HOPF BIFURCATION WITH Sy-SYMMETRY
ANA PAULA S. DIAS AND ANA RODRIGUES

ABSTRACT. We study Hopf bifurcation with Sy-symmetry for the standard absolutely
irreducible action of Sy obtained from the action of Sy by permutation of N coordi-
nates. Stewart (Symmetry methods in collisionless many-body problems, J. Nonlinear
Sci. 6 (1996) 543-563) obtains a classification theorem for the C-axial subgroups
of Sy x S!. We use this classification to prove the existence of branches of periodic
solutions with C-axial symmetry in systems of ordinary differential equations with Sy-
symmetry posed on a direct sum of two such S y-absolutely irreducible representations,
as a result of a Hopf bifurcation occurring as a real parameter is varied. We determine
the (generic) conditions on the coefficients of the fifth order Sy x S'-equivariant vector
field that describe the stability and criticality of those solution branches. We finish
this paper with an application to the cases N =4 and N = 5.

1. INTRODUCTION

The general theory of Hopf Bifurcation with symmetry was developed by Golubit-
sky and Stewart [13] and by Golubitsky, Stewart, and Schaeffer [16]. Golubitsky and
Stewart [14] applied the theory of Hopf bifurcation with symmetry to systems of or-
dinary differential equations having the symmetries of a regular polygon (this is, with
D,,-symmetry). They studied the existence and stability of symmetry-breaking branches
of periodic solutions in such systems. Finally, they applied their results to a general sys-
tem of n nonlinear oscillators, coupled symmetrically in a ring, and describe the generic
oscillation patterns. Since the development of the theory, some examples were studied
with detail (see for example, [1],[7]-[9],[10, Chapter 5],[11],[12],[17], [19],[21],[23]).

In this paper we study one of the few classic problems in the theory of Hopf bifurcation
with symmetry that has not been completely investigated: Hopf bifurcation with Sy-
symmetry. This problem is relevant to, for example, the behaviour of all-to-all coupled
nonlinear oscillators. See for example the group theoretic work done by Aronson et
al. [2] on period doubling with Sy-symmetry and its application to coupled arrays of
Josephson junctions; and the work of Ashwin and Swift [4] on the analysis of networks
of identical dissipative oscillators weakly coupled.

The basic existence theorem for Hopf bifurcation in the symmetric case is the Equi-
variant Hopf Theorem, which involves C-axial isotropy subgroups of Sy x S' (in this
case), this is, isotropy subgroups with two-dimensional fixed-point subspace. Stewart [22]
obtains a classification theorem for C-axial subgroups of Sy x S'. We use this classifi-
cation and the Equivariant Hopf Theorem to prove the existence of branches of periodic
solutions in systems of ordinary differential equations with Sy-symmetry taking the re-
striction of the standard action of Sy on C¥ onto a Sy-simple space. Moreover, we
determine (generic) conditions on the coefficients of the fifth order Sy x S'-equivariant
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vector field that describe the stability of the different types of bifurcating periodic solu-
tions.

Consider the natural action of Sy on CV where 0 € Sy acts by permutation of
coordinates:

(1) 0'(21,...,21\[) = (Zg—l(l),...,zg—l(N))

where (z1,...,2xn) € CV. Observe the following decomposition of CV into invariant
subspaces for this action:

cN ~ cMg Y,
where
CY = {(z1,...,2n) €CYN 121+ + 2y = 0}
and
Vi =A{(z...,2): zeC} = C.
The action of Sy on V; is trivial and the space CV? is Sy-simple:
CNO = RNO g RNO
where Sy acts absolutely irreducibly on

RM = {(ay,...,o05) e R 12y + -+ 2y =0} = RV

We say that a representation of a group I' on a vector space V is absolutely irreducible,
or the space V' is said to be absolutely irreducible, if the only linear mappings on V' that
commute with I' are the scalar multiples of the identity.

If we have a local I'-equivariant Hopf bifurcation problem, generically the centre sub-
space at the Hopf bifurcation point is I'-simple (see [16, Proposition XVI 1.4]). We make
that assumption here. Thus we consider a general Sy-equivariant system of ordinary
differential equations (ODEs)

dz
) ),
where z € CN¥Y X\ € R is the bifurcation parameter and f : C¥? x R — CV0 ig
smooth and commutes with the restriction of the natural action (1) of Sy on C¥ to the
Sy-simple space CN:. Observe that f(0,\) = 0 since Fixgno(Sy) = {0}.

We study Hopf bifurcation of (2) from the trivial equilibrium, say, at A\ = 0, and
so we assume that (df)oo has purely imaginary eigenvalues i (after rescaling time if
necessary). Thus if we denote the eigenvalues of (df)o by o(\) £ ip(A\) then o(0) =
0,p(0) = 1 (see [16, Lemma XVI 1.5]) and we make the standard hypothesis of the
Equivariant Hopf Theorem:

a'(0) # 0.

Under the above hypothesis, we can assume that the action of S! on the centre space
CM0 of (df )0, (that can be identified with the exponential of (df )o) is given by multi-
plication by e%:

(3) 0(z1,...,2n) = €% (z1,...,2n)

for 0 € St (21,...,25) € CNO.



HOPF BIFURCATION WITH Sy-SYMMETRY 3

Structure of the Paper. In Section 2 we recall the key points for Hopf bifurcation theory
of symmetric systems. In Section 3 we describe the classification of the C-axial sub-
groups of Sy x St acting on CM? given by Stewart [22]. There are two types of C-axial
subgroups of Sy x S': Zf]’p and Eél (Theorem 3.1). We also obtain the isotypic decom-
position of CN¥? for the action of each of these groups (Table 4). In Section 4 we use
the Equivariant Hopf Theorem to prove the existence of branches of periodic solutions
with these symmetries of (2) by Hopf bifurcation from the trivial equilibrium at A = 0
for a bifurcation problem with symmetry I' = Sy. The main result of this paper is The-
orem 4.1 determining the directions of branching and the stability of periodic solutions
guaranteed by the Equivariant Hopf Theorem. For solutions with symmetry Eél the
terms of the degree three truncation of the vector field determine the criticality of the
branches and also the stability of these solutions (near the origin). However, for solu-
tions with symmetry Zéq, although the criticality of the branches is determined by the
terms of degree three, the stability of solutions in some directions is not. Moreover, in
one particular direction, we show that even the degree five truncation is too degenerate.
In Section 5 we present our results for the cases N = 4 and N = 5. While for N = 4
we only need the degree three truncation of the vector field in order to determine the
branching equations and the stability of the periodic solutions guaranteed by the Equi-
variant Hopf Theorem, for N = 5 the degree five truncation is necessary (and sufficient).
We determine explicitly the directions of branching and the stability of these solutions
in both cases. Furthermore, we observe the (generic) existence of periodic solutions
with submaximal symmetry for the NV = 4 case. In Section 6 we prove the main result
of this paper on the stability of the periodic solutions guaranteed by the Equivariant
Hopf Theorem, Theorem 4.1. In Appendix A we state the main technical details for the
computation of the fifth order truncation of the vector field equivariant under Sy x S*
defined on CM°. Finally, in Appendix B we present the bifurcation diagrams for the
periodic solutions with maximal isotropy for Hopf bifurcation with S, x S!-symmetry.

2. BACKGROUND

In this section we review some key points related to Hopf bifurcation theory of symmet-
ric systems. For the basics of equivariant bifurcation theory see, for example, Golubitsky
et al.[16, Chapter XVI].

Consider a system of ODEs

(4) C;_:E - ([E,)\), f(0,0) =0,
t

where z € V, A € R is the bifurcation parameter, f : V x R — V is a smooth (C*)
mapping and f(0,A) = 0 for all A € R. We say that (4) undergoes a Hopf Bifurcation
at A = 0 if (df)op has a pair of purely imaginary eigenvalues. Here, (df)oo denotes the
n x n Jacobian matrix of the derivatives of f with respect to the variables z;, evaluated
at (x,\) = (0,0).

Suppose that I' is a compact Lie group with a linear action on V' = R" and f commutes
with I (or it is [-equivariant), this is, f(yx,\) = vf(z,\) forally € ',z € V, X € R.

We are interested in branches of periodic solutions of (4) occurring by Hopf bifurcation
from the trivial solution (z,\) = (0,0). We say that a representation V of I is I'-simple
if either V- =2 W @ W, where W is absolutely irreducible for I', or V' is irreducible, but
not absolutely irreducible for I'. Suppose that (df)oo has purely imaginary eigenvalues
+iw. Then, generically, the corresponding real generalized eigenspace of (df)op is I'-
simple (see [16, Proposition XVI 1.4]). Assuming these conditions and supposing that
R" is I'-simple, after an equivariant change of coordinates and a rescaling of time if
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necessary, we can assume that (df)oo has the form

e = (1 ") =7

where I, is the m x m identity matrix and m = n/2. This is due to the fact that
if we assume that R" is I'-simple, the mapping f is I-equivariant and (df)oo has @
as an eigenvalue, then the eigenvalues of (df)o . consist of a complex conjugate pair
o(A) £ip(N), each with multiplicity m. Moreover, ¢ and p are smooth functions of
A and there is an invertible linear map S : R" — R", commuting with I', such that
(df)oo = SJS™! (see [16, Lemma XVI 1.5]).

We define the isotropy subgroup of x € V in I as

Yo={yeTl : yza=2} CT
and the fized-point space of a subgroup ¥ C I' is the subspace of V' defined by
Fix(X)={z €V : ya =2z, Vye X}
For any I'-equivariant mapping f and any subgroup ¥ C I' we have
f(Fix(¥) x R) C Fix(%).

Identify the circle S' with R/27Z and suppose that z(t) is a periodic solution of (4)
in ¢ of period 2m. A symmetry of z(¢) is an element (v,0) € T' x S such that

yx(t) = z(t — 0).
The set of all symmetries of z(t) forms a subgroup
Sa = {(7,6) €T x S* : ya(t) = 2(t - 0)}.

Take the natural action of I' x S! on the space Cy, of 2m-periodic functions from R into
V', given by
(7,0) - z(t) = yz(t + 0).
Thus, the action of I on Cs, is induced through its spatial action on V and S! acts by
phase shift.
This way, the initial definition of symmetry of the periodic solution z(t) may be

rewritten as
(7,0) - x(t) = z(t)
and with respect to this action, ¥, is the isotropy subgroup of x(t).

So if we assume (4) where f commutes with I' and (df)oo = L has purely imaginary
eigenvalues, we can apply a Liapunov-Schmidt reduction, preserving symmetries, that
will induce a different action of S! on a finite-dimensional space, which can be identified
with the exponential of L|g, acting on the imaginary eigenspace E; of L. The reduced
function of f will commute with T' x S! (see [16, Chapter XVI Section 3]).

Consider the system of ODEs (4), where f: R" x R — R" is smooth and commutes
with a compact Lie group I'. Assume the generic hypothesis that R" is I'-simple and
(df)oo has i as eigenvalue. Thus, after a change of coordinates, we can assume that
(df)oo = J, where m = n/2. The eigenvalues of (df)o, are () = ip(\) each with
multiplicity m. Therefore ¢(0) = 0 and p(0) = 1. Furthermore, assume that ¢'(0) # 0,
that is, the eigenvalues of (df )\ cross the imaginary axis with nonzero speed. Let ¥ C
' x S! be an isotropy subgroup such that dimFix(X) = 2. Then by the Equivariant Hopf
Theorem (see [16, Theorem XVI 4.1]) there exists a unique branch of small-amplitude
periodic solutions to (4) with period near 27, having X as their group of symmetries.

The basic idea in the Equivariant Hopf Theorem is that small amplitude periodic
solutions of (4) of period near 27 correspond to zeros of a reduced equation ¢(x, A\, 7) = 0
where 7 is the period-perturbing parameter. To find periodic solutions of (4) with
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symmetries Y is equivalent to find zeros of the reduced equation with isotropy > and
they correspond to the zeros of the reduced equation restricted to Fix(X).

The main tool for calculating the stabilities of the periodic solutions (including those
guaranteed by the Equivariant Hopf Theorem) is to use a Birkhoff normal form of f: by
a suitable coordinate change, up to any given order k, the vector field f can be made to
commute with T" and S' (in the Hopf case). This result is the equivariant version of the
Poincaré-Birkhoff normal form Theorem.

Suppose that the vector field f in (4) is in Birkhoff normal form. Then it is possible
to perform a Liapunov-Schmidt reduction on (4) such that the reduced equation ¢ has
the explicit form

(p(l', )‘77-) = f(ill',)\) - (1 + T)JQ?,
where 7 is the period-scaling parameter (see [16, Theorem XVI 10.1]). Let (g, Ao, 7o)
be a solution to ¢ = 0 with isotropy ¥, and let z(¢) be the corresponding solution of (4).
Then z(t) is orbitally stable if the n — dx, (where dy, = dimI" + 1 — dimX) eigenvalues of
(dp) 270,70 Which are not forced to be zero by the group action have negative real parts
(see [16, Corollary XVI 10.2]).

Thus, the assumptions of Birkhoff normal form implies that we can apply the stan-
dard Hopf Theorem to & = f(x,\) restricted to Fix(X) x R. In this case, exchange
of stability happens, so that if the trivial steady-state solution is stable subcritically,
then a subcritical branch of periodic solutions with isotropy subgroup ¥ is unstable.
Supercritical branches may be stable or unstable depending on the signs of the real part
of the eigenvalues on the complement of Fix(X).

Call the system

y="Ly+g)+- -+
the (kth order) truncated Birkhoff normal form. The dynamics of the truncated Birkhoff
normal form are related to, but not identical with, the local dynamics of the system (4)
around the equilibrium z = 0. On the other hand, in general, it is not possible to find
a single change of coordinates that puts f into normal form for all orders. And if it is,
then there is the problem of the first ‘tail’.

When discussing the stability of the solutions found using the Equivariant Hopf The-
orem we suppose that the kth order truncation of f commutes also with S'. Thus we
are ignoring terms of higher order that do not commute necessarily with S! and that can
change the dynamics. However, we use a result (that we state below) that guarantees
that the stability results for the periodic solutions hold even when f is of the form

Fz,A) +ollz]),

where f commutes with I' x S' but o(||z||¥) commutes only with T, provided k is
large enough (see [16, Theorem XVI 11.2]). Here we use h(x) = o(||z[|*) to mean
that h(z)/||z||* — 0 as ||z| — O.

Before we state the result, we recall the definition of p-determined stability of an
isotropy subgroup ¥ C I' x S'. Suppose that dim Fix(X) = 2. Following [16, Definition
XVI 11.1], we say that ¥ has p-determined stability if all eigenvalues of (df) g0 — (1 +
70)J, other than those forced to zero by ¥, have the form

pj = a;a™ +o(a™)

on a periodic solution x(s) of

(5) &= f(z,A)
such that ||z(s)|| = a, where «; is a C-valued function of the Taylor coefficients of terms
of degree lower or equal p in f. We expect that the real parts of the o; to be generically
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nonzero: these are the nondegeneracy conditions on the Taylor coefficients of f at the
origin that are obtained when computing stabilities along the branches. In this case, we
say that f is nondegenerate for X.

Suppose that the hypotheses of the Equivariant Hopf Theorem hold, and the isotropy
subgroup ¥ C I' x S! has p-determined stability. Let & > p and assume that f(z,\) =
f(x, \) + of]|z||*) where f commutes with I' x S! and is nondegenerate for ¥. Then for
A sufficiently near 0, the stabilities of a periodic solution of & = f(z, \) with isotropy
> are given by the same expressions in the coefficients of f as those that define the
stability of a solution of the truncated Birkhoff normal form & = f (x, \) with isotropy
subgroup ¥ (see [16, Theorem XVI 11.2]). As it has been said there always exists a
polynomial change putting f in the form f(z,\) + o(||z|[¥). Thus, if the p-determined
stability condition holds, the stability analysis for f is completed.

3. C-AXIAL SUBGROUPS OF Sy x S!

Recalling (1) and (3), we consider the following action of Sy x S' on CN.0:

(6) (0,0)(21,...,25) = €¥ (Zo-1(1)s - -+ Zo-1(\))

where (0,60) € Sy x S! and (21,...,2y) € CV% 1In order to apply the Equivariant
Hopf Theorem we require information on the C-axial isotropy subgroups (this is, on
the isotropy subgroups with two-dimensional fixed-point subspace) of Sy x S! for this
action. In this section we recall the classification obtained by Stewart [22] of the C-axial
isotropy subgroups of Sy x S'. We use then the form of such isotropy subgroups to
obtain the isotypic decomposition of C? under the action of each of these groups. We
recall that if ¥ C Sy x S!, we can decompose C? into isotypic components

(7) C =t &---al,

where each U; is the isotypic component of type V; for the action of ¥ on CM°. Here
Vi, ..., V, are distinct Y-irreducible spaces. Thus if W is a I'-invariant subspace of C""9
and X-isomorphic to V; then W C U;. These decompositions will play an important role
at the calculation of the stability of the periodic solutions guaranteed by the Equivariant
Hopf Theorem

3.1. C-Axial Subgroups of Sy x S'. Isotropy subgroups of Sy x S' (acting on the
Sy-simple space C0) are of the type H? = {(h,0(h)) : h € H} where H C Sy and
6 : H — S'is a group homomorphism (see [16, Definition XVI 7.1, Proposition XVI
7.2]). Also the C-axial subgroups are maximal with respect to fixing a complex line
Cz = {puz : p € C}, where z # 0. A vector z such that the isotropy subgroup X,
in Sy x S! fixes only Cz is called an azis. Stewart [22] computes the C-axial isotropy
subgroups, up to conjugacy, by describing the axes, that is, the orbit representatives.

Theorem 3.1 (Stewart [22]). Suppose that N > 2. Then the azes of Sy x S' acting
on CNV0 have orbit representatives as follows:

Type I

Let N = gk+pwhere2 < k < N,q > 1,p > 0. Let £ = e*/* and set

(8) o= |1, 16 &2 e 0,00
—_—— N N — ——— S

q q q q p
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Type 1T
Let N = g+p, 1 < g < N/2 and set

(9) 2= [1,....1;a,...,a
———

where a = —q/p.

Proof. See Stewart [22, Theorem 7). O
Next we consider the corresponding isotropy subgroups as in [22]. For type I we have

C-axial subgroups H? = X, where

(10) S, = S,0Z; x S,

Here ! denotes the wreath product (see Hall [18, p. 81]) and the tilde indicates that Z
is twisted into S'. Let

(11) K = ker(f) = S) x---xSkx8,

q

1
E(LP'

where 87 is the symmetric group on B = {(j —1)g+1,...,jq} and S, is the symmetric
group on By = {kq+ 1,...,N}. Now we have the action of the twist in each of the
k blocks of ¢ elements. Let o = (1, ¢+ 1, 2¢+1, ..., (k—1)g+1). Then Eg’p is
generated by (a,27/k) and K.

For the type II, the isotropy subgroup is

def

(12) N, = Syx 8, = x5

where the respective factors are the symmetric groups on {1,...,¢} and {¢+1,..., N}.
Table 1 lists the C-axial isotropy subgroups of Sy x S' acting on CM? and the
corresponding fixed-point subspaces.

Remark 3.2. In terms of all-to-all coupled nonlinear cells (systems of ordinary differen-
tial equations), one interpretation is that solutions with Eé’p—symmetry have k groups,
each group comprising ¢ cells with the same waveform and the same phase, and one
group of p cells also with the same waveform and the same phase. Cells from the &
groups oscillate identically except for phase shifts of jT/k, for j = 0,1,...,k and T
is the period, between each group. Cells in the group of p cells oscillate with kth the
frequency of the cells of the other groups. Solutions with Eél correspond to two groups
consisting of p and ¢ cells. At each group, cells have the same waveform and same phase.
Each group oscillates with a different wave form. O

Example 3.3. We apply Theorem 3.1 to the cases N =4 and N = 5.

(i) For N = 4, note that the number of partitions of an element of C*° into k blocks of
q equal elements each, plus a group of p null elements with 4 = kq+p (where 2 < k < 4,
g > land p > 0) is four: thus we obtain, up to conjugacy, four isotropy subgroups of type
I. Now if 4 = g+ p where 1 < ¢ < 2 then ¢ =1, p =3 and so we get, up to conjugacy,
one isotropy subgroup of type II. See Table 2 for the C-axial isotropy subgroups of
S, x S, the corresponding generators and the fixed-point subspaces. Observe that we
have used Table 1 with the triplets (g, k,p) and the pairs (g, p) corresponding to each
isotropy subgroup of a given form as follows:

Y1 gq=k=2, p=0; Yo q
(13) Ya: q=1, k=3, p=1, Yu: o q=
251 q:Lp:B

iRl
I
SN
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Isotropy
Subgroup Fixed-Point Subspace
Egp:Sqlzkap 21y €21, ...;fkilzl,...; 0,...,0] :21€C
k N N—— ——— ——
q q q P
N=Fkq+p, 2<k <N,
q=1,p=0
q q

ZéI:quSp Zlyeeey 21} ——21y...,——21 | 121 €C

S—— D D

_ N
N=q+p, 1<qg< 5

TaBLE 1. C-axial isotropy subgroups of Sy x S' acting on C and
fixed-point subspaces. Here ¢ = e2™/F |

Isotropy Generators Orbit Fixed-Point
Subgroup Representative  Subspace

—~—

21 = 82 l Z2 ((1423),7‘(‘), ((13)(24),7‘() (1, 1, —1, —1) {(2’1,21, —Zl,—Zl) 21 € C}

Sy =1Zy xSy (34), ((12),7) (1,—1,0,0) {(z1,-2,0,0) : z; € C}

S =Zs ((123), %) (1,¢,€2,0) {(21,621,6%21,0) : 21 € C}

Sy = Zy ((1234), T) (1,4, —1,—) {(z1,iz1, —21, —iz1) : 2z € C}

Y5 = S3 (23), (24) (1,-3,-3,-3) {(z1,—%z,-3x,-3n): 21 €C}

TABLE 2. C-axial isotropy subgroups of Sy xS! acting on C*°, generators,
orbit representatives and fixed-point subspaces. Here & = >7/3.

(ii) For N = 5 we have five isotropy subgroups of type I and two of type II. See Table 3.
Specifically, we have that >;,7 = 1,...,5 are of the form Efw and Xg, X7 are of the form
Eél with:

21: q:k:2ap:17 22 q_]-ak_2ap 37
(14) 23: q:17k237p:2a Z]4 qzlak:4ap 17

25 q:17k:57p:()7 26 :2ap_3a

Yo o qg=1,p=4.
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Isotropy Generators Fixed-Point
Subgroup Subspace

21 = 82 i ZQ (12), (34), ((13)(24),7‘(’) {(21,21,*21, *2’1,0) 21 € C}

Sy =7y x Sz (34), (35), ((12),7) {(z1,—21,0,0,0) : z € C}

S3 =123 xSy (45), ((123), &) {(21,621,6221,0,0) : 2 € C}, € = 273

Sy =7y ((1234),7) {(z1,iz1, —21,—iz1,0) : z € C}

Y5 = Zs ((12345), %”) {(21,521,5221,£321,§421) Dz € C} , &= e2mi/b
Y6 = S2 x Sz (12), (34), (35) {(z1,21,—321,—%21,—232) : 1 €C}

Y =S4 (23), (24), (25) {(z1, —%zl, —%zl, —%zl, —%zl) : 21 € C}

TABLE 3. C-axial isotropy subgroups of S5 x S! acting on C>°, generators
and fixed-point subspaces.

3.2. Isotypic decomposition of CV:* under the action of the C-Axial Subgroups
of Sy x S!. For the two types of isotropy subgroups Zé’p and Eél , we decompose CN:0
into subspaces, each of which is invariant under a different representation of the corre-
sponding isotropy subgroup. The isotypic components for the action of Zép and Zél on
CNO0 are listed in Table 4.

Specifically, for Eé,p =S, 1Z; x S, we form the isotypic decomposition

k—1
(15) CM=WyeW oW, Wsa Y P,

j=2
where Wy = FiX(EI ), Wi and the k — 2 subspaces P;,j = 2,--- ,k — 1 are complex
one-dimensional subspaces invariant under Zé »- Moreover, WQ and W3 are complex
invariant subspaces of dimension respectlvely p—1and k(g —1).

Note that if p = 0 we have EI S ! Zy, and then Wy, W5 do not occur in the isotypic
decomposition of CM? for the actlon of ! op Moreover, we only have the occurrence
of W5 in the isotypic decomposition if p > 2. Furthermore we only have the isotypic
component Wy if ¢ > 2 and P; if k > 3.

For XI' =8, x S, we form the isotypic decomposition

(16) CYO =Wy W, ® W,

where Wy = FiX(EéI ) and Wy, Wy are complex invariant subspaces of dimension respec-
tively ¢ — 1 and p — 1 that are the sum of two isomorphic real absolutely irreducible
representations of dimension respectively ¢ — 1 and p — 1 of .
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Type of
Isotropy Isotypic components
Subgroup
Eé,p Wy = {(zla"-721;5217';7521;"';€k_1217"-7£k_1zl;0a'-'70):Zlec}
q q q p
(N =kq+p
2<k<N kq kq )
., Wiy = {(21,...,21;,——21,...,—=21) : 21 € C ifp>1
¢>1, p>0) 1= {(z A pl) 1€CH  (ifp=>1)
k
! p
W2 = {(0,...,0;21,...,Zp_1,—2’1—--~—Z’p_1)121,...,Zp_1€C} (iprQ)
P
W3 = {(217"'azqflazq;"';Zq(k—l)—‘,—l’"'7qu—1aqu;07"'>0)} (lfq22)
q q p
P, = {(zl,...;szl,...;...;£j(k_1)zl,...;O,...,O):21€C} (if k£ > 3)
—— —— ~—_—— ——
q q q p
forj=2,....k—1
11
X
Wy = Zlyeeey 21} ——21y...,——21 | 121 €C
(N:q+Np 0 1 1 » 1 1 1
1<g<3) q p
W, = {(21,...,2(171,—21—"-—qul,o,...,O):Zl,...,zq716C} (ifq22)
W2 = {(0?"'70>Zq+17"'7ZN—17_Zq+1_"'_ZN—I):qurl?"'?ZN—IGC} (lfp22)

TABLE 4. Isotypic components of CV? for the action of Eé,p and Zél.
Here, in W3 we have 2, = —21—+ - —24_1,. .., 2kg = —Zg(h—1)+1—" " *— Zkq—1
and 21,..., 21,5 Zq(k=1)41, - - - » Zkg—1 € C.

Example 3.4. We return to the cases N =4 and N = 5.
(i) Recalling Table 2, equation (13) and Table 4, for the three isotropy subgroups %,
for i = 2,3, 4, of S; x S, the isotypic decomposition takes, respectively, the form

CY=WeaWiaW, CY=WoaoW,aPh, CY=W,aPaoDPl

where Wy = Fix(%;), Wy, Wa, Py and Pj are the complex one-dimensional isotypic com-
ponents for the action of ¥; on C*°. For ¥; and X5 we obtain that C*° = W, ® W5 and
C* = Wy ® W,, where W3, W, are complex two-dimensional invariant subspaces. See
Table 5.

(i) For N = 5, we recall Table 3 for the C-axial subgroups of S5 x S!, equation (14)
and Table 4. We have that ¥;, for i = 1,...,5 are of the form E;p and Yg, 27 are of the
form ZCIII . We decompose C>? into isotypic components for the action of each isotropy
subgroup ;, see Table 6. O
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Isotropy subgroup and Isotypic components of C*0
Orbit Representative

—_—~—

Y1 = S91Zs Wy = Fix(Z1) = {(z1,21,—21,—21): 21 € C}
z = (21,21,—21,—%1) W3 = {(z1,—21,22,—22) : 21,22 € C}

22 = 22 XSQ W() = FiX(Eg) = {(zl,—zl,0,0):zl GC}

z = (21,—21,0,0) Wi = {(z1,21,—21,—21): 21 € C}

WQ = {(0,0,2’1,—21): 21 € C}

T3 = Z3 Wy = Fix(Z3) = {(21,£21,£%21,0) : 2z € C}
z = (21,€21,£%21,0) Wi = {(21,21,21,-321) : 21 € C}

Py = {(21,8%21,£21,0) : z € C}
Yu = 24 Wo = FiX(E4) = {(zl,izl,—zl,—izl): 21 EC}
z = (21,421, —21, —iz1) Py = {(21,—21,21,—21): 21 € C}

Py = {(21,—iz1,—21,i21) : 21 € C}

25 = Sg WO FlX(Eg,) = {(zl,—%zl,—%zl,—%zl): Z1 EC}
z = (Zla_ézla_%zla_%zl) W2 = {(07227237_22 - Z3> : 2272376 C}

TABLE 5. Isotypic decomposition of C*° for the action of each of the
isotropy subgroups listed in Table 2. Here £ = e2/3.

Remark 3.5. Ashwin and Swift [4] present a framework for analysing arbitrary net-
works of identical dissipative oscillators assuming weak coupling. When every oscillator
is connected to every other one with equal coupling, the network has Sy-symmetry.
Assume a Sy-symmetric network of IV identical oscillators, each having an asymptot-
ically stable limit cycle, with coupling parameter e. For ¢ = 0 the dynamics of the
system reduces to a linear flow on an N-torus TV which is normally hyperbolic, and
hence persists for € # 0. For weak coupling the equations can be averaged, leading to
a Sy x Tl-equivariant flow on the torus TV. In [4], the authors classify the possible
spatio-temporal symmetry groups of any periodic oscillation by computing all isotropy
subgroups for the action of Sy x T! on TV. These groups (up to conjugacy) are in one-
to-one correspondence with the ways of writing N = m(k;+- - -+k;) with integers m > 1
and ky > ko > --- > k; > 1. They also compute the stability and predict the generic
bifurcations of some of the periodic orbits (which can have submaximal symmetry). Now
the action of Sy x T on T can be seen as a linear action of Sy x T' on C¥, restricted
to TV. Tt follows then that some of the groups described by [4], not necessarily maximal,
are in correspondence with the maximal groups E(ILO (for ky =¢q, I =1, N =mgq) and
I (form =1, ky = q, ks = p = N —q) of Sy x S' (action on C") obtained by
Stewart [22]. Moreover, for those groups, the description of the stability patterns that is
made by [4] using the symmetry properties is equivalent to the one we obtain considering
the decomposition of the space into isotypic components. In future work we plan to look
for solutions with submaximal symmetry, where we hope that some of work done in [22]
can be used. O
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Isotropy subgroup and Isotypic components of C?0
Orbit Representative

Y1 = S917Zs Wy = Fix(%1) = {(z1,21,—21,—21,0): 2 € C}
z = (21,21, —21,—21,0) W1 = {(z1,21,21,21,—421): 2z € C}
W3 = {(21,—21,22,—22,0) : 21,22 € C}

Yo = 22 ><S3 W() = FiX(Eg) = {(21,—21,0,0,0)221 EC}
z = (21,—21,0,0,0) Wi = {(z1,21,—221,—321,—22z1): z1 € C}
Wy = {(0,0,21,22,—21 — 22) : 21 € C}

23 = 23 X So Wo = FiX(Eg) = {(21,521,5221,0,0) 121 € C}
2z = (21,&21,6%21,0,0) W, = {(zl,zl,zl,—%zl,—%zl): 21 GC}
Wy = {(0,0,0,Zl, —Zl) 21 € C}
&= 62m/3 P = {(Z1,§22’1,§421,0,0) 21 € C}
Yy = Zy Wy = Fix(Z4) = {(21,21,8%21,8%21,0) : 2 € C}
z = (21,521,5221,5321,0) W, = {(2’1,21,21,2’1, —421) L2 € C}
E=1 P = (21,6221,6421,56,21,0) 21 €C
Py = §(21,£321,£621,5921,0) 21 € C%
25 = Z5 W() = FiX(Eg)) = {(21,521,5221,532175421): 21 GC}
z = (Zl,le,§221,532’1,§42’1) P, = {(Z1,§22’1,§421,§621,f8Z1) P2 € C}
¢ = e2mi/® P3 = {(21,6%21,6521,8%21,€"%21) : 21 € C}
Py = E(Zl,5421,5821,51221,51621)2 z1 € C}
26 = So X Sg WO = FiX(Zﬁ) = {(2’1,21,—%21,—%21,—%21) AT C}
z = (21,21,—%21,—%21,—%21) Wi = {(z1,—21,0,0,0) : zj,29,€ C}

{(
Wy = {(0,0, 21,22, —21 — 22) : 21, 22,€ C}

27 = S4 = FiX(E7) = {(2’1,—%2’1,—%21,—izl,—%zl)Z 21 EC}
z=(21,— 321,321, — 121, —321) Wa = {(0,29,23,24,—20 — 23 — 24) : 22, 23,71, € C}

=
|

TABLE 6. Isotypic decomposition of C*° for the action of each of the
isotropy subgroups listed in Table 3.

4. PERIODIC SOLUTIONS WITH MAXIMAL ISOTROPY
Consider the system of ODEs

dz
where f : CMxR — CM is smooth, commutes with T' = Sy and (df )y » has eigenvalues
o(A) £ip(A) with (0) =0, p(0) =1 and ¢’(0) # 0.

Our aim is to study periodic solutions of (17) obtained by Hopf bifurcation from the
trivial equilibrium. Note that we are assuming that f satisfies the conditions of the
Equivariant Hopf Theorem.

By Theorem 3.1 we have (up to conjugacy) the C-axial subgroups of Sy x S!. See
Table 1. Therefore, we can use the Equivariant Hopf Theorem to prove the existence of
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periodic solutions with these symmetries for the bifurcation problem (17) with symmetry
I'=Sy.

As stated in Section 2, periodic solutions of (17) of period 27 /(1 + 7) are in one-to-
one correspondence with the zeros of g(z, A, 7), the reduced function obtained by the
Lyapunov-Schmidt procedure where 7 is the period-perturbing parameter. Assuming
that f commutes with T' x S, g(z, A, 7) has the explicit form

(18) gz, \, 1) = f(z,A) — (L +7)iz.

(see [16, Theorem XVI 10.1]). Throughout denote by v(\) = u(A) — (1 + 7)i. If 2(¢) is
a periodic solution of (17) with A = A\g and 7 = 79, and (29, Ao, 70) is the corresponding
solution of (18), then there is a correspondence between the Floquet multipliers of z(t)
and the eigenvalues of (dg) ., 1,7) Such that a multiplier lies inside (respectively outside)
the unit circle if and only if the corresponding eigenvalue has negative (respectively
positive) real part (see [16, Corollary XVI 10.2]). So, we determine the orbital stability
of each type of bifurcating periodic orbit by calculating the eigenvalues of (dg)(zox0,)
(to the lowest order in z) that are not forced by the symmetry to be zero.

As g commutes with T' x S, it maps Fix(Z) into itself (where X is either of type Zé’p or
3! described in Table 1). By the Equivariant Hopf Theorem, for each of the conjugacy
classes X)) and X', we have a distinct branch of periodic solutions of (17) that are in
correspondence with the zeros of g with isotropy Zép and Zél . These zeros are found by
solving glpix(z; ) = 0 and glpiszy = 0 (and Fix(¥] ), Fix(3)) are two-dimensional).
Note that to find the zeros of g, it suffices to look at representative points on I' x St
orbits.

Let ¥,, C I' be the isotropy subgroup of zy. Then, for ¢ € X,, we have

(dg)ZOU = U(dg>20

That is, (dg),, commutes with the isotropy subgroup ¥ of zy. For the two types of
isotropy subgroups %] , and ¥[', it is possible to put the Jacobian matrix (dg)., into
block diagonal form. We do thls using the isotypic decomposition of CVY for the action
of each C-axial ¥}  and X!' on C™? obtained in Section 3.2 and listed in Table 4.
We recall that each 1sotyplc component is invariant under a different representation of
the corresponding isotropy subgroup ., and so it is left invariant by (dg).,. (See for
example [16, Theorem XII 3.5].)

We organize the rest of this section in the following way. Below we present the general
form of a Sy x S'-equivariant bifurcation problem, up to degree 5. Using that we obtain
the form of g in (18). Then we describe the branching equations and the stability of
the periodic solutions of (17) obtained by Hopf bifurcation from the trivial equilibrium
guaranteed by the Equivariant Hopf Theorem — Theorem 4.1.

General Form of a Sy x S'-equivariant Hopf Bifurcation Problem. We present
the general form of the Sy x S'-equivariant bifurcation problem (17), up to degree 5,
leaving the details to Appendix A. Our stability results stated in Theorem 4.1 below
show that the degree 5 terms of f in (17) are necessary to describe the stability of some
of the periodic solutions guaranteed by the Equivariant Hopf Theorem.

If we suppose that the Taylor series of degree five of f around z = 0 commutes also
with S!, then we can write

f(z) = (A(2), A((12)2),. .., A((IN)2))

= (fl(Zl7 .. ~7ZN;)‘)7f1(227217 .. ~7ZN;)\)7 .. -;fl(ZN7Z2; Ce ,Zl,>\))

(19)
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Filens oz, N) = pN 2+ £ e A+ P e ) e

21,0020 A) = A |y —% Z]kvzl |2k|2zk} +
Az S 2+ Az S |al?

FOC, e A) = Adlalta - }Vz{jlmﬁzk}+A5zlzjvl|zi|4
AGZlZz 1% 2uj=1 J+A7lez 1’Zz| Z] L1252+

As [ A XY 12— DL 2 T 1] +

A9 Z;V 1 _3 N Zk:l z Zj:l Zj]

Ao zz 1|z-2|z;V A R S e e

A12_Z% ]1] NZfV1_3 glzﬂ""

Ars _’Zﬂ PN D DA EALD S EA A

A (2P 3l ol = 5 2L a2 050 2P| +

Ass -|Zl|251 S — & e lalPE ZJQ]

with zy = —27 — - -+ — zy_1. The coefficients A;, for i = 1,...,15 are complex smooth
functions of A, 11(0) = ¢ and Re(p/(0)) # 0. Suppose that Re(y/(0)) > 0. Rescaling A if
necessary we can suppose that

Re(u(A) = A+

where + - - - stands for higher order terms in A. Thus the trivial solution of (17) is stable
for A\ negative and unstable for A positive (near zero).

Throughout, subscripts r and 7 on the coefficients Ay, ..., A5 refer to real and imag-
inary parts.

Stability Result. The main result of this paper is the following theorem which we
prove in Section 6:

Theorem 4.1. Consider the system (17) where f is as in (19) and N > 4. Assume
that Re(i/(0)) > 0, such that the trivial equilibrium is stable if A < 0 and it is unstable if
A > 0 (near the origin). For each type of the isotropy subgroups of the form E;p and Eél
listed in Table 1, consider the corresponding isotypic decomposition of CN° presented in
Table 4. Let Ag, ..., A, be the functions of Ay, ..., A5 evaluated at A = 0 and listed in:

Table 8; Table 9 if the isotropy subgroup has type Eéq fork=2, k=3 or EU Table 10
if the isotropy subgroup has type qu, for 3 <k < N. Then:

(1) For each %; the corresponding branch of periodic solutions is supercritical if Ay <
0 and subcritical if Ag > 0. Table 7 lists the branching equations.

(2) For each ¥;, if A; > 0 for some j = 0,...,r, then the corresponding branch of
periodic solutions is unstable. If A; < 0 for all j, then the branch of periodic
solutions is stable near A =0 and z = 0.

The application of this result to study Hopf bifurcation with Sy-symmetry for a
specific value of N consists mainly into the following steps:

(i) To consider the general form of the Hopf bifurcation problem with Sy x S!-
symmetry (17) where f is given by (19).
(ii) To enumerate the C-axial subgroups of Sy x S' using Table 1.
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Isotropy Subgroup Branching Equations
S, 2<k<N X = — (A, +kqds)|z)? + -
N =kq +p,
q=21,p=>0
Sip s =2 A= = (At 20(de + Az + -
N =2q+p,
q=21,p=>0
2
= A= —Ap|1-4 1_%2)} 22—
N=q+p, (Ao + Ag)g (14 8) 22 + -
1<q<¥

TABLE 7. Branching equations for Sy Hopf bifurcation. Subscript » on

the coefficients refer to the real part and +--- stands for higher order
terms.
Isotropy Subgroup Ag
£l 2<k<N A + kg Az,
N=kq+p, q=1,p=0
Z:(11,N72q7 k=2 Alr + QQ(AQT + A37‘)
N=2+p, ¢q=21p=0
2
i Ay [1= % (1= %)] + (A2r + 4300 (14 2)

_ N
N=q+p, 1<qg< 75

TABLE 8. Stability for Sy Hopf bifurcation in the direction of Wy =
Fix(X). For each group, the corresponding branch of periodic solutions is
supercritical if Ag < 0 and subcritical if Ay > 0.

(iii) For each C-axial subgroup X:
(c.i) To describe the isotypic decomposition for its action on CM? according Ta-
ble 4.
(c.ii) Using Table 7, to obtain the equation of the branch of periodic solutions with
Y-symmetry for the Hopf bifurcation problem guaranteed by the Equivariant
Hopf Theorem. The criticality of the branch is given by the sign of Ay listed
in Table 8: it is supercritical if Ag < 0 and subcritical if Ag > 0.

(c.iii) To enumerate the functions of the coefficients Ay, ..., Aj5 evaluated at A =0
of f that determine the stability of the corresponding periodic solutions (near
the origin): using Table 8, Table 9 (if the isotropy subgroup has type meq
for k =2, k=3or Eél ) and Table 10 (if the isotropy subgroup has type
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Zf,q, for 3 < k < N). Observe that in Tables 9 and 10, we consider only
the expressions determining the stability in the directions of the isotypic
components that occur in the isotypic decomposition of CV? under the action
of ¥. If A; < 0 for all j, then the branch of periodic solutions is stable near
A =0 and z = 0. If for some j we have A; > 0 then the branch of periodic
solutions is unstable. In particular, if the branch is subcritical (A; > 0),

then the solutions are unstable.

5. TWO EXAMPLES: N =4 AND N =5

In this section we apply the results of sections 3 and 4 to study Hopf bifurcation with
Sy-symmetry for the special cases N =4 and N = 5.

When N = 4, we show that the directions in which we need the fifth degree truncation
of the vector field do not appear in the isotypic decomposition for the action of each
C-axial group on C*°. This means this is the case (in fact the only one for values of
N > 4) where the degree three truncation of the vector field determines generically the
stability of the solutions guaranteed by the Equivariant Hopf Theorem.

When N = 5, we have that the directions in which we need the degree five truncation
of the vector field are present in the isotypic decomposition for some of the C-axial
isotropy subgroups. Moreover, the degree five terms determine completely the stability
of the periodic solutions guaranteed by the Equivariant Hopf Theorem.

5.1. S, Hopf Bifurcation. We consider the action of S4 x S! on C*? given by (6) for
N = 4. We study Hopf bifurcation with S;-symmetry by considering

(20) — = [f(z,}),

where f : C* x R — C* is smooth, commutes with Sy and (df)o has eigenvalues
() £ip(A) with o(0) = 0,p(0) = 1 and ¢’(0) # 0. Assuming that f also commutes
with S' we obtain the general form of f given by (19) with N = 4.

Example 3.3 describes the C-axial subgroups of S; x S!: we obtain four isotropy
subgroups of the type X/  and one of type X!’ — see Table 2. Moreover, recall the
correspondence between the notation of Table 1 and the C-axial subgroups ¥; of Sy x S*
given by (13). Now in Table 5, we have the isotypic decomposition of C* for the action
of each of these isotropy subgroups.

The Equivariant Hopf Theorem guarantees that for each C-axial group we have a
branch of periodic solutions with that symmetry of (20) obtained by Hopf bifurcation
from the trivial equilibrium (since we are assuming that f satisfies the conditions of the
Equivariant Hopf Theorem). For each value of p, ¢ and k (if applicable) associated with
Yl;, using Table 7, we get the branching equations listed on Table 11. We compute now
from Tables 8, 9 and 10 the criticality and the stability of the solutions guaranteed by
the Equivariant Hopf Theorem.

The expressions for A for each isotropy subgroup follow from (13) and Table 8. We
obtain now the expressions for Ay, ..., A,. For the groups X1, ¥5, X3 and Y5 in Table 5,
we apply Table 9: note for example that > is E{,’q with ¢ = k = 2 and p = 0. This
corresponds to an isotropy subgroup Ep o With & = 2 on Table 9. Since p = 0 we get
A1, Ay from the last two expressions associated with the stability in the directions of
the isoypic component W5. Now 3, is Ei’q with g =1, k =2, p = 2, the group X3 is
¥, withg=1, k=3, p=1, and %5 is X" with ¢ =1 and p = 3.

For the group X4 in Table 5, which is El with ¢ = 1, k = 4, p = 0, we use
now Table 10. Note that as ¢ = 1, we have that W3 does not occur in the isotypic
decomposition of C*° for its action. See Table 12 for the complete stability analysis
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Isotropy Isotypic  Aq,..., A,
Subgroup Component
(1 - 4T\?) Alr - 2qA2r7
k=2 W (if p>1)
’ 2 2
—[(1-%) 41— 204+ |(1- %) A1+ 204,
N=2q+p
_Alr - 2qA27‘7
¢>1,p>0 W (if p > 2)
— (1A1 + 2qA2? — |2 As]?)
Alr - 2qA2r7
Ws (if ¢ >2)
— (A1 — 2qA2]* — | A +2¢A,]?)
(]- - %) A1T7
>l k=3 Wi (if p>1)
(18 A A
J— A1T7 .
N—3Q+p W2 —’A1|2 (1fp22)
q=1,p=>0 W3 - (—3q + %) Re(A1 A1) (if g >2)
P Al’f’ +6A2T’
? — (A1 + 642 — [ (1= §) A1)
3
(1+%—]\}’71)2)A1r—Q<1+%>A2r
s Wi o (ifg=2)
. 2
—’(H%—ﬁ—})&—q(H%)AQ‘ +’A1+q(1+§)A2)
N=q+p
— @ 2 40 1) 4
1+ ¥ Np2+p2 1r — ¢ 1+p 2
1<q<¥ Wy (if p>2)

3 2 2
|G ) (1)) 4]+

;173141-1-(1(1—1—%)142

‘ 2

and Appendix B for the bifurcation diagrams (for the periodic solutions with C-axial
symmetry).

TABLE 9. Stability for Sy Hopf bifurcation in the directions of each iso-
typic component.

Remark 5.1. (i) The stability of the periodic solutions guaranteed by the Equivariant
Hopf Theorem obtained in Table 12 depends only on the coefficients A;, Ay, Az of the
degree three truncation of the vector field f given by (19) for N = 4.
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Isotropy Isotypic Ay, A,
Subgroup Component

(1 - %) AlTa
Yo 3<k<N Wy (ifp>1)
1 (1= %) AP+ AP
N=kq+0p
A1T7
¢>1,p>0 W (if p > 2)
—|As?
the fifth degree truncation is too degenerate .
W3 { to determine the stability in the directions in W3 (ifk >4,9>2)
Alr
Py
(10 ) )
Alr + quAzr,
Py (if k> 4)
—(|A1 + 2kqA2]* — |A1]?)

—Re(Algl) + Re(2A1Z4 + kqA1Z14) (lf k> 5)

—Re(Ang) + RG(QAIZ4 + k‘qA1Z14) (lf k> 6)

TABLE 10. Stability for Sy Hopf bifurcation in the directions of each

isotypic component. Here & = 2A, + 3kqAi2 + q(kq — 1) ( — 2_]1:;1) Aig +

kqA14+q(kq—1) ( - %) An+2q(kq—1)Ass and § = § —3kqA1a—kqAi,.

(ii) Observe that periodic solutions with Y3-symmetry are always unstable since gener-
ically Ay = |A;|> > 0. If A}, > 0, then solutions with symmetry ¥, are unstable and if
Ag, < 0, then solutions with symmetry >, are also unstable. O

Periodic solutions with submaximal isotropy. We look now for possible branches of pe-
riodic solutions that can bifurcate for the system (20) (with N = 4) with submaximal
isotropy. B

We have that the groups Zs and S, listed in Table 13 are submaximal isotropy sub-
groups of S; x S'. In fact, using the results of Ashwin and Podvigina [3] (see remark
below), these are the only isotropy subgroups of S; x S! with fixed-point subspace of
complex dimension 2

As it was stated before, when f is supposed to commute also with S, then the problem
of finding periodic solutions of 2 = f(z, A) can be transformed to the problem of finding
the zeros of g(z, A\, 7) = 0 where g = f — (1+7)iz. However, for the branches of periodic
solutions with submaximal isotropy that are found here, we can no longer guarantee that
they exist for (20) if f commutes only with Sy (even with the third order Taylor series
commuting with S'). These solutions branches are guaranteed only for the third order
truncation with which we work from now on. Consider the truncation of f as in (19)
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Isotropy Subgroup Branching Equations

D A= — (A1, + 449, +443,) 2> + -

Yo A= — (A1 + 245, +243,) 2> + -

>3 )\:—(A1T+3A3T) ’Z‘Q—F

¥y A= — (A, +443,) |22 + -

1 (7 )

S A= =g (gAu Fddo +ddy ) |7+
TABLE 11. Branching equations for S; Hopf bifurcation. Subscript r on
the coefficients refer to the real part and +--- stands for higher order
terms.

(with N = 4) of degree three and the respective reduced vector field g = f — (1 + 7)iz
of the same degree.

Let A = Z,. We study g|pix(a). Consider the normalizer of A in Sy x S!, Ng,xs1(A),
defined by

Ng,xst(A) = {y €Sy x S':yAy 1 = A},

Now Ng,xs1(A) is the largest subgroup of S, x S! acting on Fix(A). (See for example
Chossat and Lauterbach [5, Lemma 2.1.9].) Thus g|rixa) is Ns,xst (A)-equivariant.
Easy computations show that

NS4><51(A) = D4 X Sl .

One way of proving this is the following. We recall that the isotropy subgroups A C
[ x St are always of the form G’ = {(g,0(g9)) € T x S : g € G} where G C T and
6 : G — S' is a group homomorphism. Denote by K = Ker(#). Now by Golubitsky and
Stewart [15, Lemma 2.5], we have that Np.g1(G?) = C(G, K) x S! where C(G, K) =
{v el :q9g7 gt € K,Vg € G}. Taking G’ = A = Zy, = {Id,((13)(24),m)}, the
projection of G? into S, is the group G = {Id, (13)(24)}, and @ is the homomorphism
6: G — S' (with trivial kernel) such that ((13)(24)) = . It follows then that for this
case

C(G, K) = {Id, (24), (12)(34), (1432), (13)(24), (1234), (14)(23), (13)} 2 D, .

When we restrict ¢ to Fix(zg) = {(z1, 20, —21, —22) : 21,22 € C}, we obtain the fol-
lowing D4 x S'-equivariant system:

21 = zZ1 ()\ +w + A(’Zl|2 + |22’2) + B|Zl|2) + 07123

(21) 29 =20 A +iw+ A(|z1]2 + |22|%) + Bl22|?) + Cz227

where (21,27) € C?, A =243, B = A; +2A, and C = 2A,. This is the normal form for
the generic Hopf bifurcation problem with symmetry Dy studied by Swift [23].
The nontrivial solutions in the space Fix(Zs) with maximal isotropy are the solutions

with symmetry Sy Zo, 24, 22 X So (recall Table 2), corresponding, respectively, to zeros
of type 21 = 25, 21 = 129 and z; = 0. Note that for solutions corresponding to the
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Isotropy Ag A, A,
Subgroup
Alr - 41421"
¥ A1 +4Ag + 443, — (|AL — 4452 — |AL + 445)
_Alr - 2A27’
Yo A1y + 249, + 243, — (‘Al + 2A2|2 — |2A2‘2)
_A27‘

— (4|A2|2 — ’%Al —+ 2A2|2)

_Alr
23 Alr + 31437” ’AIP
Alr + 6A27"
— (| Ay + 6492 — |14, 2)

Alr
Xy Ay, + 4A3z, —|Aq]?
Alr + 8A27“
— (JA1 + 842)* — |A4]?)

—5A1, — 1245,
X5 LA + 44y + 445, — (!5141 + 124, — |A; + 12A2|2>

TABLE 12. Stability for S; Hopf bifurcation. For each ¥;, the correspond-
ing branch of periodic solutions is supercritical if Ay < 0 and subcritical
if Ag > 0. If A; > 0 for some j =0,...,r, then the corresponding branch
of periodic solutions is unstable. If A; < 0 for all j, then the solutions are
stable near A = 0 and z = 0. Note that solutions with ¥3-symmetry are
always unstable.

Isotropy Subgroup Generators Fixed-Point Subspace

Al = 22 ((13)(24),71’) {(Zl,ZQ, —21, —22) I 21,29 € C}

AQ = Sg (23) {(Zl,ZQ,ZQ, —2z1 — 22’2) T21,29 € C}

TABLE 13. Generators and fixed-point subspaces corresponding to the
isotropy subgroups of S, x S! with fixed-point subspaces of complex di-
mension two.
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isotropy subgroup Z, x Sy we have that (21,0, —21,0) is conjugated to (21, —z1,0,0).
Their stability properties are studied in [14], [16] and [23].

By [23], in addition to these periodic solutions, there can be a fourth branch of periodic
solutions to (21) with z; # 29 and 2323 # 0. Thus, these correspond to Zz—symmetric
solutions of (20) where f is as in (19) (with N = 4) truncated to the third order.
Moreover, this solution branch exists if

[Re[2(A; + 245) Ao]| < 2427 < A1 + 24,
and the solutions are generically unstable.

Remark 5.2. In [3]|, Ashwin and Podvigina considered Hopf bifurcation with the group
O of rotational symmetries of the cube. The group O is isomorphic to S, and it has two
non-isomorphic real irreducible representations of dimension three. In [3] they consider
the irreducible representation of O corresponding to rotational symmetries of a cube
in R® = W. When studying Hopf bifurcation, they take two copies of this irreducible
representation. Specifically, they consider the action of O x S' on W @ W generated by:

,0111(217 22, 23) = (227 23, Zl)
(22) poot (21, 22, 23) = (22, —21, 23)
Yo(z1, 22, 23) = €9(21, 2, 23) (0 € SY).

Although the permutation group S, is isomorphic to the group of rotations of a cube,
the action of O on W and the natural action of S; on R*° are not isomorphic. Recall
that R* = {(21, 29, 23, 24) € R*: 2y + 29+ 23+ 24 = 0}. However, the action of O x S!
on W @& W and the action of S; x S* on C*Y are isomorphic (see [3]). Thus from the
point of view of Hopf bifurcation, the two non-isomorphic actions of S, give rise to the
same results.

In [3], the isotropy lattice for the action of O x S' on C? is obtained and the isotropy
subgroups with fixed-point subspaces of complex dimension two have normalizers given,
respectively, by Dy x S! and D, x S'. These are in correspondence with the normalizers
of Zs and S, for the action of S, x S! on C*° considered here.

O

5.2. S5 Hopf Bifurcation. We consider the action of S5 x S* on C>? given by (6) for
N = 5. We study Hopf bifurcation with Ss-symmetry by considering

(23) o pen),

dt
where f : C?% x R — C?Y is smooth, commutes with S5 and (df)o has eigenvalues
() £ ip(A) with o(0) = 0,p(0) = 1 and ¢’(0) # 0. Assuming that f also commutes
with S! we obtain the general form of f given by (19) with N = 5.

Example 3.3 describes the C-axial subgroups of S5 x S! acting on C*?, together with
their generators and fixed-point subspaces, given by Table 3: we have used Table 1 where
it =1,...,5 are of the form Zéjp and g, 27 are of the form Eél . The correspondence
between the notation of Table 1 and the C-axial subgroups Y; of S5 x S! is given by
(14). Table 6 gives the isotypic decomposition of C*? for each of the isotropy subgroups
>; listed in Table 3.

Proceeding the same way that we did for N = 4 we get Tables 14 and 15, which
give respectively the branching equations and the stability for Hopf bifurcation with
Ss-symmetry. Note that in particular it follows that solutions with 3 and with >y-
symmetry are always unstable.
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Isotropy Subgroup Branching Equations

21 A = —(Ay + 449, +4A3.)|2> + -+
%2 A = —(Ai + 249, + 2432 + -

23 A= —(A1r + 34|27 + -

24 A= (A +443) 22 + -

25 A= —(A +5A43)|2)2 + -

2o A= =1 (TA1, 4+ 104y +1043,) |22 + -
27 A= =1 (BAL +542 +5435.) |22 + -

TABLE 14. Branching equations for S; Hopf bifurcation. Subscript r on
the coefficients refer to the real part and +--- stands for higher order
terms.

6. PROOF OF THEOREM 4.1

In this section we prove the main result of this paper, Theorem 4.1. We consider
the system (17) where f is as in (19). Assume that Re(y/(0)) > 0, such that the
trivial equilibrium is stable if A < 0 and it is unstable if A > 0 (near the origin). Thus f
satisfies the conditions of the Equivariant Hopf Theorem. It follows that for each C-axial
subgroup ¥ of Sy x S' in Table 1, we have a branch of periodic solutions to (17) with
that symmetry obtained by Hopf bifurcation from the trivial equilibrium. Moreover,
since we are assuming that f in (19) commutes also with S', as stated in Section 2,
periodic solutions of (17) of period 27/(1+ 7) are in one-to-one correspondence with the
zeros of g(z, A, 7), where

(24) gz, A7) = f(z,A) — (14 71)iz.

is the explicit form of the reduced function obtained by the Lyapunov-Schmidt procedure.
Here 7 is the period-perturbing parameter. Throughout denote by v(\) = u(A)—(147)i.

In order to determine the stability of such solutions, we recall that there is a corre-
spondence between the Floquet multipliers of z(t) and the eigenvalues of (dg)(zy,x,7) if
z(t) is a periodic solution of (17) with A = \g and 7 = 79, and (29, A, 70) is the corre-
sponding solution of (18): a multiplier lies inside (respectively outside) the unit circle if
and only if the corresponding eigenvalue has negative (respectively positive) real part.
So, we determine the stability of each type of bifurcating periodic orbit by calculating
the eigenvalues of (dg)(zox9,m) (to the lowest order in z). Let ¥, C I' be the isotropy
subgroup of z.

Now for each C-axial subgroup X, of Sy x S' in Table 1, we have that g maps
Fix(2,,) into itself since g commutes with Sy x S!. Periodic solutions of (17) with
¥.,-symmetry are in correspondence with the zeros of g with isotropy X., which are
obtained by solving glpix(gzo) = 0. Note that to find the zeros of g, it suffices to look at
representative points on Sy x S! orbits. We obtain Table 7.
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Isotropy  Ag Ay, A,
Subgroup
El Alr + 4A2r + 4A3r _%Alr - 4A2r
— (‘ - %Al - 4A2|2 — ’%Al + 4A2|2)
Alr - 41427"
— (|A1 —4A5)% — |Ay + 4A2|2)
%Alr - 2A2r
Yo Ay + 249, + 2A3, - (‘%Al - 2A2‘2 - ‘%Al + 2A2‘2)
_Alr - 2A27‘
— (‘Al + 2A2’2 — ’2A2’2)
_Alr
Y3 Ay, + 3As, — (‘A1 + 6A2’2 — ’%A1’2)
A
Alr + 61427’
Alr
— A
—|A?
2y Arr + 443, —A1r
Alr
— (|41 + 84> — |41 ?)
Alr + 8A2r
—| A2
Alr B .
35 Aiyr + 543, —Re[A1(§; — &)
Aq + 10A,,

— (‘Al + 10A2’2 — ‘A1’2)

13*11417" - 101427’

X6 LA, + 1049 + 1043, — (|3 (B4 — 1045) |2 — |A; + 2 A, %)
%Alr - 8A27‘
— (I3 (341 — 84) |> — |3 (341 + 1045) *)

X7 %An + 542, + 5A3, Re(—%’Al _ %A2)
— (I = 5041 — §A2” — |55A1 + §A2P?)

TABLE 15. Stability for S5 Hopf bifurcation. Here & = 2A4 + 1044 and
& =2A4+5A11+5A14. For each ¥, the corresponding branch of periodic
solutions is supercritical if Ay < 0 and subcritical if Ay > 0. If A; > 0 for
some j = 0,...,r, then the corresponding branch of periodic solutions is
unstable. If A; < 0 for all j, then the solutions are stable near A = 0 and
z = 0. Note that solutions with Y3 and >, symmetry are always unstable.

23
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The Jacobian (dg),, commutes with Y,,. Now using the isotypic decomposition of
CN0 for the action of each C-axial Y, obtained in Table 4, we have that each isotypic
component is left invariant by (dg),,. Thus it is possible to put the Jacobian matrix
(dg)., into block diagonal. That is, the stability of the periodic solutions is determined
by the restrictions of (dg)., to each of the isotypic components of CM? for the action of
Y-

Also note that as the group action forces some of the Floquet multipliers to be equal
to one, it also forces the corresponding eigenvalues of (dg)zy,x,7) to be equal to zero.
(Recall [16, Theorem XVI 6.2].) The eigenvectors associated with these eigenvalues are
the tangent vectors to the orbit of Sy x S! through zy. If the solution z, has symmetry
Y., then the group orbit has the dimension of (T x S') /3., and so the number of zero
eigenvalues of (dg).,,x9,7) forced by the group action is

dz 0 1— dlm(Ezo)

since dim (Sy x S') = 1. The groups X, = X!  and ¥, = X" are discrete, then there
is one eigenvalue forced by the symmetry to be zero (this is, we get ds., =1).

To compute the eigenvalues it is convenient to use the complex coordinates. We take
co-ordinate functions on CV: z;,%Z1,22,%s,...,2n,2Zn. These correspond to a basis B
for CN with elements denoted by by, by, b, ba, ..., by, bx.

Recall that an R-linear mapping on C = R? has the form

(25) W oaw + fw

zZ

where «, € C. The matrix of this mapping in these coordinates,

(26) M= ( % g > ,
has
tr(M) = 2Re(a), det(M) = |af* — 0]

The eigenvalues of this matrix are

S T ——"

2

If one eigenvalue is zero, then det(M) = 0 and the sign of the other eigenvalue (if it is
not zero) is given by the sign of the real part of «. If M has no zero eigenvalues, then
the eigenvalues have negative real part if and only if the determinant is positive and the
trace is negative.

(Eé7p=S;Z\Z/k><Sp,WhereN:qk+p, 2<k<N, g>1, p20>

The fixed-point subspace of X} | = S?Z\Z/k X S, is
Fix (E;p) = {(z ..., 5 ¢z o 625 ;§k_1z, 3 ,fk_lzj; 0,...,0):z€ C}
q q q p
where ¢ = /%, Using the equation (18) where f is as in (19), after dividing by z we
have if k& # 2
v(A\) 4+ (A + kqAs)|z]* + -+ = 0
where + .- denotes terms of higher order in z and Z, and taking the real part of this

equation, we obtain,

A= —(Ay + kqAs)|z]* + -
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It follows that if A; + kqAs < 0, then the branch bifurcates supercritically.
In the particular case k = 2 we have

v(A) + [A1 4 2q(As + As)][z* + -+ = 0
and taking the real part of this equation,
A= —[Ah» + 2(](142,» + Agr)HZ|2 + -

where the functions A;, for ¢ = 1,2, 3 are evaluated at A = 0. It follows in this case that
if Ay, + 2q(Aa + Asr) < 0, then the branch bifurcates supercritically.

Throughout we denote by (29, A\, 70) a zero of g(z, A, 7) = 0 with zy € Fix(X). Specif-
ically, we wish to calculate (dg)(zox0,7)-

Recall the generators for Eép given in Section 3. With respect to the basis B, any

—~——

“real” matrix commuting with Eé,p = S,1Z;, x S, has the form

M, M3 My ... My Mo

ME ME ME ME ME

k41 1 3 e k ft2
(dg>(zo,>\o770) = 2E(k , T : e .
g\ g\ R

M . M MES

52 54 52(1@—1)
Myvs My Mg oo Migg Mieya

where M; commutes with S;, M}, 4 commutes with S, and the other matrices are defined
below.

Suppose M is a square matrix of order a with rows ly,...,l, and commuting with
S,. Tt follows then that M = (Iy, (12) - Iy, -, (1a) - 1)", where if [, = (my, ..., m,) then
(12) - Iy = (my,ma, ..., mi_1, M1, Miyq,...,M,). Moreover, [ is invariant under S, ; in
the last @ — 1 entries and so it has the following form: (my,ms,...,ms). Applying this
to My and My, we get

Ci Cy ... Cy Crya Crys .. Ciys
c, ¢ ... C C C ... C

My — :2 1 ) :2 M, = 1<;+5 htd ) k:—&—5 |
Cy, Cy ... C4 Crts Crys .. Ciryg

where M is a 2g x 2q matrix and Mj. 4 is a 2p X 2p matrix.
The other symmetry restrictions on the M;, for ¢+ = 3, ...,k + 3, imply that each have
one identical entry,

c; ... G
M; = .
c; ... G
Note that each M, fori =1,..., k+1is a 2¢x2¢g matrix and My, o, My 5 are, respectively,
2q x 2p and 2p x 2q matrices. Furthermore, we have

o of ...

- cs o ... cf
My o= [ 2T
J J .J'

cs cf ... ct

for j=2,...,2(k—1) and
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ng i Cl Cl Cl
l - . . .
&I & .éj
cs cf .. C

fori=3,....,k+3and j=2,...,2(k—1).
Now, each C; is of the type

o - [ ¢ c of _ ¢ &
A = 9 i - 7 —
c, G &c G

fori=1,...,k+3,7=2,...,2(k—1) and

/ / /
Ck+2 Cpqa Chtd  Crta Ck+5  Crgs
Cra = (— ; Crpa = PV ; Crys = PV )

Chio Cht2 Chpa Chrd Cops Chs
where
clzg—gi, c’lzg—gi, 0222—2, 0’2:22,
€= aijil’ ¢y = %’ Cht1 = azqig,lmy Cep1 = azqig,llm’
Cops = Gl Gy = ol Oy = TREL G, = S
Ck+4 = gng 62.1_4 = gg_Na Ck45 = %7 C;€+5 = %7

calculated at (29, Ao, 70)-

Throughout we denote by (dg) z,x0,7)| Wk the restriction of (dg) zo,x,) to the subspace
Wy. And we recall the isotypic decomposition of CN? for the action of Eéﬂj given by
(15) with the components listed in Table 4.

We begin by computing (dg) :o,x,7)|Wo where

WO = {(217'"721;521""7521;".;gk‘_1217'"7£k_121;07"'70):ZIGC}'
—_—— ——— X ——

~

q q q p

The tangent vector to the orbit of I' x S! through z is the eigenvector

. . . ke ik
(iz,... 020z, ... i€z i€ 1z, 00 i€R 1 2:0,...,0).
e e’ N ~ e —
q q q P
Note that
d, . , - ; . . . ke
E(e”z,...,e”z,...,e” k_lz,...,e’tﬁk_lz)}tzo = (iz,... iz,..., iz igF 1),

Now since g(Fix(¥] ) C Fix(¥] ) we have that g(Fix(%] )) is two-dimensional.
Thus, (dg)(,20,7)|Wo is as in (25) and the matrix of this mapping has the form (26).
The matrix (dg)(zo,x,7)|Wo has a single eigenvalue equal to zero and the other is given
by

2Re(a) = 2Re(As + kqds)|z]> + -
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if k& > 3, whose sign is determined by Aj,. + kqAs, if it is assumed nonzero (where
Ay, + kqAs, is calculated at zero). In the particular case k = 2, the nonzero eigenvalue
is given by

2Re(a) = 2Re[A; + 2q(Az + A3)]|z* + - -
whose sign is determined by A;, + 2q(As, + As,.) if it is assumed nonzero (where A, +
2q(Aa, + Asz,) is calculated at zero).
We compute (dg),x9,7)|W1 where
kq kq

Wl = {(217'"7Z1;__Zl7--.,——21)IZ1€C}.
D P

kq '
p
We have ((dg)(zo0,m)|W1) 2 — @z + 7 where
a=c1+ (¢ — 1)e2 + qes — 2qcq,
f=ci+(g= 1)+ q¢5 = 2q¢),

for k = 2. Recall that this case is special case since the branching equation is different
from the one we obtain for £ > 3. Thus, we study this case separately. We get for & = 2
(see [20, Chapter 4, Section 4, p.71] for the explicit expressions for ¢y, ..., ¢4, ¢, ..., )
that

tr((dg)(zo,)\o,ro)|W1) = 2Re [(1 — 4ﬁq) Al — QQAQ} ‘z|2 4 ,
det((dg) zo,p0.m) [ W1) = <\ (1— %) A —2g4" — |(1 - %) A + 2qA2\2> EE.

If £ > 3 we have

a=c+(¢g—1)ca+qes+ -+ + qerr1 — kqciia,
ﬁ = C/l + (q - 1)0/2 + ch + -+ qc;c+1 - ch;g+2'

and we get
tr((dg) zo,n0im) | W1) = 2Re [(1 = 258) Ay] 22 + -,
det((dg) o ro.m) W) = (|(1 = %2) Ay = A1) J21 4 -
(see [20, Chapter 4, Section 4, p.72] for the explicit expressions for i, ..., cxq2, ¢}, ..., o).
We compute now (dg)zo,xe,7)| W2 where
Wy = {(O,...,0;;2'1,...,zp_1,—21 —---—zp_l)/:zl,...,zp_l e C}.

a'e

p

Recall that we only have this isotypic component in the decomposition of C¥? for the
action of X} when p > 1. Recall (11). The action of K C X!  on W, decomposes in
the following way:

1 2
WQZWQ @WQ
where
1 . )
Wy = {(O,...,O,\xl,...,xp_l,—wl—---—xp_l).xl,...,mp_leR},
P
2 _ o . . . .
Wy = {(O,...,O,le,...,m:p_l,—ml—---—mp_ll.xl,...,xp_lER}.
WV

p
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Moreover, the actions of K on W3 and on W3 are K-isomorphic and K-absolutely
irreducible. Thus, it is possible to choose a basis of Wy such that (dg).o,x,)| W in the
new coordinates has the form

(27) a ldp-1)xp-1) 0 Idp-nx@p-1)
cldp-nxp-1 dIdp-1)x@Ep-1)

where Id(,—1)x (p—1) is the (p — 1) x (p — 1) identity matrix. Furthermore, the eigenvalues

Z) each with multiplicity p — 1.

With respect to the basis B’ of W, given by

of (27) are the eigenvalues of (i

bkgs1 — Ny Drgi1 — DN, Drgra — by, brgra — by - oo b1 — b, by—1 — by,

we can write (dg)(zo,x,m)|W2 in the following block diagonal form

(dg) z0,00,70)| W2 = diag(Clia — Cigs, - - -, Crga — Chys).

The eigenvalues of (dg),9,7)|W2 are the eigenvalues of Cjy4 — Ciys, each with mul-
tiplicity p — 1. The eigenvalues of Cyi4 — Ciis have negative real part if and only
if

tr(C’k+4 — Ck+5) < 0 and det(C’k+4 — Ck+5> > 0.
If £ =2 then

tr((dg) (z.00.70) | Wa) = 2Re (= Ay — 2¢45) |22 + - -,

det((dg) oro,mo) [W2) = (|41 + 2qA2]” — [2qA2*) |2 + -+ .
Moreover, if k > 3 we have

tr((dg) (2 p0.m0) [W2) = 2Re (Ay) [2]* + -+,

det<<dg)(z0,)\o,7—o)|W2) = |A1|2 |z|4 4.

(see [20, Chapter 4, Section 4, p.73] for the explicit expressions for cji4, Ciy5, Cligs Cpys
in both cases).
We compute now (dg) , xg,m)|Ws where

Wi = {(z1,-+,2¢-1,2¢; - -3 2 z Zkq; 0 0):z 2k, € C}
sy Bg—=152qs - - o3 Rq(k—1)+1y - -+ 5 Bkq—15 Rkqs Yy - -+ CZ1y ey Rkgq
\ ~ > [\ ~ 2 e
q q p
with zg = —21 — -+ — 241, ..., Zbg = —Zg(k—1)41 — " * — Zxg—1. Recall that we only have

this isotypic component in the decomposition of CN? for the action of X! ) when ¢ > 2.
With respect to the basis B’ of W3 given by

by — by, by — by, ... b1 — by, by_1 — by,
bq+1 - b2q7[_)q+1 - 1_72117 R b2q—1 - b2q7l_)2q—1 - E2q7

bytk—1)+1 — g Dgk—1)41 — g - -+ + Dkg—1 — Biogs Dkg—1 — Dk

we can write (dg)(z,x,7)|Ws in the following block diagonal form:

. 2 2 2(k
(d9) (z0,00,m0) | Ws = diag(Cy = Cs, .. ;CF = C5 ;5. Cf o5 ).

q—1 q—1 q—1
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Note that we have tr(ij - ng) = tr(C; — () and det(C’fj - ng) = det(Cy — Cy).
We get for k = 2

tr(Cy — Cy) = 2Re (A1 — 2¢As) [2]* + - -+,

det(Cy — Co) = (|A1 — 2qAs]" — |Ay + 2¢A5)°) |2 + - -
Furthermore, for £ > 3 we have
det(Cl — 02) =0.

Thus, the degree three truncation is too degenerate (it originates a null eigenvalue which
is not forced by the symmetry of the problem). We consider now the degree five trunca-
tion and we get that £ = 3 is a particular case. Note that the fifth degree truncation of
the branching equations are different in the cases k = 3 and k > 3, thus, we get different
expressions for the derivatives. We study the case k = 3 first. We have

tI‘(Cl —02) = 2R6(A1)|Z|2+ s

det(Cy — Cy) = |A; + (244 — 3¢A12 + 3qA14)|z|2|Z |24
|A1 + (2A4 — %Alg—F_qu14)|Z|2| |Z|4 + =
(—3q+ %) 2Re (A1 Ap) [2[5+ - .

Now, for k > 3 we get that det(C) — Cy) = 0. In this case, when & > 3 and when this
component appears in the isotypic decomposition of CV-? for the action of Zép, the five
degree truncation is too degenerate in order to determine the stability of the system.
See [20, Chapter 4, Section 4, p.75 and p.76] for the explicit computation of ¢y, ¢a, ¢}, ¢.

We compute now (dg).q,x9,7)|Fj Where

Pio= {(z1,...,21;820,.. ., Ez;. ;.. &% V200 ..,0): 2 € CY
—— ~ 4 \ o N —

~-
q

q q

and 2 < j <k — 1. We have ((dg)o.r0.m0)|F;) 2 — az + #Z where

p

6=t (g— Vet geies + -+ g€ Diey o,
B=ci+(q—1)ch+q&cs+ -+ q€t+Vig .

When we substitute the expressions for the derivatives (see [20, Chapter 4, Section 4,
p.76 to p.78] for the explicit computations) we get that the case kK = 3 is a particular
case. If j =2 and k£ > 4 we have

tr ((df)(ZO,)\o,TO)|P2) = 2Re (Ay) MZ 4

2
det ((df)(zo,)\o,fo)|P2) - <|A1|2 - ‘(1 — %) Al‘ > |Z|4 4+
but it the particular case k = 3 it follows that
61 () oy romoy | P2) = 2Re (Ay +64) 2> + -+ |

det ((df)(zo,)\o,To)|P2) - (|A1 + 6A2|2 — |(1 — %) A1‘2> |Z|4 + e
Consider now j = k — 1. It follows that
i ((df) oromoy | Pe1) = 2Re (Ay + 2kqAs) |27 + - -,

det ((df) zoxoim) | Prm1) = (A1 + 2kqAs|* — [As*) [ + - -
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Moreover, if we consider 2 < j < k — 2, then we obtain that det ((df) (o) |Pj) =0
Thus, we need to consider the five degree truncation of (19). We have for j = k — 2
(note that we only have this isotypic component when k& > 5) that

tr ((df)(zo)\oﬁoﬂplc*Z) = 2Re (Al) |Z’2 +
det ((df ) zo o) | Pe—2) = (JA1+&|2]P — |Ar + (244 + kqAr)| 2| )\Z|4
= [2Re(A1§1) - 2Re(2A1A4 + kqA1A14HZ| + -

where
&= 2A4+ 3kqAin+q(kqg —1) ( - 2—kq) Az + kqA+
+q(kq — 1) ( - &) A+ 2q(kg — 1) Ass.

Furthermore, for 3 < j < k — 3 (note that we only have this isotypic component when
k > 6) we get

tr ((df) ooy P) = 2Re(Ar) |22+,

det ((df) oo | P) = (11 + &l2P]* — |Ar + (244 + kqAw)[2*?) |2]* +
— [2Re(A1&,) — 2Re(241 Ay + kA Ay 25 + - -,

with
& = & — 3kqAi — kqAa.

(EU S, xSy, where N =q+p, 1 <g< )

The fixed-point subspace of X1/ =S, x S, is

Fix(Zép) = z,...,z;—gz,...,—gz :2e€C
> N e’ p p
q D ——
p

Using the equation (18) where f is as in (19), after dividing by z we have

v(\) + A [“N(“D] 22 + (A2 + As)q (1+%) 224+ = 0

where + --- denotes terms of higher order in z and z, and taking the real part of this
equation, we obtain,

2
_ a4 2 2 4
A= Ay, [1 N (1 o )] |z|* — (A2T+A37n)q( + p> |z +

It follows that if A, [1 _ 4 (1 - )] 122 + (As, + Az)g (1 + g) < 0, then the branch

bifurcates supercritically.

Let Eél =S, xS, be the isotropy subgroup of zy = (z, ey 2 —%z, ce —%z). Recall
the generators for Eél given in Section 3.

Suppose M is a square (¢ + p) X (¢ + p) matrix with rows Iy, ..., 1, lg41, .- -, lg1p and
commuting with S, x .S,. Then

M = (I, (12) - Iy, ..o, (1q) - b3 lgy1, (@ + 1 g +2) - lgg1,- - (g +1 g+ p) - lgy1)

where if I} = (my, ..., mgyp) then

(1i) - Ly = (Mmiymay . ooy My—1, M, M1y« oy Mgp)-
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Moreover, [y is S;—1 x Sp-invariant and [, is S; X S,_i-invariant. Applying this to
(dg)(zo,Ao,TO) we have

Ch Cs Co Cy
(dg) _ C6 Cl C2 C'2
(z0,X0,70) Cs Cy O Cs
Cs Cs Cs Cy
where C; for i = 1,...,5 are the 2 x 2 matrices
/
c; C:
and
— 991 I — g1 — 991 Y — 9a /— _Oq
Cl _ 0z’ Cl _ 0z1? 06 - 0zo) C6 — 0z C2 - qu+1’ 02 _ azq+1’
Ca = 09q+1 o = 99q+1 ch — 09q+1 = 09q+1 _ 99441 /99411
3 Bz 3 9z1 0 AT Bzgy1) AT 0zgr1’ DT Bzgua’ BT 9zga2)

calculated at (zg, Ao, 70)-

Recall the isotypic decomposition of CV-? for the action of Eél given by (16) with the
components listed in Table 4.

We begin by computing (dg) zo,x,7)|Wo- In coordinates z, Z we have ((dg) zo,x0,70)|Wo)2z =
az + [5Z where

a=c +(q—1)cs — [¢(N — q)/plea,
B=c+(q—1)cg— [g(N — q)/plcy.

The tangent vector to the orbit of I' x St through z is the eigenvector

(. . q q )
12, .., 02,—1—2,...,—1—2 | .

D b
Note that

d [ u it id it4d . . .q .q
— ez, ...z, —e" =2z, ..., —e" =2 |t_0— 12,0 02, —1=2, ..., —1—2 | .
dt p P = P P

The matrix (dg)(zo,x0,7)|Wo has a single eigenvalue equal to zero and the other is
3

2Re(a) = 2Re [Al (1 — % + Nq—p2> + (A2 + As)g (1 + %)] |2 + -

whose sign is determined by

2
q q q
Ay, {1 N (1 - Z?)] + (Agr + Asr)gq (1 + I_?)

if it is assumed nonzero (where Ay, As,, A3, are calculated at zero).
We compute now (dg)(zo,x,m)|W1 where

Wy = ey Zgm1, =2 — = Z-130,...,0 | 12,0, 201 €C
———
p

The action of Zél on W7 decomposes in the following way

W, =W/} @ W}
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where
1 _ ) )
Wi = $1,...,$q_1,—.’£1—"'—$q_170,...,0 .[L’l,...,JTq_leR ,
——
P
2 _ . . . . .
Wi = 1T, .. 101, 1] — - —1Tq-1;0,...,0 | @1,...,24-1 €ER
——
P

Moreover, the actions of Eél on W} and on W are Eél -isomorphic and are Zél -absolutely
irreducible. Thus, it is possible to choose a basis of Wy such that (dg).o,xe,)|W1 in the
new coordinates has the form

(28) aIdg-1)x(@-1) b Idg-1)x(g-1)
cldg-1)x@-1) dIdg-1)x(q-1)

where Id(g—1)x(q-1) is the (¢ — 1) x (¢ — 1) identity matrix. Furthermore, the eigenvalues

of (28) are the eigenvalues of each with multiplicity ¢ — 1.

b
d
With respect to the basis B’ of W; given by
by — by By — By by — by, By — Bys- o byt — by Byt — By
we can write (dg)(z,.x,7)|W1 in the following block diagonal form

(dg)(ZO,AMOﬂWl = d1ag(Cl — CG, Cl — CG, ey Cl — 06)

The eigenvalues of (dg)(zy,x,7)| W1 are the eigenvalues of €y — Cs, each with multiplicity
g — 1. The eigenvalues of C; — Cg have negative real part if and only if

tr(Cy — Cg) < 0 and det(C; — Cg) > 0

We get
t1((dg) ooy |W1) = 2Re |1+ L — q— A —q Aol |22 +
20,70,7T0 N N p
W 4q ¢ ?
J— —_— 4_
det((dg)(fz07>\0770)| 1) - ( N N ) ( ) A |Z|

|Z|4 +oee

A1+q( +g)
p

(see [20, Chapter 4, Section 4, p.81] for the explicit expressions for ¢y, cg, ¢}, ¢g).
We compute now (dg)(zo,x,m)|W2 where

Wy = {(0,...,0, 2441, .-, ZN—1, —Zg+1 — =+ — ZN-1) : Zq+1,-- -, 2N—-1 € C}.
The action of ¥}/ on W decomposes in the following way

Wy = Wi @ W
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where
1 )
W2 - 07---707xq+1>---7'TN717_xq+1_"'_foly 'qurla"'v'erleR )
——
q
2 _ . . . . .
Wg = 0,...,0,%g41,. .., 1 TN_1, —1Tgp1 — -+ —ITN-1, | : Tg41,---,Tn-1 € R
——

q

Moreover, the actions of Zé[ on W and on W7 are Eél -isomorphic and are Zél -absolutely
irreducible. Thus, it is possible to choose a basis of Wy such that (dg).o,x,)| W in the
new coordinates has the form

29 a ldn—q-nxN-a-1) 0 IdN—q-1)x(N-a-1)
(29) Id d1d
€ 1A(N-g-1)x(N—-g-1) (N—q=1)x(N—q~1)

where Id(n_q-1)x(N—q-1) is the (N — ¢ — 1) x (N — ¢ — 1) identity matrix. Furthermore,
the eigenvalues of (29) are the eigenvalues of (CCL 2) each with multiplicity N — ¢ — 1.
With respect to the basis B’ of W, given by
bgt1 — b, b1 — b, bgy2 — b, bgya — by, - by1 — by, by—1 — by,
we can write (dg)(zx,m)|W2 in the following block diagonal form
(df) (z0,00,m0) W2 = diag(Cy — C5,Cy — Cs, ..., Cy — Cs).

The eigenvalues of (dg):,x,7)|W2 are the eigenvalues of Cy — C5, each with multiplicity
N — q — 1. The eigenvalues of C; — C5 have negative real part if and only if

tr(Cy — C5) < 0 and det(Cy — C5) > 0.
We have

¢ ¢ 2 1 >
tl“((dg)(z()7>\0,7—0)|w2) = 2Re -1+ N — N_pZ + p—2 Al —q 1 —|—5 AQ |Z’ + e,

2
||~

3 2
qa q 2q 1
det(<dg)(zo,>\o,7'o)|w2> = (—1 + N — N_]92 -+ p_2> Al —q <1 + 5) A,

2
el

2
q—2A1+q(1+g>A2
p p

(see [20, Chapter 4, Section 4, p.82] for the explicit expressions for ¢y, s, ¢, ¢&).

APPENDIX A. EQUIVARIANT VECTOR FIELD

In this section we compute the general form of a Sy x S'- equivariant Hopf bifurcation
problem, up to degree 5, given by (19) of Section 4. We follow Dias, Matthews and
Rodrigues [6, Section 7] and Rodrigues [20, Section 4].

Theorem A.1 ([6]). Consider the action of Sy x S* on CNO defined by (6) and the
following functions H; : CN0 — CNO, fori=1,..., 15:

Hi(2) = (hi(2), hi(12)2), . . ., by ((1N)2))
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where z = (z1,...,2y) € CM0 and
| N N
m(z) = |aaffa = 5 D1z, ha(z2) =71y 45, ha(2) =21 ) 125l%
Jj=1 Jj=1 Jj=1
L N
ha(2) = lal's— 5> lail'a, ha(z) = Y lul'a
i=1 i=1
N N N 2
_ 2\ 52 _ 2
he(z) = Zzl sz 21, h7(z) = <Z|zl|> 21,
=1 j=1 i=1
N L N N L
he(z) = Y 1%°% Zf—NZ!ZjIZEjZ?«’?, ho(z) = ZE?Z"%_NZE?ZZSV
j=1 j=1 i=1 j=1 j=1 =1
N N N
ho(z) = > |zl 27, hi(z) = |2i* 2 71,
i1 j=1 i=1
N . N L N
hia(z) = > 207 - N Y 7, his(z) = D lzilzlalf - i > 1z ) lal
j=1 j=1 =1 j=1 j=1 i=1
N L N N N X
h14(z) = Z\szZIzl\Qzl — NZ‘ZJ‘QZ’ZZ‘%“ h15(z) = sz]zl\zzl — NZZJQZ’Zz’QfZ
j=1 j=1 i=1 j=1 j=1 =1
Then:

(i) If N > 4, the functions H; for i = 1,2,3 constitute a basis of the complex vector
space of the Sy x St-equivariant functions with homogeneous polynomial components of
degree 3;
(i1) If N > 6, the functions H; for i =4,...,15 constitute a basis of the complex vector
space of the Sy x St-equivariant functions with homogeneous polynomial components of
degree 5.

Proof. See [6, Section 7]. We outline the proof for completeness. We start by making
two observations. The first is that the Sy x S'-equivariant functions with homogeneous
polynomial components of degree k are obtained by restriction to CV* and projection
onto CMY of the Sy x S'-equivariant functions from CV to CV with homogeneous
polynomial components of degree k. Also note that with respect to the direct sum
decomposition of C" into Sy-invariant spaces,

CY={(z2...,2): z€ R} C"",
the projection vector of 2 = (z1,...,2y) € CY onto CMV is:
1
- — 1,...,1).
z N(Z1+ +ZN)( ’ ) )

Thus given a Sy x S'-equivariant function f : CV — C¥ where f = (fi,..., fy) for
fi: CN — C, the restriction of f to CV? and projection onto CV is given by
|
f|CN,O - N ; fi|cN,O (1, ey 1) .

The second observation is that if f : CV¥ — C¥ is Sy x Sl-equivariant, then the
equivariance of f under Sy is equivalent to the invariance say of the first component f;

under Sy_; in the last N — 1 coordinates z», ..., zy, and then
(30) f(z) = (fi(2), /1 ((12)2) ..., f1 (1N)z)) .
That is,

f(z) = (f1(217227 e 7ZN7172N)7f1<z27217 e 7ZN7172N)a cee 7f1(ZN722> e 7ZN71,Z1)) .
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This follows from the equivariance conditions

(31) f((1)(z1, 29, ...y 2n)) = (L) f (21, 22,--.,2N)

fori=2,3,...,N. Note that for each i, the equality (31) implies that f;(z) = f1((17)2).
Now for example if we take ¢ = 2 in (31), we obtain fi ((19)2) = f1((1¢)(12)z) for
any ¢ > 3 and so fi(y) = f1 ((1¢)(12)(1¢)y) = f1 ((2¢)y). Thus f; is Sy_;-invariant
in the last N — 1 coordinates. Obviously if we take f as in (30) where f; satisfies this
Sy_1-invariance condition then f is Sy-equivariant.

Now using the S'-equivariance, for z = (21, ..., 2x), taking Z = (Z1, ..., Zy) and using
multi-indices, we have that f; can be written as

filz) = Zaagzaiﬁ
where each a,3 € C and o, 3 € (ZJ)N and satisfies
(32) fi(e?z)=€"fi(z) (0 eS', zeCV).

Thus each a,s = 0 unless |a| = |5| + 1. The rest of the proof consists in characterizing
the first component f;. That is, we describe the homogeneous polynomials of degree
k, for k = 3,5, that are Sy_;-invariant in the last NV — l-coordinates 2o, ..., 2y and
are Sl-equivariant. Specifically, we consider the Sy x S'-equivariants where the first
component is an homogeneous polynomial of degree k£ which can be written as

zfz_lbp(22, C ey 2N)

where a,b € Z§,a+b > 0, p is Sy_j-invariant and satisfies (32).
As an example, for the degree three polynomials, we consider f; given by monomials

of the following types: 2¥z; = 21|2|?, 2% ZjV:Q Zj, 2171 Z;VZQ zj, z1p(z2, ..., 2n) where
p(29,...,2y) has degree two in z,% and it is Sy_; x Sl-invariant, Z;p(2s, . .., 2y) where
p(22,...,2n) has degree two in zy,...,zy, it is Sy_j-invariant and does not depend
on the z; and p(z, ..., zy) where p is Sy_;-invariant and satisfies (32). This way we

obtain eleven Sy x S'-equivariant functions from CV to CV. A list with the eleven
equivariants may be found in [20, Theorem 4.2]. Now we restrict to C™? and project
onto CM0 the Sy x S'-equivariant functions from CV to CV. Note that if z € CV°
then z; +---+2y=0and z; +---+Zxy = 0.

For the equivariants under Sy x S! with homogeneous components of degree 5, there
are 52 and a list can be found at [20, Theorems 4.5]. See [20, Theorems 4.2, 4.5-4.6,
4.10] for details. O

Remark A.2. (i) The complex vector space of Sy x S-equivariants with homogeneous
polynomial components of degree one has dimension one and so is generated for example
by the identity on C¥. To see that, note that the first component f; of any given f
has to be a linear combination of the monomials z; and z5 + - - - + 25 which are invariant
under Sy_; in the last N — 1 coordinates and satisfy (32). Equivalently, it is a linear
combination of z; and 2z, 4+ 25 + - - - + zy. Now at restriction to CV:? we obtain only z;.
(ii) For N =5 we have

sHio(2) — 3Hu(2) — 6Hiz(2) — 9H1a(2) — $His(2)

where z = (21, 22, 23, 24, z5) € C*? and so we obtain (over the complex field) only eleven
linearly independent S5 x S'-equivariants with homogeneous polynomial components of
degree five. O
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FIGURE 1. Regions of the (Aj,, Ay, )-parameter space defined by the lines
corresponding to the equations (34). Here we assume Aj;. < 0. Lines
are labelled according to which of the corresponding expressions on (34)
vanishes on them.

APPENDIX B. BIFURCATION DIAGRAMS FOR N =14

In this section we present the bifurcation diagrams concerning the periodic solutions
with maximal isotropy for Hopf bifurcation with S;-symmetry (note that we do not in-
clude in the diagrams the possible periodic solutions with submaximal isotropy obtained
in Section 5).

For N = 4 the solution stabilities depend on the following coefficients

(33) Ah A27 A3r

of the degree three truncation of the vector field f (see Section 5).
Recall the stability results for these solutions summarized in Table 12. From this we
obtain the following non-degeneracy conditions:

(a) Alr + 4A2r + 4A37~ 7A 0, (
(C) ‘Al — 4A2|2 - ‘Al + 4A2|2 7é 0, (d) Ah« + 2A27« + 2A37~ 7A 07
(e) A17~ + 2AQ7~ 7é 0, (f) |A1 + 2A2|2 - 4|A2|2 7& O,
(5) Asr # 0, (h) (4] Aol — |5A; +245P) £0,
(34) (1) Ay, + 345, £0, (i) A + 443, £ 0,
(k) Alr + 61427" 7é 07 (
(Il) Alr + 8A2T 7A O, (
(p) %Alr + 4A2r + 4A3T 7é O: (
(r) [BA; + 124, — |A; +124,7 £ 0, (

The inequalities (34) divide the parameter space (33) into regions characterized by
(possibly) distinct bifurcation diagrams. In Figures 1 and 2 we assume, respectively,
A1 < 0 and Ay > 0 and we consider the various regions of the (As,., As,.)-parameter
space defined by (34).
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FIGURE 2. Regions of the (Aj,, Ay, )-parameter space defined by the lines
corresponding to the equations (34). Here we assume Aj;. > 0. Lines
are labelled according to which of the corresponding expressions on (34)
vanishes on them.

Figures 3-4 show the bifurcation diagrams corresponding to the regions of parameter
space of Figure 1. An asterisk on solution indicates that it is possible for the solution
to be unstable, depending on the sign of

(*) |A1 — 4A2|2 - |A1 + 4A2|2,
35 (%) AL+ 245 — 4| Az? and 4] Af* — [3A1 + 24,7,
(35) (kx %) |A; +8A9)% — |Ay]?,

(s % %%)  |5A; + 12457 — |4 + 124,57 .

Furthermore, note that the X3 solution is never stable.

On Figures 5-6 we show the bifurcation diagrams concerning regions of the parameter
space of Figure 2.
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