y

y−1

y

y−1

The multiplication automaton, in which states in Ts are labeled s, is165

1 x

y

y−1

x−1

(s, s) (x
, y
−1

)

(y
, x
−1

)

(x, y)
(y −

1
, x −

1
)

(y,1)(1, y−1)

(x,1)

(1, x−1)

(x −
1
, y −

1
)

(y, x)

(x
−1

, y
)

(y
−1

, x
)

(1, x)

(x−1,1)

(1, y)
(y−1, 1)

(s, s)

(y−1, 1)

(1, y)

(s, s)

(y,1)

(1, y−1)

(s, s)

(y−1, 1)

(1, y)

(s, s)

(y,1)

(1, y−1)

The definition we gave is purely automata-theoretic. It does, however, have a more166

geometric counterpart. A word w ∈ Ã∗ represents in a natural way a path in the Cay-167

ley graph C (G,A), starting at 1 and ending at π(w). If w = w1 . . . wn, we write168

w(j) = w1 . . . wj the vertex of C (G,A) reached after j steps; if j > n then w(j) = w.169

For two paths u, v ∈ Ã∗, we say they k-fellow-travel if d(u(j), v(j)) 6 k for all170

j ∈ {1, . . . ,max{|u|, |v|}}.171
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Proposition 1.1. A group G is automatic if and only if there exists a rational language172

L ⊆ Ã∗, mapping onto G, and a constant k, such that for any u, v ∈ L with d(πu, πv) 6173

1 the paths u, v k-fellow-travel.174

Sketch of proof. Assume first that G has automatic structure (L,M), and let c denote the175

number of states ofM. If u, v ∈ L(L) satisfy π(u) = π(vs), let sj denote the stateM is176

in, after having read (u1, v1) . . . (uj , vj). There is a path of length < c, inM, from sj to177

an accepting state (labeled s); let its label be (p, q). Then π(u(j)p) = π(v(j)qs), so u(j)178

and v(j) are at distance at most 2c− 1 in C (G,A).179

Conversely, assume that paths k-fellow-travel and that an automaton L, with state set180

Q is given, with language surjecting onto G. Recall that B(k) denotes the set of group181

elements at distance 6 k from 1 in C (G,A). Consider the automaton with state set182

Q × Q × Bk. Its initial state is (∗, ∗,1), where ∗ is the initial state of L; its alphabet is183

Â × Â, and its transitions are given by (p, q, g) · (s, t) = (p · s, q · t, s−1gt) whenever184

these are defined. Its accepting set of states, for s ∈ Â, is Ts = Q×Q× {s}.185

Corollary 1.2. If the finitely generated group G = 〈A〉 is automatic, and if B is another186

finite generating set for G, then there also exists an automatic structure for G using the187

alphabet B.188

Sketch of proof. Note first that a trivial generator may be added or removed from A or B,189

using an appropriate finite transducer for the latter.190

There exists then M ∈ N such that every a ∈ Ã can be written as a word wa ∈ B̃∗191

of length precisely M . Accept as normal forms all wa1 . . . wan such that a1 . . . an is192

a normal form in the original automatic structure L. The new normal forms constitute193

a homomorphic image of L and therefore define a rational language. If paths in L(L)194

k-fellow-travel, then their images in the new structure will kM -fellow-travel.195

Note that the language of normal forms is only required to contain “enough” expres-196

sions; namely that the evaluation map L(L) → G is onto. We may assume that it is197

bijective, by the following lemma. The language L(L) is then called a “rational cross-198

section” by Gilman [63]; and (L,M) is called an automatic structure with uniqueness.199

Lemma 1.3. Let G be an automatic group. Then G admits an automatic structure with200

uniqueness.201

Sketch of proof. Consider (L′,M) an automatic structure. Recall the “short-lex” order-202

ing on words: u 6 v if |u| < |v|, or if |u| = |v| and u comes lexicographically before v.203

The language {(u, v) ∈ Â∗ × Â∗ | u 6 v} is rational. The language204

L = L(L′) ∩ {u ∈ Ã∗ | ∀v ∈ Â∗ : (u, v) ∈ L(M1)⇒ u 6 v}

is then also rational, of the form L(L). The automatonM need not be changed.205

Various notions related to automaticity have emerged, some stronger, some weaker:206

• One may require the words accepted by L to be representatives of minimal length;207

the automatic structure is then called geodesic. It would then follow that the growth208

series ΓG,A(z) of G, which is the growth series of L, is a rational function. Note209
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that there is a constant K such that, for the language produced by Lemma 1.3, all210

words u ∈ L(L) satisfy |u| 6 Kd(1, π(u)).211

• The definition is asymmetric; more precisely, we have defined a right automatic212

group, in that the automatonM recognizes multiplication on the right. One could213

similarly define left automatic groups; then a group is right automatic if and only if214

it is left automatic.215

Indeed, let (L,M) be an automatic structure where L recognizes a rational cross216

section. Then L′ = {u−1 | u ∈ L(L)} and M ′ = {(u−1, v−1) | (u, v) ∈217

L(M)} are again rational languages. Indeed, since rational languages are closed218

under reversion and morphisms, it follows easily that L′ is rational. On the other219

hand, using the pumping lemma and the fact that group elements admit unique220

representatives in L(L), the amount of padding at the end of word-pairs in L(M)221

is bounded, and can be moved from the beginning to the end of the word-pairs in222

M ′ by a finite transducer. Therefore, L′,M ′ are the languages of a right automatic223

structure.224

However, one could require both properties simultaneously, namely, on top of an225

automatic structure, a third automaton N accepting (in state s ∈ Â) all pairs of226

normal forms (u, v) with π(u) = π(sv). Such groups are called biautomatic. No227

example is known of a group that is automatic but not biautomatic.228

• One might also only keep the geometric notion of “combing”: a combing on a229

group is a choice, for every g ∈ G, of a word wg ∈ Ã∗ evaluating to g, such that230

the words wg and wgs fellow-travel for all g ∈ G, s ∈ Ã.231

In that sense, a group is automatic if and only if it admits a combing whose words232

form a rational language; see [30] for details.233

One may again require the combing lines to be geodesics, i.e., words of minimal234

length; see Hermiller’s work [87–89].235

One may also put weaker constraints on the words of the combing; for example,236

require it to be an indexed language. Bridson and Gilman proved in [31] that all237

geometries of threefolds, in particular the Nil (1.3) and Sol geometry that are not238

automatic, fall in this framework.239

• Another relaxation is to allow the automatonM to read at will letters from the first240

or the second word; groups admitting such a structure are called asynchronously au-241

tomatic. Among fundamental groups of threefolds, there is no difference between242

these definitions [31], but for more general groups there is.243

• Finally, Definition 1.4 can be adapted to define automatic semigroups. Properties244

from automatic groups that can be proved within the automata-theoretic framework245

can often be generalized to automatic semigroups, or at least monoids [39]. How-246

ever, establishing an alternative geometric approach has proved to be a tough task247

and success was reached only in restricted cases [90, 119].248

1.3 Main examples of automatic groups249

From the very definition, it is clear that finite groups are automatic: one chooses a word250

representing each group element, and these necessarily form a fellow-travelling rational251

language.252
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It is also clear that Z is automatic: write t for the canonical generator of Z; the lan-253

guage t∗∪ (t−1)∗ maps bijectively to Z; and the corresponding paths 1-fellow-travel. The254

automata are255

L : t

t−1

tt−1

, M : 1 tt−1

(s, s)

(t,1)

(1, t−1)(t−1, 1)

(1, t)
.

Simple constructions show that the direct and free products of automatic groups are256

again automatic. Finite extensions and finite-index subgroups of automatic groups are257

automatic. It is however still an open problem whether a direct factor of an automatic258

group is automatic.259

Recall that we glued disks, one for each g ∈ G and each r ∈ R, to the Cayley graph260

of a finitely presented group G = 〈A | R〉, so as to obtain a 2-complex K . The small261

cancellation conditions express a combinatorial form of non-positive curvature of K :262

roughly, C(p) means that every proper edge cycle in K has length > p, and T (q) means263

that every proper edge cycle in the dual K ∨ has length > q; see [98, Chapter V] for264

details. If G satisfies C(p) and T (q) where p−1 + q−1 6 1
2 , then G is automatic.265

Consider the configurations defined by n strings in R2 × [0, 1], with string #i starting266

at (i, 0, 0) and ending at (i, 0, 1); these configurations are viewed up to isotopy preserving267

the endpoints. They can be multiplied (by stacking them above each other) and inverted268

(by flipping them up-down), yielding a group, the pure braid group; if the strings are269

allowed to end in an arbitrary permutation, one obtains the braid group. This group Bn270

is generated by elementary half-twists of strings #i, i+ 1 around each other, and admits271

the presentation272

Bn = 〈σ1, . . . , σn−1 | σiσi+1σi = σi+1σiσi+1, [σi, σj ] whenever |i− j| > 2〉.

More generally, consider a surface S of genus g, with n punctures and b boundary compo-273

nents. The mapping class group Mg,n,b is the group of maps S → S modulo isotopy, and274

Bn is the special case M0,n,1 of mapping classes of the n-punctured disk. All mapping275

class groups Mg,n,b are automatic groups [107].276

As another generalization of braid groups, consider Artin groups. Let (mij) be a277

symmetric n × n-matrix with entries in N ∪ {∞}. The Artin group of type (mij) is the278

group with presentation279

A(m) = 〈s1, . . . , sn | (sisj)bmij/2c = (sjsi)
bmij/2c whenever mij <∞〉.

The corresponding Coxeter group has presentation280

C(m) = 〈s1, . . . , sn | s2i , (sisj)mij/2 = (sjsi)
mij/2 whenever mij <∞〉.

An Artin group A(m) has finite type if C(m) is finite. Artin groups of finite type are281

biautomatic [45]. Coxeter groups are automatic [33].282

Fundamental groups of threefolds, except those with a piece modelled on Nil or Sol283

geometry [54, chapter 12], are automatic.284
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1.4 Properties of automatic groups285

The definition of automatic groups, by automata, has a variety of interesting conse-286

quences. First, automatic groups are finitely presented; more generally, combable groups287

are finitely presented:288

Proposition 1.4 ([2]). Let G be a combable group. Then G has type F∞, namely, there289

exists a contractible cellular complex with free G-action and finitely many G-orbits of290

cells in each dimension.291

(Finite presentation is equivalent to “finitely many G-orbits of cells in dimension 6 2”).292

Sketch of proof. By assumption, G is finitely generated. Therefore, the Cayley graph293

contains one G-orbit of 0-cells (vertices), and #A orbits of 1-cells (edges). Consider all294

pairs of paths u, v in the combing that have neigbouring extremities. They k-fellow-travel295

by hypothesis; so there are for all j paths w(j) of length 6 k connecting u(j) to v(j).296

The closed paths u(j) − v(j) − v(j + 1) − u(j + 1) − u(j) have length 6 2k + 2, so297

trace finitely many words in FA. Taking them as relators defines a finite presentation for298

G. The process may be continued with higher-dimensional cells.299

Proposition 1.5. Automatic groups satisfy a quadratic isoperimetric inequality; that is,300

for any finite presentation G = 〈A | R〉 there is a constant k such that, if w ∈ FA is a301

word evaluating to 1 in G, then302

w =
∏̀
i=1

rwii for some ri ∈ R±1, wi ∈ FA and ` 6 k|w|2.

Sketch of proof. Write n = |w|, and draw the combing lines between 1 and w(j). There303

are n combing lines, which have lengthO(n); so the gap between neighbouring combing304

lines can be filled by O(n) relators. This gives O(n2) relators in total.305

Note that being finitely presented is usually of little value as far as algorithmic ques-306

tions are concerned: there are finitely presented groups whose word problem cannot be307

solved by a Turing machine [25, 110]. In contrast:308

Proposition 1.6. The word problem in a group given by an automatic structure is solvable309

in quadratic time. A word may even be put into canonical form in quadratic time.310

Sketch of proof. We may assume, by Lemma 1.3, that every g ∈ G admits a unique311

normal form. Now, given a word u = a1 . . . an ∈ Â∗, construct the following words:312

w0 ∈ L(L) is the representative of 1. Treating Ma as a non-deterministic automaton313

in its second variable, find for i = 1, . . . , n a word wi ∈ Â∗ such that the padding of314

(wi−1, wi) is accepted byMai . Then π(u) = 1 ∈ G if and only if wn = w0.315

Clearly the wi have linear length in i, so the total running time is quadratic in n.316

In general, finitely generated subgroups and quotients of automatic groups need not317

be automatic — they need not even be finitely presented. A subgroup H of a finitely318
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generated group G = 〈A〉 is quasi-convex if there exists a constant δ such that every319

h ∈ H is connected to 1 ∈ G by a geodesic in C (G,A) that remains at distance6 δ from320

H . Typical examples are finite-index subgroups, free factors, and direct factors.321

On the other hand, a subgroup H of an automatic group G with language L(L) is322

L-rational if the full preimage of H in L(L) is rational. The following is easy but funda-323

mental:324

Lemma 1.7 ([60]). A subgroup H of an automatic group is quasi-convex if and only if it325

is L-rational.326

It is still unknown whether automatic groups have solvable conjugacy problem; how-327

ever, there are asynchronously automatic groups with unsolvable conjugacy problem, for328

instance appropriate amalgamated products of two free groups over finitely generated329

subgroups. These groups are asynchronously automatic by [22, Theorem E], and have330

unsolvable conjugacy problem by [102].331

Theorem 1.8 (Gersten-Short). Biautomatic groups have solvable conjugacy problem.332

Sketch of proof; see [59]. Consider two words x, y ∈ Ã∗. Using the biautomatic struc-333

ture, the language334

C(x, y) = {(u, v) ∈ Â∗ × Â∗ | u, v ∈ L and π(u) = π(xvy)}

is rational. Now x, y are conjugate if and only if C(x−1, y) ∩ {(w,w) | w ∈ L} is non-335

empty. The problem of deciding whether a rational language is empty is algorithmically336

solvable.337

In fact, the centralizer of an element of a biautomatic group is a quasi-convex sub-338

group, and is thus biautomatic [60] (but we remark that it is still unknown whether a339

quasi-convex subgroup of an automatic group is necessarily automatic). There is there-340

fore a good algorithmic description of all elements that conjugate x to y.341

1.5 Word-hyperbolic groups342

Gromov introduced in [80] the fundamental concept of “negative curvature” to group343

theory. This goes further in the direction of viewing groups as metric spaces, through344

the geodesic distance on their Cayley graph. The definition is given for geodesic metric345

spaces, i.e., metric spaces in which any two points can be joined by a geodesic segment:346

Definition 1.5 ([3,46,61]). LetX be a geodesic metric space, and let δ > 0 be given. The347

space X is δ-hyperbolic if, for any three points A,B,C ∈ X and geodesics arcs a, b, c348

joining them, every P ∈ a is at distance at most δ from b ∪ c.349

The space X is hyperbolic if it is δ-hyperbolic for some δ. The finitely generated350

group G = 〈A〉 is word-hyperbolic if it acts by isometries on a hyperbolic metric space351

X with discrete orbits, finite point stabilizers, and compact quotient X/G.352

Equivalently, G is word-hyperbolic if and only if C (G,A) is hyperbolic.353



112 L. Bartholdi, P. V. Silva

Gilman gives in [62] a purely automata-theoretic definition of word-hyperbolic groups:354

G is word-hyperbolic if and only if, for some regular combing M ⊂ Ã∗, the language355

{u1v1w | u, v, w ∈ M, π(uvw) = 1} ⊂ Â∗ is context-free. Using the geometric356

definition, we note immediately the following examples: first, the hyperbolic plane H2 is357

hyperbolic (with δ = log 3); so is Hn. Any discrete, cocompact group of isometries of Hn358

is word-hyperbolic. This applies in particular to the surface group Jg from (1.1), if g > 2.359

Note however that some word-hyperbolic groups are not small cancellation groups, for360

instance because for small cancellation groups the complex in Proposition 1.4 has trivial361

homology in dimension > 3; yet the complex associated with a cocompact group acting362

on Hn has infinite cyclic homology in degree n (see [57] for applications of topology to363

group theory).364

It is also possible to define δ-hyperbolicity for spacesX that are not geodesic (as, e.g.,365

a group):366

Definition 1.6. Let X be a metric space, and let δ′ > 0 be given. The space X is δ′-367

hyperbolic if, for any four points A,B,C,D ∈ X , the numbers368

{d(A,B) + d(C,D), d(A,C) + d(B,D), d(A,D) + d(B,C)}

are such that the largest two differ by at most δ′.369

Word-hyperbolic groups arise naturally in geometry, in the following way: let M370

be a compact Riemannian manifold with negative (not necessarily constant) sectional371

curvature. Then π1(M) is a word-hyperbolic group.372

Word-hyperbolic groups are also “generic” among finitely-presented groups, in the373

following sense: fix a number k of generators, and a constant ε ∈ [0, 1]. For largeN , there374

are ≈ (2k− 1)N words of length 6 N in Fk; choose a subset R of size ≈ (2k− 1)εN of375

them uniformly at random, and consider the group G with presentation 〈A | R〉.376

Then, with probability → 1 as N → ∞, the group G is word-hyperbolic. Further-377

more, if ε < 1
2 , then with probability → 1 the group G is infinite, while if ε > 1

2 , then378

with probability→ 1 the group G is trivial [111].379

Word-hyperbolic groups provide us with a large number of examples of automatic380

groups. Better:381

Theorem 1.9 (Gersten-Short, Gromov). Let G be a word-hyperbolic group. Then G is382

biautomatic. Moreover, the normal form L may be chosen to consist of geodesics.383

Even better, the automatic structure is, in some precise sense, unique [28].384

Sketch of proof. In a δ-word-hyperbolic group G, geodesics (2δ + 1)-fellow-travel. On385

the other hand, G has a finite number of cone types (1.2), so the language of geodesics is386

rational, recognized by an automaton with as many states as there are cone types.387

Hyperbolic spacesX have a natural hyperbolic boundary ∂X: fix a point x0 ∈ X , and388

consider quasi-geodesics at x0, namely quasi-isometric embeddings γ : N → X starting389

at x0. Declare two such quasi-geodesics γ, δ to be equivalent if d(γ(n), δ(n)) is bounded.390

The set of equivalence classes, with its natural topology, is the boundary ∂X of X . The391

fundamental tool in studying hyperbolic spaces is the following392
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Lemma 1.10 (Morse). Let X be a hyperbolic space. Then all quasi-geodesics (for given393

C) between two given points x, y ∈ X are at bounded distance from one another.394

The hyperbolic boundary ∂X is compact, under appropriate conditions satisfied e.g.395

by X = C (G,A), and X ∪ ∂X is a compactification of X . Now, in that case, the396

automaton L provides a symbolic coding of ∂X as a finitely presented shift space (where397

the shift action is the “geodesic flow”, following one step along infinite paths ∈ Â∞398

representing quasi-geodesics).399

We note that, for word-hyperbolic groups, the word and conjugacy problem admit400

extremely efficient solutions: they are both solvable in linear time by a Turing machine.401

The word problem is actually solvable in real time, namely with a bounded amount of402

calculation allowed between inputs [92]. The isomorphism problem is decidable for word-403

hyperbolic groups, say given by a finite presentation [47] . Word-hyperbolic groups also404

satisfy a linear isoperimetric inequality, in the sense that every w ∈ FA that evaluates to405

1 in G is a product of O(|w|) conjugates of relators. Better:406

Proposition 1.11. A finitely presented group is word-hyperbolic if and only if it satisfies407

a linear isoperimetric inequality, if and only if it satisfies a subquadratic isoperimetric408

inequality.409

Note that the generalized word problem is known to be unsolvable [113], but the order410

problem is on the other hand solvable in word-hyperbolic groups [26]. It follows that the411

generalized word problem is unsolvable for automatic groups as well.412

There are important weakenings of the definition of word-hyperbolic groups; we men-413

tion two. A bicombing is a choice, for every pair of vertices g, h ∈ C (G,A), of a path414

`g,h from g to h. Since G acts by left-translation on C (G,A), it also acts on bicombings.415

A bicombing satisfies the k-fellow-traveller property if for any neighbours x′ of x and y′416

of y, the paths `x,y and `x′,y′ k-fellow-travel.417

A semi-hyperbolic group is a group admitting an invariant bicombing by fellow-418

travelling words. See [32], or the older paper [4]. In particular, biautomatic, and therefore419

word-hyperbolic, groups are semi-hyperbolic.420

Semi-hyperbolic groups are finitely presented and have solvable word and conjugacy421

problems. In fact, they even have the “monotone conjugation property”, namely, if g and422

h are conjugate, then there exists a wordw with gπ(w) = h and |gπ(w(i))| 6 max{|g|, |h|}423

for all i ∈ {0, . . . , |w|}.424

A group G is relatively hyperbolic [56] if it acts properly discontinuously on a hy-425

perbolic space X , preserving a family H of separated horoballs, such that (X \ H)/G426

is compact. All fundamental groups of finite-volume negatively curved manifolds are427

relatively hyperbolic.428

A non-closed manifold has “cusps”, going off to infinity, whose interpretation in the429

fundamental group are conjugacy classes of loops that may be homotoped arbitrarily far430

into the cusp. Farb [56] captures combinatorially the notion of relative hyperbolicity as431

follows: let H be a family of subgroups of a finitely generated group G = 〈A〉. Modify432

the Cayley graph of G as follows: for each coset gH of a subgroup H ∈H , add a vertex433

gH , and connect it by an edge to every gh ∈ C (G,A), for all h ∈ H . In addition, require434

that every edge in ̂C (G,A) belong to only finitely many simple loops of any given length.435
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The group G is weakly relatively hyperbolic, relative to the family H , if that modified436

Cayley graph ̂C (G,A) is a hyperbolic metric space.437

By virtue of its geometric characterization, being word-hyperbolic is a geometric438

property in the sense of Definition 1.3 (though beware that being hyperbolic is preserved439

under quasi-isometry only if the metric spaces are geodesic). Being combable and being440

bicombable are also geometric.441

We finally remark that a notion of word-hyperbolicity has been defined for semi-442

groups [52,91]; the definition uses context-free languages. As for automatic (semi)groups,443

the theory does not seem uniform enough to warrant a simultaneous treatment of groups444

and semigroups; again, there is no clear geometric counterpart to the definition of word-445

hyperbolic semigroups — except in particular cases, such as monoids defined through446

special confluent rewriting systems [43].447

1.6 Non-automatic groups448

All known examples of non-automatic groups arise as groups violating some interesting449

consequence of automaticity.450

First, infinitely presented groups cannot be automatic. There are uncountably many451

finitely generated groups, and only countably many finitely presented groups; therefore452

automatic groups should be thought of as the rationals among the real numbers.453

Groups with unsolvable word problem cannot be automatic.454

If a nilpotent group is automatic, then it contains an abelian subgroup of finite in-455

dex [64]); therefore, for instance, the discrete Heisenberg group456

G =

1 Z Z

0 1 Z

0 0 1

 = 〈x, y | [x, [x, y]], [y, [x, y]]〉 (1.3)

is not automatic. Note also that G satisfies a cubic, but no quadratic, isoperimetric in-457

equality.458

Many solvable groups have larger-than-quadratic isoperimetric functions; they there-459

fore cannot be automatic [84]. This applies in particular to the Baumslag-Solitar groups460

BS1,n = 〈a, t | an = at〉. (1.4)

Similarly, SLn(Z), for n > 3, or SLn(O) for n > 2, where O are the integers in an461

imaginary number field, are not automatic.462

Infinite, finitely generated torsion groups cannot be automatic: they cannot admit a463

rational normal form, because of the pumping lemma. We will see examples, due to464

Grigorchuk and Gupta-Sidki, in §2.1.465

There are combable groups that are not automatic [29], for instance466

G = 〈ai, bi, ti, s | t1a1 = t2a2, [ai, s] = [ai, ti] = [bi, s] = [bi, ti] = 1 (i = 1, 2)〉,

which satisfies only a cubic isoperimetric inequality. Finitely presented subgroups of467

automatic groups need not be automatic [23].468

The following group is asynchronously automatic, but is not automatic: it does not469
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satisfy a quadratic isoperimetric inequality [22, §11]:470

G = 〈a, b, t, u | at = ab, bt = a, au = ab, bu = a〉.

2 Groups generated by automata471

We now turn to another important class of groups related to finite-state automata. These472

groups act by permutations on a set A∗ of words, and these permutations are represented473

by Mealy automata. These are deterministic, initial finite-state transducersM with input474

and output alphabet A, that are complete with respect to input; in other words,475

At every state and for each a ∈ A, there is a unique outgoing edge with input a. (2.1)

The automatonM defines a transformation of A∗, which extends to a transformation476

of Aω , as follows. Given w = a1a2 · · · ∈ A∗ ∪ Aω , there is by (2.1) a unique path477

in M starting at the initial state and with input labels w. The image of w under the478

transformation is the output label along that same path.479

Definition 2.1. A map f : A∗ → A∗ is automatic if f is produced by a finite-state480

automaton as above.481

One may forget the initial state of M, and consider the set of all transformations482

corresponding to all choices of initial state ofM; the semigroup of the automaton S(M)483

is the semigroup generated by all these transformations. It is closely connected to Krohn-484

Rhodes Theory [96]. Its relevance to group theory was seen during Gluškov’s seminar on485

automata [65].486

The automaton M is invertible if furthermore it is complete with respect to output;487

namely,488

At every state and for each a ∈ A, there is a unique outgoing edge with output a; (2.2)

the corresponding transformation ofA∗∪Aω is then invertible; and the set of such permu-489

tations, for all choices of initial state, generate the group of the automaton G(M). Note490

that S(M) may be a proper subsemigroup of G(M), even if M is invertible. General491

references on groups generated by automata are [14, 76, 108].492

As our first, fundamental example, consider the automaton with alphabet A = {0, 1}493

T : t 11|0
0|1

0|0

1|1

(2.3)

in which the input i and output o of an edge are represented as ‘i|o’. The transformation494

associated with state 1 is clearly the identity transformation, since any path starting from495

1 is a loop with same input and output. Consider now the transformation t. One has, for496
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instance, t · 111001 = 000101, with the path consisting of three loops at t, the edge to 1,497

and two loops at 1. In particular, G(T ) = 〈t〉. We will see in §2.7 that it is infinite cyclic.498

Lemma 2.1. The product of two automatic transformations is automatic. The inverse of499

an invertible automatic transformation is automatic.500

The proof becomes transparent once we introduce a good notation. If in an automaton501

M there is a transition from state q to state r, with input i and output o, we write502

q · i = o · r. (2.4)

In effect, if the state set ofM isQ, we are encodingM by a function τ : Q×A→ A×Q.503

It then follows from (2.1) that, given q ∈ Q and v = a1 . . . an ∈ A∗, there are unique504

w = b1 . . . bn ∈ A∗, r ∈ Q such that q · a1 . . . an = b1 . . . bn · r. The image of v under505

the transformation q is w. We have in fact extended naturally the function τ to a function506

τ : Q×A∗ → A∗ ×Q.507

Proof of Lemma 2.1. GivenM,N initial automata with state setsQ,R respectively, con-508

sider the automaton MN with state set Q × R and transitions defined by (q, r) · i =509

q · (r · i) = o · (q′, r′). If q0, r0 be the initial states of M,N , then the transformation510

q0 ◦ r0 is the transformation corresponding to state (q0, r0) inMN .511

Similarly, if q0 induces an invertible transformation, consider the automaton M−1512

with state set {q−1 | q ∈ Q} and transitions defined by q−1 · o = i · r−1 whenever (2.4)513

holds. The transformation induced by q−10 is the inverse of q0.514

This construction applies naturally to any composition of finitely many automatic515

transformations. In case they all arise from the same machineM, we de facto extend the516

function τ describingM to a function τ : Q∗×A∗ → A∗×Q∗, and (ifM is invertible) to517

a function τ : FQ×A∗ → A∗×FQ. It projects to function τ : S(M)×A∗ → A∗×S(M),518

and, ifM is invertible, to a function τ : G(M)×A∗ → A∗ ×G(M).519

Note that a function G(M)×A→ A×G(M) naturally gives a function, still written520

τ : G(M)→ G(M)AoSym(A); this is the semidirect product of functionsA→ G(M)521

by the symmetric group of A (acting by permutation of coördinates), and is commonly522

called the wreath product G(M) o Sym(A), see also Chapter 16.523

This wreath product decomposition inspires also a convenient description of the func-524

tion τ by a matrix embedding; the size and shape of the matrix is determined by the525

permutation of A, and the nonzero entries by the elements in G(M)A; more precisely,526

assume A = {1, . . . , d}, and, for τ(q) = ((s1, . . . , sd), π) ∈ G(M)A o Sym(A), write527

τ ′(q) = the permutation matrix with si at position (i, iπ). Then these matrices multiply528

as wreath product elements. More algebraically, we have defined a homomomorphism529

τ ′ : kG → Md(kG), where kG is the group ring of G over the field k. Such an em-530

bedding defines an algebra acting on the linear span of A∗; this algebra has important531

properties, studied in [118] for Gupta-Sidki’s example and in [12] for Grigorchuk’s ex-532

ample.533

The action of g ∈ G(M) may be described as follows: given a sequence u =534

a1 . . . an, compute τ(g, u) = (w, h). Then g ·u = w; and the image of g ·(uv) = w(h·v);535

that is, the action of g on sequences starting by u is defined by an element h ∈ G(M)536

acting on the tail of the sequence. More geometrically, we can picture A∗ as an infinite537
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tree. The action of g carries the subtree uA∗ to wA∗, and, within uA∗ naturally identified538

with A∗, acts by the element h. For that reason, G(M) is called a self-similar group.539

The formalism expressing a Mealy machine as a map τ : Q×A→ A×Q is completely540

symmetric with respect to A and Q; the dual of the automatonM is the automatonM∨541

with state set A, alphabet Q, and transitions given by i · q = r · o whenever (2.4) holds.542

For example, the dual of (2.3) is543

T ∨ : 0 11|1

t|1

t|t

1|1 (2.5)

In case the dualM∨ of the automatonM is itself an invertible automaton,M is called544

reversible. IfM,M∨ and (M−1)∨ are all invertible, thenM is bireversible; it then has545

eight associated automata, obtained through all combinations of ()−1 and ()∨.546

Note thatM∨ naturally encodes the action of S(M) on A: it is a graph with vertex547

set A, and an edge, with (input) label q, from a to q · a. More generally, (Mn)∨ encodes548

the action of S(M) on the set An of words of length n.549

More generally, we will consider subgroups of G(M), namely subgroups generated550

by a subset of the states of an automaton; we call these groups automata groups. This is551

a large class of groups, which contains in particular finitely generated linear groups, see552

Theorem 2.2 below or [35]. The elements of automata groups are, strictly speaking, au-553

tomatic permutations of A∗. It is often convenient to identify them with a corresponding554

automaton, for instance constructed as a power of the original Mealy automaton (keeping555

in mind the construction for the composition of automatic transformations), with appro-556

priate initial state.557

Theorem 2.2 (Brunner-Sidki). The affine group Zn o GLn(Z) is an automata group for558

each n.559

This will be proven in more generality in §2.7.560

We mention some closure properties of automata groups. Clearly a direct product of561

automata groups is an automata group (take the direct product of the alphabets). A more562

subtle operation, called tree-wreathing in [34, 115], gives wreath products with Z.563

A more general class of groups has also been considered, and is relevant to §2.6:564

functionally recursive groups. Let A denote a finite alphabet, Q a finite set, and F = FQ565

the free group on Q. The “automaton” now is given by a set of rules of the form566

q · a = b · r

for all q ∈ Q, a ∈ A, where b ∈ A and r ∈ F . In effect, in the dualM∨ we are allowing567

arbitrary words over Q as output symbols.568
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2.1 Main examples569

Automata groups gained significance when simple examples of finitely generated, infi-570

nite torsion groups, and groups of intermediate word-growth, were discovered. Alëshin571

studied in [6] the automaton (2.7), and showed that 〈A,B〉 is an infinite torsion group.572

Another of his examples is described in §2.8.573

Grigorchuk [70–74] simplified Alëshin’s example as follows: let A be obtained from574

the Alëshin automaton by removing the gray states; the stateset of A is {1, a, b, c, d}. He575

showed that G(A), which is known as the Grigorchuk group, is an infinite torsion group;576

see Theorem 2.9. In fact, G(A) and 〈A,B〉 have isomorphic finite-index subgroups.577

Gupta and Sidki [85, 86] constructed for all prime p an infinite, p-torsion group; their578

construction, for p = 3, is the automata group G(G) generated by the automaton (2.8).579

All invertible automata with at most three states and two alphabet letters have been580

listed in [24]; here are some important examples.581

The affine group BS1,3 = {z 7→ 3pz + q/3r | p, q, r ∈ Z}, see (1.4) is a linear582

group, and an automata group by Theorem 2.15; see also [19]. It is generated by the583

automaton (2.9).584

As another important example, consider the lamplighter group585

G = (Z/2)(Z) o Z = 〈a, t | a2, [a, at
n

] for all n ∈ Z〉. (2.6)

It is an automata group [79], embedded as the set of maps586

{z 7→ (t+ 1)pz + q | p ∈ Z, q ∈ F2[t+ 1, (t+ 1)−1]}

in the affine group of F2[[t]]. It is generated by the automaton L in (2.10).587

A

b c d

a 1

A
B

0|1, 1|0

1|1

0|0

1|1

0|0

1|1

0|0

i|i
0|0

1|1

0|1
1|0 0|0

1|1 (2.7)
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G : t t−1

a

a−1

1

0|0

1|1

2|2

0|0

1|1

2|2

i|i+ 1

i|i− 1

i|i (2.8)

3z 3z + 1 3z + 20|0

1|1

0|1

1|0

1|1

0|0

(2.9)

L : (t+ 1)z (t+ 1)z + 1

1|0

0|0 1|1

0|1

(2.10)

The Basilica group, see [21, 75], will appear again in §2.6. It is generated by the588

automaton (2.11).589

B :

a

b

1

0|1

1|0

0|0

1|1 0|0, 1|1 (2.11)

There are (unpublished) lists by Sushchansky et al. of all (not necessarily invertible)590

automata with 6 3 states, on a binary alphabet; there are more than 2000 such automata;591

the invertible ones are listed in [24].592

How about groups that are not automata groups? Groups with unsolvable word prob-593

lem (or more generally whose word problem cannot be solved in exponential time, see §2.2),594

and groups that are not residually finite (or more generally that are not residually (finite595

with composition factors of bounded order)) among the simplest examples. In fact, it is596

difficult to come up with any other ones.597
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2.2 Decision problems598

One virtue of automata groups is that elements may easily be compared, since (Mealy)599

automata admit a unique minimized form, which furthermore may efficiently be computed600

in time O(#A#Q log #Q), see [93, 95].601

Proposition 2.3. Let G be an automata group. Then the word problem is solvable in G,602

in at worst exponential time.603

Proof. Let Q be a generating set for G, and for each q ∈ Q compute the minimal au-604

tomaton Mq representing q. Let C be an upper bound for the number of states of the605

Mq .606

Now given a wordw = q1 . . . qn ∈ (QtQ−1)∗, multiply the automataMq1 , . . . ,Mqn .607

The result is an automaton with 6 Cn states. Then w is trivial if and only if all states the608

initial state leads to have identical input and output symbols.609

It is unknown if the conjugacy or generalized word problem are solvable in general;610

though this is known in particular cases, such as the Grigorchuk group G(A), see [78,611

97, 114]. The conjugacy problem is solvable as soon as G(A) is conjugacy separable,612

namely, for g, h non-conjugate in G(A) there exists a finite quotient of G(A) in which613

their images are non-conjugate. Indeed automata groups are recursively presented and614

residually finite.615

It is also unknown whether the order problem is solvable in arbitrary automata groups;616

but this is known for particular cases, such as bounded automata groups, see §2.3.617

Nekrashevych’s limit space (see Theorem 2.14) may sometimes be used to prove that618

two contracting, self-similar groups are non-isomorphic: By [77], some groups admit619

essentially only one weakly branch self-similar action; if the group is also contracting,620

then its limit space is an isomorphism invariant.621

On the other hand, in the more general class of functionally recursive groups, the very622

solvability of the word problem remains so far an open problem.623

2.3 Bounded and contracting automata624

As we saw in §2.2, it may be useful to note, and use, additional properties of automata625

groups.626

Definition 2.2. An automatonM is bounded if the function which to n ∈ N associates627

the number of paths of length n inM that do not end at the identity state is a bounded628

function. A group is bounded if its elements are bounded automata; or, equivalently, if it629

is generated by bounded automata.630

More generally, Sidki considered automata for which that function is bounded by a631

polynomial; see [116]. He showed in [117] that such groups cannot contain non-abelian632

free subgroups.633

Definition 2.3. An automatonM is nuclear if the set of recurrent states ofMM spans634
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an automaton isomorphic toM; and, for invertibleM, if additionallyM =M−1. Recall635

that a state is recurrent if it is the endpoint of arbitrarily long paths.636

An invertible automaton M is contracting if G(M) = G(N ) for a (necessarily637

unique) nuclear automaton N . The nucleus of G(M) is then N .638

For example, the automata (2.7,2.8) are nuclear; the automata (2.3,2.11) are contract-639

ing, with nucleus {1, t, t−1} and {1, a±1, b±1, b−1a, a−1b}; the automaton (2.10) is not640

contracting.641

IfM is contracting, then for every g ∈ G(M) there is a constant K such that (in the642

automaton describing g) all paths of length > K end at a state inM. It also implies that643

there are constantsL,m and λ < 1 such that, for the word metric ‖·‖ onG(M), whenever644

one has g · a1 . . . am = b1 . . . bm · h with h, g ∈ G(M), one has ‖h‖ 6 λ‖g‖+ L.645

Proposition 2.4 ([108, Theorem 3.9.12]). Finitely generated bounded groups are con-646

tracting.647

Consider the following graph X (M): its vertex set is A∗. It has two kinds of edges,648

vertical and horizontal. There is a vertical edge (u, ua) for all u ∈ A∗, a ∈ A, and a649

horizontal edge (u, q · u) for every u ∈ A∗, q ∈ Q. Note that the horizontal and vertical650

edges form squares labeled as in (2.4), and that the horizontal edges form the Schreier651

graphs of the action of G(M) on An.652

Proposition 2.5 ([108, Theorem 3.8.6]). IfG(M) is contracting then X (M) is a hyper-653

bolic graph in the sense of Definition 1.5.654

Discrete groups may be broadly separated in two classes: amenable and non-amenable655

groups. A group G is amenable if it admits a normalized, invariant mean, that is, a map656

µ : P(G) → [0, 1] with µ(A t B) = µ(A) + µ(B), µ(G) = 1 and µ(gA) = µ(A) for657

all g ∈ G and A,B ⊆ G. All finite and abelian groups are amenable; so are groups of658

subexponential word-growth (see §2.5). Extensions, quotients, subgroups, and directed659

unions of amenable groups are amenable. On the other hand, non-abelian free groups are660

non-amenable.661

In understanding the frontier between amenable and non-amenable groups, the Basil-662

ica group G(B) stands out as an important example: Bartholdi and Virág proved that it663

is amenable [21], but its amenability cannot be decided by the criteria of the previous664

paragraph. We now briefly indicate the core of the argument.665

The matrix embedding τ ′ : kG → Md(kG) associated with a self-similar group (see666

page 116) extends to a map τ ′ : `1(G) → Md(`
1(G)) on measures on G. A mea-667

sure µ gives rise to a random walk on G, with one-step transition probability p1(x, y) =668

µ(xy−1). On the other hand, τ ′(µ) naturally defines a random walk on G ×X; treating669

the second variable as an “internal degree of freedom”, one may sample the random walk670

on G×X each time it hits G× {x0} for a fixed x0 ∈ X . In favourable cases, the corre-671

sponding random walk on G is self-similar: it is a convex combination of 1 and µ. One672

may then deduce that its “asymptotic entropy” vanishes, and therefore thatG is amenable.673

This strategy works in the following cases:674

Theorem 2.6 (Bartholdi-Kaimanovich-Nekrashevych [15]). Bounded groups are amenable.675
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Theorem 2.7 (Amir, Angel, Virág[7]). Automata of linear growth generate amenable676

groups.677

Nekrashevych conjectures that contracting automata always generate amenable groups,678

and proves:679

Proposition 2.8 (Nekrashevych, [109]). A contracting self-similar group cannot contain680

a non-abelian free subgroup.681

We turn to the original claim to fame of automata groups:682

Theorem 2.9 (Alëshin-Grigorchuk [6, 74], Gupta-Sidki [85]). The Grigorchuk group683

G(A) and the Gupta-Sidki group G(G) are infinite, finitely generated torsion groups.684

Sketch of proof. To see that these groups G are infinite, consider their action on A∗, the685

stabilizer H of 0 ∈ A ⊂ A∗, and the restriction θ of the action of H to 0A∗. This defines686

a homomorphism θ : H → Sym(0A∗) ∼= Sym(A∗), which is in fact onto G. Therefore687

G possesses a proper subgroup mapping onto G, so is infinite.688

To see that these groups are torsion, proceed by induction on the word-length of an689

element g ∈ G. The initial cases a2 = b2 = c2 = d2 = 1, respectively a3 = t3 = 1,690

are easily checked. Now consider again the action of g on A ⊂ A∗. If g fixes A, then its691

actions on the subsets iA∗ are again defined by elements of G, which are shorter by the692

contraction property; so have finite order. It follows that g itself has finite order.693

If, on the other hand, g does not fix A, then g#A fixes A; the action of g#A on iA∗ is694

defined by an element of G, of length at most the length of g; and (by an argument that695

we skip) smaller in the induction order than g; so g#A is torsion and so is g.696

Contracting groups have recursive presentations (meaning the relators R of the pre-697

sentation form a recursive subset of FQ); in favourable cases, such as branch groups [8],698

the set of relators is the set of iterates, under an endomorphism of FQ, of a finite subset699

of FQ. For example [100], Grigorchuk’s group satisfies700

G(A) = 〈a, b, c, d | σn(bcd), σn(a2), σn([d, da]), σn([d, d[a,c]a]) for all n ∈ N〉,

where σ is the endomorphism of F{a,b,c,d}701

σ : a 7→ aca, b 7→ d 7→ c 7→ b. (2.12)

A similar statement holds for the Basilica group (2.11):702

G(B) = 〈a, b | [ap, (ap)b
p

], [bp, (bp)a
2p

] for all p = 2n〉;

here the endomorphism is σ : a 7→ b 7→ a2.703

2.4 Branch groups704

Some of the most-studied examples of automata groups are branch groups, see [69] or the705

survey [14]. We will define a strictly smaller class:706
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Definition 2.4. An automata group G(M) is regular weakly branch if it acts transitively707

on An for all n, and if there exists a nontrivial subgroup K of G(M) such that, for all708

u ∈ A∗ and all k ∈ K, the permutation709

w 7→

{
u k(v) if w = uv,

w else

belongs to G(M).710

The group G(M) is regular branch if furthermore K has finite index in G(M).711

If we view A∗ as an infinite tree, a regular branch group G contains a rich supply of712

tree automorphisms in two manners: enough automorphisms to permute any two vertices713

of the same depth; and, for any disjoint subtrees of A∗, and for (up to finite index) any714

elements of G acting on these subtrees, an automorphism acting in that manner on A∗.715

In particular, ifG is a regular branch group, thenG andG×· · ·×G, with #A factors,716

have isomorphic finite-index subgroups (they are commensurable, see (2.4)).717

Proposition 2.10. The Grigorchuk group G(A) and the Gupta-Sidki group G(G) are718

regular branch; the Basilica group G(B) is regular weakly branch.719

Sketch of proof. For G = G(A), note first that G acts transitively on A; since the stabi-720

lizer of 0 acts as G on 0A∗, by induction G acts transively on An for all n ∈ N.721

Define then x = [a, b] and K = 〈〈x〉〉. Consider the endomorphism (2.12), and note722

that σ(x) = [aca, d] = [x−1, d] ∈ K using the relation (ad)4 = 1, so σ restricts to an723

endomorphism K → K, such that σ(k) acts as k on 1A∗ and fixes 0A∗. Similarly, σn(k)724

acts as k on 1nA∗, so Definition 2.4 is fulfilled for u = 1n. Since G acts transitively on725

An, the definition is also fulfilled for other u ∈ An.726

Finally, a direct computation shows that K has index 16 in G.727

The other groups G(G) and G(B) are handled similarly; for them, one takes K =728

[G,G].729

Various consequences may be derived from a group being a branch group; in particu-730

lar,731

Theorem 2.11 (Abért, [1]). A weakly branch group satisfies no identity; that is, if G is a732

weakly branch group, then for every nontrivial word w = w(x1, . . . , xk) ∈ Fk, there are733

a1, . . . , ak ∈ G such that w(a1, . . . , ak) 6= 1.734

2.5 Growth of groups735

An important geometric invariant of a finitely generated group is the asymptotic behaviour736

of its growth function γG,A(n). Finite groups, of course, have a bounded growth function.737

If G has a finite-index nilpotent subgroup, then γG,A(n) is bounded by a polynomial, and738

one says G has polynomial growth; the converse is true [81].739
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On the other hand, if G contains a free subgroup, for example if G is word-hyperbolic740

and is not a finite extension of Z, then γG,A is bounded from above and below by expo-741

nential functions, and one says that G has exponential growth.742

By a result of Milnor and Wolf [104,128], if G has a solvable subgroup of finite index743

then G has either polynomial or exponential growth. The same conclusion holds, by Tits’744

alternative [123], if G is linear. Milnor asked in [103] whether there exist groups with745

growth strictly between polynomial and exponential.746

Theorem 2.12 (Grigorchuk [73]). The Grigorchuk groupG(A) has intermediate growth.747

More precisely, its growth function satisfies the following estimates:748

en
α

- γG,S(n) - en
β

,

with α = 0.515 and β = log(2)/ log(2/η) ≈ 0.767, for η ≈ 0.811 the real root of the749

polynomial X3 +X2 +X − 2.750

Sketch of proof; see [10, 11]. Recall that G admits an endomorphism σ, see (2.12), such751

that σ(g) acts as g on 1A∗ and as an element of the finite dihedral group D8 = 〈a, d〉 on752

0A∗.753

Given g0, g1 ∈ G of length 6 N , the element g = aσ(g0)aσ(g1) has length 6 4N ,754

and acts (up to an element of D8) as gi on iA∗ for i = 0, 1. It follows that g essentially755

(i.e., up to a 8 choices) determines g0, g1, and therefore that γG,S(4N) > (γG,S(N)/8)2.756

The lower bound follows easily.757

On the other hand, the Grigorchuk group G satisfies a stronger property than contrac-758

tion; namely, for a well-chosen metric (which is equivalent to the word metric), one has759

that if g ∈ G acts as gi ∈ G on iA∗, then760

‖g0‖+ ‖g1‖ 6 η(‖g‖+ 1), (2.13)

with η the constant above.761

Then, to every g ∈ G one associates a description by a finite, labeled binary tree ι(g).762

If ‖g‖ 6 1/(1 − η), its description is a one-vertex tree with g at its unique leaf. Other-763

wise, let i ∈ {0, 1} be such that gai fixes A, and write g0, g1 the elements of G defined764

by the actions of gai on 0A∗, 1A∗ respectively. Construct recursively the descriptions765

ι(g0), ι(g1). Then the description of g is a tree with i at its root, and two descendants766

ι(g0), ι(g1).767

By (2.13), the tree ι(g) has at most ‖g‖β leaves; and ι(g) determines g. There are768

exponentially many trees with given number of leaves, and the upper bound follows.769

Among groups of exponential growth, Gromov asked the following question [82]: is770

there a group G of exponential growth, namely such that lim γG,Q(n)1/n > 1 for all771

(finite) Q, but such that infQ⊂G lim γG,Q(n)1/n = 1?772

Such examples, called groups of non-uniform exponential growth, were first found by773

Wilson [126]; see [9] for a simplification. Both constructions are heavily based on groups774

generated by automata.775

It is known that essentially any function growing faster than n2 may be, asymptot-776

ically, the growth function of a semigroup. It is however notable that very small au-777

tomata generate semigroups of growth ∼ e
√
n, and of polynomial growth of irrational778
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degree [16, 18]. However, it is not known whether there exist groups whose growth func-779

tion is strictly between polynomial and e
√
n.780

2.6 Dynamics and subdivision rules781

We show, in this subsection, how automata naturally arise from geometric or topological782

situations. As a first step, we will obtain a functionally recursive action; in favourable783

cases it will be encoded by an automaton. We must first adopt a slightly more abstract784

point of view on functionally recursive groups:785

Definition 2.5. A group G is self-similar if it is endowed with a self-similarity biset, that786

is, a set B with commuting left and right actions, that is free qua right G-set.787

The fundamental example is G = G(M) and B = A×G, with actions788

g · (a, h) = (b, kh) if τ(g, a) = (b, k), (a, g) · h = (a, gh).

Conversely, given a self-similar group G, choose a basis A of its biset, i.e., express B =789

A×G; then define τ(g, a) = (b, k) whenever g · (a, 1) = (b, k) in B. This vindicates the790

notation 2.4.791

Two bisets B,B′ are isomorphic if there is a map ϕ : B→ B′ with gϕ(b)h = ϕ(gbh)792

for all g, h ∈ G, b ∈ B. They are equivalent if there is a map ϕ : B → B′ and an793

automorphism θ : G→ G with θ(g)ϕ(b)θ(h) = ϕ(gbh).794

Consider now X a topological space, and f : X → X a branched covering; this795

means that there is an open dense subspace X0 ⊆ X such that f : f−1(X0) → X0 is a796

covering. The subset C = X \ f−1(X0) is the branch locus, and P =
⋃
n>1 f

n(C ) is797

the post-critical locus. Write Ω = X \P , and choose a basepoint ∗ ∈ Ω.798

Two coverings (f,Pf ) and (g,Pg) are combinatorially equivalent if there exists a799

path gt through branched coverings, with g0 = f, g1 = g, such that the post-critical set of800

gt varies continuously along the path.801

We define a self-similarity biset for G = π1(Ω, ∗): set802

Bf = {homotopy classes of paths γ : [0, 1]→ Ω | γ(0) = f(γ(1)) = ∗}.

The right action of G prepends a loop at ∗ to γ; the left action appends the unique f -lift803

of the loop that starts at γ(1) to γ.804

A choice of basis for B amounts to choosing, for each x ∈ f−1(∗), a path ax ⊂ Ω805

from ∗ to x. Set A = {ax | x ∈ f−1(∗)}. Now, for g ∈ G, and ax ∈ A, consider a path806

γ starting at x such that f ◦ γ = g; such a path is unique up to homotopy, by the covering807

property of f . The path γ ends at some y ∈ f−1(∗). Set then808

τ(g, ax) = (ay, a
−1
y γax),

where we write concatenation of paths in reverse order, that is, γδ is first δ, then γ.809

For example, consider the sphere X = Ĉ, with branched covering f(z) = z2 − 1. Its810

post-critical locus is P = {0,−1,∞}. A direct calculation (see e.g. [13]) gives that its811
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biset is the automaton (2.11); the relevant paths are shown here:812

0−1 ∗x1 x0a

b

f−1(a)

f−1(a)

f−1(b)

f−1(b)

ax0

Branched self-coverings are encoded by self-similar groups in the following sense:813

Theorem 2.13 (Nekrashevych). Let f, g be branched coverings. Then f, g are combina-814

torially equivalent if and only if the bisets Bf ,Bg are equivalent.815

This result has been used to answer a long-standing open problem in complex dynam-816

ics [17].817

If furthermore G is finitely generated and the map f expands a length metric, then818

the associated biset may be defined by a contracting automaton. This is, in particular, the819

case for all rational maps acting on the sphere Ĉ.820

Definition 2.6. Let f : X → X be a branched self-covering. The iterated monodromy821

group of f is the automata group G(f) = G(M), whereM is an automaton describing822

the biset Bf .823

If G = G(M) is a contracting self-similar group, consider the hyperbolic boundary824

J = ∂X (M), called the limit space of G. It admits an expanding self-covering map825

s : J →J , induced on vertices by the shift map s(au) = u.826

Theorem 2.14 ([108, Theorems 5.2.6 and 5.4.3]). The groups G(s) and G(M) are iso-827

morphic.828

Conversely, suppose f is an analytic map, with Julia set J , the points near which829

{f◦n | n ∈ N} does not form a normal family. Then (J, f) and (J , s) are homeomorphic830

and topologically conjugate.831

For instance, the Julia set of the Basilica map f(z) = z2 − 1 is depicted above.832

Appropriately scaled and metrized, the Schreier graphs of the action of G(M) on Xn
833

converge to J .834

The first appearance of encodings of branched coverings by automata seems to be the835

“finite subdivision rules” by Cannon, Floyd and Parry [41]; they wished to know when836

a branched covering of the sphere may be realized as a conformal map. In their work, a837

finite subdivision rule is given by a finite subdivision of the sphere, a refinement of it, and838

a covering map from the refinement to the original subdivision; by iteration, one obtains839

finer and finer subdivisions of the sphere. The combinatorial information involved is840

essentially equivalent to a self-similarity biset. Contraction of G(M) and combinatorial841

versions of expansion have been related in [42].842
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2.7 Reversible actions843

Recall that an automatonM is reversible if its dualM∨ is invertible. In other words, if844

g ∈ G(M), the action of g is determined by the action on any subset uA∗, for u ∈ A∗.845

We have already seen some examples of reversible automata, notably (2.9,2.10). That846

last example generalizes as follows: consider a finite group G, and set A = Q = G.847

Define an automaton CG, the “Cayley automaton” of G, by τ(q, a) = (qa, qa). This au-848

tomaton seems to have first been considered in [96, page 358]. The automaton L in (2.10)849

is the special case G = Z/2Z. The inverse of the automaton CG is a reset machine, in850

that the target of a transition depends only on the input, not on the source state. Silva and851

Steinberg prove in [120] that, if G is abelian, then G(CG) = G o Z.852

A large class of reversible automata are covered by the following construction. Let853

R be a ring, let M be an R-module, and let N be a submodule of M , with M/N finite.854

Let ϕ : N → M be an R-module homomorphism. Define a decreasing sequence of855

submodules Mi of M by M0 = M and Mn+1 = ϕ−1(Mn), and denote by EndR(M,ϕ)856

the algebra of R-endomorphisms of M that map Mn into Mn for all n. Assume finally857

that there is an algebra homomorphism ϕ̂ : EndR(M,ϕ) → EndR(M,ϕ) such that858

ϕ(an) = ϕ̂(a)ϕ(n) for all a ∈ EndR(M,ϕ), n ∈ N . Consider859

TM = {z 7→ az +m | a ∈ EndR(M,ϕ),m ∈M}

the affine semigroup of M .860

Theorem 2.15. Let A be a transversal of N in M . Then the semigroup TM acts self-861

similarly on A∗, by862

τ(az + b, x) = (y, ϕ̂(a)z + ϕ(ax+ b− y)) for the unique y ∈ A with ax+ b− y ∈ N.

This action is863

(1) faithful if and only if
⋂
nMn = 0;864

(2) reversible if and only if ϕ is injective;865

(3) defined by a finite-state automaton if ϕ̂ is an automorphism of finite order, and there866

exists a norm ‖ · ‖ : M → N such that ‖a+ b‖ 6 ‖a‖+ ‖b‖, for all K ∈ N the ball867

{m ∈M | K > ‖m‖} is finite, and a constant λ < 1 satisfies ‖ϕ(n)‖ 6 λ‖n‖ for868

all n ∈ N .869

We already saw some examples of this construction: the lamplighter automaton L is870

obtained by taking R = M = F2[t], N = tM , ϕ(tm) = m, ϕ̂ = 1, and ‖f‖ = 2deg f871

with λ = 1
2 . The semigroup S(L) is contained in TM , and the group G(L) is contained872

in the affine group of F2[[t]]. More generally, the Cayley automaton of a finite group G is873

obtained by taking R = G[[t]] with G viewed as a ring with product xy = 0 unless x = 1874

or y = 1.875

The adding machine (2.3) generates the subgroup of translations in the affine group of876

M with R = M = Z, N = 2M , ϕ(2m) = m, and ‖m‖ = |m|. The same ring-theoretic877

data produce the Baumslag-Solitar group (2.9); as above, we use R = Z to obtain a878

semigroup, and R = Z2 (or any ring in which 3 is invertible) to obtain a group.879

Consider, more generally, R = Z,M = Zn, N = 2M , and ϕ(2m) = m. These data880

produce the affine group Zn o GLn(Z), proving Theorem 2.2.881



128 L. Bartholdi, P. V. Silva

A finer construction, giving an action on the binary tree, is to take again M = Zn and882

N = ϕ−1(M) with ϕ−1(x1, . . . , xn) = (2xn, x1, . . . , xn−1); here ϕ̂(a) = ϕ ◦ a ◦ ϕ−1.883

This gives a faithful action, on the binary tree, of884

Z
n o {a ∈ GLn(Z) | a mod 2 is lower triangular}.

Sketch of proof. (1) The action is faithful if and only if the translation part {z 7→ z +m}885

acts faithfully; and z 7→ z +m acts trivially on A∗ if and only if m ∈Mn for all n ∈ N.886

(2) For any x ∈ A, the map (not a homomorphism!) TM → TM which to g ∈ TM887

associates the permutation of A∗ given by A∗ → xA∗
g→ g(x)A∗ → A∗ is injective888

precisely when ϕ is injective.889

(3) Without loss of generality, suppose ϕ̂ = 1. Consider g = z 7→ az +m ∈ TM . Let890

K be larger than the norms of ax + y for all x, y ∈ A. Then the states of an automaton891

describing g are all of the form z 7→ az + m′, with ‖m′‖ 6 (‖m‖ + K)/(1 − λ); there892

are finitely many possibilities for such m′.893

Note that the transversal A amounts to a choice of “digits”: the analogy is clear in894

the case of the adding machine (2.3), which has digits {0, 1} and “counts” in base 2. For895

more general radix representations and their association with automata, see e.g. [124].896

2.8 Bireversible actions897

Recall that an automatonM is bireversible ifM,M∨, (M−1)∨, ((M∨)−1)∨ etc. are all898

invertible; equivalently, the map τ : Q× A→ A×Q is a bijection for Q the state set of899

MtM−1.900

Bireversible automata are interpreted in [101] in terms of commensurators of free901

groups, defined in (2.4) of Chapter 23. Consider a free group FA on a set A. Its Cayley902

graph C is a tree, and FA acts by isometries on C , so we have FA 6 Isom(C ). Further-903

more, C is oriented: its edges are labeled by A t A−1, and we choose as orientation the904

edges labeled A. In this way, FA is contained in the orientation-preserving subgroup of905

Isom(C ), denoted
−−−−−→
Isom(C ).906

Proposition 2.16. The stabilizer of 1 in Comm−−−−−→
Isom(C )

(FA) is the set of bireversible907

automata with alphabet A.908

Sketch of proof. The proof relies on an interpretation of finite-index subgroups of FA as909

complete automata, see 23.2.2.910

LetM be a bireversible automaton with alphabet A. Erase first the output labels from911

M; this defines the Stallings automaton of a finite-index subgroup H1 (of index #Q) of912

FA. Erase then the input labels fromM; this defines an isomorphic subgroup H2 of FA.913

The automaton M itself defines an isomorphism between these two subgroups, which914

preserves the Cayley graph.915

Conversely, given an isometry g of the Cayley graph of FA which restricts to an iso-916

morphism G → H between finite-index subgroups of FA, the Stallings graphs of G and917

H and put their labels together, as input and output, to construct a bireversible automa-918

ton.919
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It is striking that all known bireversible automata generate finitely presented groups.920

There are, up to isomorphism, precisely two minimized bireversible automata with three921

states and two alphabet letters:922

a

c

b

E1

0|0

1|10|1
1|0

0|0

1|1

a

c

b

F1

0|1

1|00|0
1|1

0|1

1|0 .

These automata are part of families, whose general term En,Fn has 2n + 1 states. We923

describe only Fn:924

Fn :

a

b

c d m

nz

0|1

1|0

0|1

1|0

0|0, 1|1 0|0, 1|1

0|0, 1|1

0|0, 1|10|0, 1|1

Alëshin proved in [5] that the group generated by the states b1, b2 in F1,F2 respec-925

tively is a free group on its two generators; but his argument (especially Lemma 8) has926

been considered incomplete, and a detailed proof appears in [121]. Alëshin’s idea is to927

prove by induction that, for any reduced word w ∈ {b±11 , b±12 }∗, the syntactic monoid of928

the corresponding automaton acts transitively on its state set.929

Sidki conjectured that in fact G(F1) is a free group on its three generators; this has930

been proven in [125]. On the other hand, G(E1) is a free product of three cyclic groups931

of order 2. Both proofs illustrate some techniques used to compute with bireversible932

automata. They rely on the following933

Lemma 2.17. Let L ⊂ Q∗ be a subset mapping to G(M) through the evaluation map. If934

L is G(M∨)-invariant, and every G(M∨)-orbit contains a word mapping to a nontrivial935

element of G(M), then L maps injectively onto G(M).936

To derive the structure of a bireversible group, we therefore seek a G(M∨)-invariant937

subset L ⊂ Q∗ that maps onto G(M) \ {1}, and show that every G(M)-orbit contains a938

non-trivial element of G(M).939

Theorem 2.18 (Muntyan-Savchuk). G(E1) = 〈a, b, c | a2, b2, c2〉.940

Note that this result generalizes: G(En) is a free product of 2n+ 1 order-two groups.941
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Proof. WriteQ = {a, b, c}. We first check the relations a2 = b2 = c2 = 1 inG = G(E1).942

Let L ⊂ Q∗ denote those sequences s1 . . . sn with si 6= si+1 for all i.943

Consider the group G(E∨1 ), with generators 0, 1. It acts on L, and acts transitively944

on L ∩ Qn for all n; indeed already 0 acts transitively on Q = L ∩ Q1, and 1 acts on945

{a, c}Qn−1 ∩ L as a 2n-cycle, conjugate to the action (2.3) in the sense that there is an946

identification of {a, c}Qn−1 ∩ L with {0, 1}n interleaving these actions. It follows that947

the 3 · 2n−1 elements of L ∩An are in the same orbit.948

E∨1 : 0 1
a|b
b|c

c|a

a|c
b|b

c|a

It remains to note that L ∩ An contains a word mapping to a nontrivial element of949

G; for example, c(ab)(n−1)/2 or c(ab)n/2−1a depending on the parity of n; and to apply950

Lemma 2.17.951

Theorem 2.19 (Vorobets). G(F2) = 〈a, b, c |〉 ∼= F3.952

Note that this result generalizes: G(Fn) is a free group of rank 2n+ 1.953

Sketch of proof. Again the key is to control the orbits of G∨ = G(F∨2 ) = 〈0, 1〉 on the954

reduced words over Q = {a, b, c} of any given length. Let s ∈ (±1)n be a sequence of955

signs, and consider956

Ls = {w = ws11 . . . wsnn ∈ (Q tQ−1)∗ | wsii 6= w
−si+1

i+1 for all i}.

We show that G∨ acts transitively on Ls for all s, and that Ls contains a word mapping957

to a nontrivial element of G. Consider the elements958

α = 021−2021−1, β = 120−2120−1, γ = 1−10, δ = 01−1

of G∨, where the products are computed left-to-right; they are described by the automata959

α β

γ δ

c±|c±

a|a
b|b

a−1|b−1
b−1|a−1

c±|c±a|b
b|a

a−1|a−1

b−1|b−1

a±|a±
b±|c±
c±|b±

a±|b±
b±|a±
c±|c±

The elements γ, δ generate a copy of Sym(3), allowing arbitrary permutations of Q or960

Q−1. In particular, G∨ acts transitively on Ls whenever |s| 6 1, so we may proceed961

by induction on |s|. The elements α, β, on the other hand, fix a large set of sequences962

(following the bold edges in the automata).963

Consider now s = s1 . . . sn, and s′ = s1 . . . sn−1. If sn−1 6= sn, so that #Ls =964

2#Ls′ , then there exists w = ws11 . . . wsnn ∈ Ls, moved by α or β, and such that965

ws11 . . . w
sn−1

n−1 ∈ Ls′ is fixed by α and β; so G∨ acts transitively on Ls.966
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If s1 6= s2, apply the same argument to Ls−1
n ...s−1

1
and Ls−1

n ...s−1
2

.967

Finally, if s1 = s2 and sn−1 = sn, consider a typical w ∈ Ls2...sn−1
, and all wqr =968

qs1wrsn , for q, r ∈ Q. Using the action of α and β, the words wqa and wqb are in the969

same G∨-orbit for all q ∈ Q, and similarly war and wbr are in the same G∨-orbit for970

all r ∈ Q. For all r ∈ Q, finally, war, wbr′ , wcr′′ are in the same G∨-orbit for some971

r′, r′′ ∈ Q, and similarly wqa,q′b,q′′c are in the same G∨-orbit. It follows that all wqr are972

in the same G∨-orbit, so by induction Ls is a single orbit.973

It remains to check that every Ls contains a word w mapping to a nontrivial group974

element. If n is odd, set wi = a if si = 1 and wi = b if si = −1; then w acts nontrivially975

on A. If n is even, change wn to csn ; again w acts nontrivially on A. We are done by976

Lemma 2.17.977

Burger and Mozes have constructed in [36–38] some infinite, finitely presented simple978

groups, see also [112]. From this chapter’s point of view, these groups are obtained as979

follows: one constructs an “appropriate” bireversible automatonM with state set Q and980

alphabet A, defines981

G0 = 〈A ∪Q | aq = rb whenever that relation holds inM〉,

and considers G a finite-index subgroup of G0. We will not explicitly give here the con-982

ditions required onM for their construction to work; but note that automata groups can983

be understood as a byproduct of their work. Wise constructed finitely presented groups984

with non-residual finiteness properties that are also related to automata [127].985

Burger and Mozes give the following algebraic construction: consider two primes986

p, ` ≡ 1 (mod 4). Let A (respectively Q) denote those integral quaternions, up to a987

unit ±1,±i,±j,±k, of norm p (respectively `). By a result of Hurwitz, #A = p + 1988

and #Q = ` + 1. Furthermore [94], for every q ∈ Q, a ∈ A there are unique (again989

up to units) b ∈ A, r ∈ Q with qa = br. Use these relations to define an automaton990

Mp,`. Clearly Mp,` is bireversible, with dual M∨p,` = M`,p. Again thanks to unique991

factorization of integral quaternions of odd norm,992

Proposition 2.20. G(Mp,`) = F(`+1)/2.993

Glasner and Mozes construct in [66] an example of a bireversible automata group with994

Kazhdan’s property (T).995
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Abstract.1284

Finite automata have been used effectively in recent years to define infinite groups. The two1285

main lines of research have as their most representative objects the class of automatic groups (in-1286

cluding word-hyperbolic groups as a particular case) and automata groups (singled out among the1287

more general self-similar groups).1288

The first approach implements in the language of automata some tight constraints on the ge-1289

ometry of the group’s Cayley graph, building strange, beautiful bridges between far-off domains.1290

Automata are used to define a normal form for group elements, and to monitor the fundamental1291

group operations.1292

The second approach features groups acting in a finitely constrained manner on a regular rooted1293

tree. Automata define sequential permutations of the tree, and represent the group elements them-1294

selves. The choice of particular classes of automata has often provided groups with exotic behaviour1295

which have revolutioned our perception of infinite finitely generated groups.1296
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Abért, Miklós, 1231298

abelian group1299

free, 23, 1061300

action1301

free, 1021302
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