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1. Introduction

One fundamental problem in financial analysis is to accurately identify the stock price dynamics: different dynamics for
the underlying asset will lead to different pricing formulae for derivatives.

Financial econometrics does not completely solve this problem: Statistical methods can calibrate the parameters of a
model, finding in a general class of possible dynamics, the one that best fits the historical data. But still, assumptions have
to be made regarding the class of possible dynamics. Most of the classes used in practice (Bachelier’s dynamics, Black and
Scholes dynamics, diffusion models, stochastic volatility models, GARCH-models, etc.) are chosen by a kind of rule of thumb,
with no real economic justification. The randomness of the prices is often conceived as completely exogenous. The first
sentences in Bachelier’s (1900) thesis illustrate quite well this kind of explanation: “The influences that determine the price
variations on the stock market are uncountable. Past, present or even future expected events, having often nothing to do
with the stock market, have repercussion on the prices.”

In this paper however, we suggest that part of the randomness in the stock price dynamics is endogenous: it is intro-
duced by the agents in order to maximize their profit. This idea was already present in De Meyer and Moussa-Saley (2003),
where the Brownian term in the price dynamics was explained endogenously. Institutional investors clearly have better ac-
cess to information on the market than the private ones: they are better skilled to analyze the flow of information and in
some cases they are even part of the board of directors of the firms of which they are trading the shares. So, institutional
investors are better informed and this informational advantage is known publicly. As a consequence, each of their moves
on the markets is analyzed by the other agents to extract its informational content. If informed agents act naively, making
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moves that depend deterministically on their information, they will completely reveal this information to the other agents,
and doing so, they will lose their strategic advantage for the future. The only way to benefit from the information without
revealing it too fast is to introduce noise on their moves: this is tantamount to selecting random moves via lotteries that
depend on their information. The main idea in De Meyer and Moussa-Saley (2003) is that the noise introduced by the
informed agents in the day-to-day transactions will generate a Brownian motion.

The central result of this paper is that this kind of argument leads to a particular class of price dynamics, hereafter
referred to as Continuous Martingales of Maximal Variation (CMMV), which is quite robust: CMMV will appear in any
repeated exchange between two risk neutral asymmetrically-informed players, independently of the “natural” trading mech-
anism used in the exchanges.

The structure of the paper is as follows: in the next section, we define CMMV precisely. As suggested by our main result,
this class of dynamics is a natural candidate that could be used in financial econometrics as the class of possible dynamics.
As will be seen, this class of dynamics is a subclass of local volatility models that contains as particular cases Bachelier’s
dynamics as well as Black and Scholes’ dynamics.

In Section 3, we introduce the game I}, to model the repeated exchanges between two risk neutral asymmetrically
informed players in the most general way: Player 1 initially receives a private message concerning the liquidation value L
of the risky asset traded. During n consecutive rounds, the players exchange the risky asset against a numéraire, using a
general trading mechanism (I, J, T) which is simply a game with respective action spaces I and ] for players 1 and 2, and
whose outcome T (i, j) is a transfer vector representing the quantities of risky asset and numéraire exchanged when actions
are (i, j). At each round, actions are chosen simultaneously and are then publicly announced. The players aim to maximize
the liquidation value of their final portfolio.

The game I, is equivalent to a zero sum repeated game with one sided information a la Aumann-Maschler. In Section 4,
we define the concepts of strategy, value and optimal strategy for I7,. Since players are risk neutral, the natural notion of
price Lq of the risky asset at period q is defined as the conditional expected liquidation value given player 2’s previous
observations.

The trading mechanism introduced above should satisfy some properties in order to represent real exchanges on the
stock market. In Section 5, we introduce 5 axioms that must be satisfied by a “natural” trading mechanism. Let us describe
them very briefly here:

(H1) The game I, has a value V, whatever the distribution of the liquidation value is.

(H2) is a continuity assumption of V as a function of the law of the liquidation value.

(H3) stipulates that the mechanism should be invariant with respect to the scale of numéraire: If two players use this
mechanism to exchange a risky asset R against the dollar or against the cent, the same transactions in value will be
observed in both cases. More specifically, the quantity of risky asset exchanged will be the same, but the counterpart
in cents will be the counterpart in dollars multiplied by 100. (H3) is thus a 1-homogeneity property of the value.

(H4) is an invariance axiom with respect to the riskless part of the risky asset: If two players use the trading mechanism
to exchange with the dollar as numéraire an asset R’ consisting of one share of asset R and a $100 bill, then the
transaction observed will be the same in value as if they were exchanging R for the dollar. In other words, the
quantity x of R- and R’-shares exchanged will be the same in both cases, but the x bills of $100 exchanged within the
R’-shares will be paid back in dollars, that is, if y and y’ denotes the counterpart in numéraire when exchanging R and
R’ respectively, then y’ = y + 100x. The value of the game must thus remain unchanged if one shifts the liquidation
value by a constant amount.

(H5) There exists a situation in which player 1 can take a strictly positive profit from his private information: he is strictly
better off with his message than without. This axiom is on the one hand completely natural to model the stock market:
it seems indeed commonsense that private information has a strictly positive value on the market. Otherwise, there
would clearly be no need for insider trading regulation, since no one would have incentive to make such trades.

On the other hand, however, this axiom is in a way unnatural. This game is zero sum and has a positive value. So
why should the uninformed player participate in a game where he is loosing money? This is a particular case of Milgrom-
Stokey’s No Trade Theorem. Some agents on the market are in fact forced to trade: for instance, a market maker facing
a more informed trader. Since the bid and the ask posted by a market maker is a commitment to buy or sell at these
prices any quantity of shares up to a prefixed limit, the only way for the market maker to avoid trading would be to post
a very large bid-ask spread. Most market regulations however impose explicit limit on market makers’ bid-ask spread, thus
steering past the No Trade paradox.

At the end of Section 5, we state the main result of the paper which is Theorem 1. It indicates that if the trading mech-
anism is natural in the above sense, if the price process (Lg)g—o,....n at equilibrium in I7 is represented by the continuous
time process (IT]')tc[o,1], With I1' := Ly on the time interval [q/n, (g + 1)/n[, then IT" converges in law to a particular
CMMV IT* depending just on the law w of the liquidation value of R. The limit is thus completely independent of the
natural trading mechanism considered, showing in this way the robustness of the CMMV class of dynamics. This paper
differs from the existing literature on trading with asymmetrical information (see e.g. Kyle, 1985) by the fact that the price
randomness is essentially considered as endogenous. In Kyle’s paper however, to get rid of the above mentioned No Trade
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paradox, noise traders have to be introduced, and the resulting dynamics will thus crucially depend on the hypotheses made
on this exogenous source of randomness.

We will provide explicit examples of trading mechanism satisfying (H1) to (H5) is Section 6, and we will compare our
results with De Meyer and Moussa-Saley (2003). In that paper a particular trading mechanism is analyzed for which optimal
strategies can be explicitly computed and the convergence to the CMMV IT# can be proved directly. The result of this paper
however is much more general and applies to games with abstract trading mechanisms. In the absence of closed-form
formulae, a more subtle and abstract line of analysis has to be followed.

The proof of Theorem 1 is presented in Section 7. By linking more or less his moves to his initial message, player 1 can
chose the rate of revelation of his private information and in this way, he can control the price process (Lg)g=1.....n, Which
is precisely the conditional expectation of L given the past moves. We then express the maximal amount player 1 can
guarantee in I, with a given revelation martingale (Lq)g=1,...n. We prove in particular that this amount is the V1-variation
of the martingale (Lg)g—1,...n: for a function M, such as V1, that maps probability measures (the laws of the liquidation

value for Vi) to R, the M-variation of the martingale (Lg)g=1,...n is defined as E[ZZ;& M([Lg1 — Lgl(Ls)s<qD]1, where
[Lg+1 — Lql(Ls)s<q] denotes the conditional law of the increment Lgy1 — Lg given the past at time q. The informed player is
thus facing a martingale optimization problem: the price martingale (Lq) at equilibrium must maximize the Vq-variation.

Theorem 1 then follows at once from Theorem 5 which is a mathematical result proved in the second part of the paper.
It is an interesting result that generalizes both Mertens and Zamir (1977) and De Meyer (1998) on the maximal L!- and
LP-variation of a bounded martingale: It states that the continuous representation (/7{")tc[0,1] of a martingale (Lg)qzow_,r,
(ie. [T = LZ if t € [q/n, (@ + 1)/n[) with final distribution p that maximizes the M-variation converges in law, as n — oo,
to the CMMV ITH, provided M satisfies a homogeneity and a continuity property. This result justifies the terminology
Continuous Martingale of Maximal Variation adopted in this paper. Since the limit I7# is independent of M, which is a
completely general function that could even have no relation with a game, this result underlines even more the robustness
of the CMMV class. The proof of this result is based on three ingredients: duality, the central limit theorem and Skorokhod’s
embedding techniques. We refer the reader to Section 8 for more details.

It is generally fairly difficult to prove that one particular mechanism satisfies to (H1): Games of any length must have a
value. In Appendix A, we prove that it is often sufficient to prove that the one shot game has a value.

2. Continuous martingales of maximal variation

Let A be the set of probability distributions on (R, Bgr), where Br is the Borel tribe on R. In the following, the
probability distribution of a random variable X will be denoted [X]. If u € A, we will use both notations X ~ p or
[X] = p to indicate that the random variable X is wu-distributed. We also write |w|» for || X]|» where X ~ u, and we
set AP :={u e A: ||l < 0o}

A continuous martingale of maximal variation is defined as a martingale IT on time interval [0, 1] that can be written as: Vt: I1; =
f (B¢, t) where B is a standard Brownian motion and f : R x [0, 1] — R is increasing in the first variable.

Notice that we can recover the whole function f(x,t) from its terminal values g(x) := f(x, 1): Indeed, using the Markov
property of the Brownian motion, we get:

f(Be,t) = Iy = E[IT1|(Bs)s<t] = E[g(B1)|B¢] = E[g(Bt + (B1 — By))|B¢].
Since, B1 — By ~ N(0, (1 —t)) is independent of B¢, we get with h; denoting the density function of N (0, (1 —t)):

o0

fx, 0= / gx—y)he(y)dy = g * he(x),

* representing the convolution product. Due to the smoothing property of the normal kernel, the function f is thus C* on
R x [0, 1[. We may then also apply Ito’s formula to the process IT; and we get:

1
dIT; = 3 f (B¢, t)dB; + (atf(Bt, t)+ Ea,ixf(Bt, t)) dt.

For IT to be a martingale, the drift term must vanish and f must thus satisfy the heat equation o; f (x, t) + %Zﬁxf(x, t) =0.

One useful property of CMMV is that for a given p € Al, there exists a unique CMMV denoted hereafter I7# such that
1'11“ ~ . Indeed, as is well known, there exists a unique (up to a null set) increasing function f, :R — R that f,(Z) ~ u
if Z~ N (0,1). The function f, can be expressed in terms of the cumulative distribution functions F,, and For of u and
N(0,1) by the following formula: f,(x) = F;l(FN(x)). where F;l (y) :=inf{s: Fu(s) > y}.

Since 17{‘ = f(B1,1) ~u and f(x,1) is by hypothesis increasing in x, it must be the case that f(x,1) = f,(x), as
B1~ N0, 1). As mentioned above, we then get f(x,t) = /fooo fu(x — y)he(y)dy which is clearly increasing in x, since so is
furif x>x: fu(x—y) > fu (¥ — y). Multiplying both sides of this inequality by h;(y) > 0, we get indeed after integration
fx=fX, 0.

We conclude this section by showing that the CMMV class is a class of local volatility models for the price process that
contains as particular cases Bachelier's Dynamics as well as Black and Scholes’ one. Indeed, if p is not a Dirac measure, f,
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is not a constant function. Therefore, the strict inequality f, (x—y) > f;.(xX'—y) will hold in the previous argument for a set
of y of positive Lebesgue measure. As a result, for t <1, f(x,t) > f(x',t), whenever x > x'. The strictly increasing function
X — f(x,t) has thus an inverse ¢; and the relation IT; = f(B¢,t) yields B; = ¢:(I1;). Our above formula for dI7; thus
becomes: dIT; = 0y f (B¢, t)dB; = a(IT;, t) dB¢, where a(y, t) := dx f (¢¢(y), t). We also have dIT; = a(IT;, t)dB; with a(y,t) =0
when p is a Dirac measure. A model of actualized price dynamics under the risk-neutral probability measure satisfying this
diffusion equation is referred to as a local volatility model in finance, a being the volatility function (e.g. Dupire, 1997).
Since a must satisfy specific properties for the corresponding process to be a CMMV, the CMMV class is indeed a subclass
of local volatility models.

Under the risk-neutral probability, Bachelier’s dynamics and Black and Scholes’ dynamics for the actualized price process
are given by the formulae dIT; = o dB; and dIl; = o II; dB;, where o > 0 is the volatility parameter. As is well known, in

o2
both case we get IT; = f(B,t), with f defined respectively as f(x,t) =ox+c and f(x,t) =ce’*™ z¢. These two functions
are increasing in x.

3. The game I, (1)

In the game I3, analyzed in this paper, two players are repeatedly trading a risky asset R against a numéraire N.

We first describe the information asymmetry: At the beginning of the game, player 1 (P1) receives a private message m
concerning the risky asset. This message is randomly chosen by nature with a given probability distribution v. P2 does not
receive this message. He just knows that P1 has been informed and he also knows the probability distribution v.

The message m will be publicly revealed at a future date T, say at the next shareholder meeting. The price L of R on
the market at that date is called the liquidation value of R. It will depend on m and L is thus a function L(.) of m. The
liquidation value of N is independent of m and is fixed to be 1. We assume that both players know how to interpret the
message m and they therefore know the function L(.).

Let 1 denote the probability distribution of L(m) when m ~ v. We will assume in this paper that ;€ Al. As L(m) is the
only relevant information in the message m, we may assume that P1 is only informed of L(m).

So, the initial stage in I}, () is simply the following: Nature picks L at random with probability . P1 is informed of L,
while P2 is not. Both players know pu.

We next consider n rounds of exchange before the revelation date T. To model these repeated exchanges in the most
general way, we introduce the notion of a trading mechanism. Such a mechanism is defined as a triple ((I,Z), (J, J), T),
where I and J are the respective action sets of P1 and P2, endowed with o-algebras Z, .7, and where T :[ x | — R2
is the transfer function, assumed to be measurable from (Z ® J) to the Borel o-algebra By. If the players play (i, j),
T(i, j) = (Ajj, Bij) represents the transfer from P2 to P1: A;; and Bj; are the respective numbers of R and N shares that P1
receives from P2. (Typically one is positive and the other negative.)

So, in Iy (w), at trading period q (¢ =1,...,n), the players select an action pair (ig, jq) independently of each other,
based on their prior observations and private information. Actions are then made public and the portfolios are then in-
cremented. If yq = (v§, y§) and zg = (z§,2})) represent P1 and P2's portfolios at the end of round g, we have thus:
Yq = Yq-1 + T(ig, jg) and zg = zq_1 — T(ig, jq). We assume that both players have sufficiently large portfolios, or have
short-selling capacities, so as to honor the trade T (ig, jq).

We will give examples of trading mechanisms in Section 6. The exchange at period g could result from a bargaining
game or from an auction procedure, and actions in these setups are the strategies used by the players in these mechanisms.
Another example of interest is a market game: Players’ actions i and j are demand functions for asset R in a given class E. In
this case, I = J = E is a set of strictly decreasing functions i from R to R satisfying limp_, _ i(p) > 0 and limp_, o i(p) <O.
Once i and j are selected, the marked clearing price p*(i, j) is computed, whenever it exists: it is the value of p solving
the equation i(p) + j(p) = 0. The transfer vector, representing the quantities of the risky asset and numéraire that player 1
receives during the exchange is then T(i, j) := (i(p*(i, j)), —p*(, j)i(p*(, j))), and T(i, j) = (0, 0), if p*(i, j) fails to exist.
In other words, P1 receives the demanded quantity of asset R corresponding to the market clearing price. The counterpart
in numéraire is that quantity multiplied by the clearing price.

Players’ utility: The players are supposed to be risk-neutral and they aim to maximize the expected liquidation value
of their final portfolio. So P1's utility is: E[yRL + yN] and P2’s is E[zRL + z)]. Since yo and zo are initially fixed, the
liquidation values of the initial portfolios are constants that can be subtracted from player’s utilities without affecting their
behavior in the game. This turns out to be equivalent to assuming, as we will do in the remaining part of the paper, that
Yo = 2o = (0, 0), allowing for negative entries in the portfolios.

With that hypothesis, we get clearly y, = —z, and the game I;;(w) is then a zero sum game.

Since y, = ZZ:] T(iq, jq), P1's payoff in I}(u) becomes Zzzlh(L,iq,jq), where h(L,1i, j) := LA;j + Bjj is the stage
payoff. I;,(i) is thus a repeated zero-sum game with one sided information and full monitoring a la Aumann-Maschler.
The stage payoff at stage q just depends on the current actions ig, j; and of the state of nature L initially chosen. The only
difference with Aumann-Maschler’s model is that there could be infinitely many states and actions.
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4. Strategies, value, equilibria and price process in I, (ft)

Let us first define strategies in I7,(i4). A mixed strategy for P2 in I';(w) is a probability distribution 7 on (J, J). However,
since A;jj and Bj; are a priori unbounded, we have to restrict a little bit this definition. Let A(J) be the set of probability
distributions 7 on (J, J) such that,

Viel: /|Aij|dr(j)<oo and /lBij|dr(j)<oo.
J J

For 7 € A(]J), we set: Aj; := f] Ajjdt(j) and Bj; := f] Bjjdt(j). In the same way, we define A(I) and, for o € A(l), Ay j
and By ;.

A strategy T for P2 in I(u) is a sequence (Ti,...,Ty) of A(J)-valued transition probabilities 74 : (Hg—1, Hg—1) —
(J, J), where (Hq, Hq) := (I x N, (Z x J)9). In other words: Vhg_1 € Hq_1, tq(hg—1) € A(J) and VA € J: the map
hq—1 = tq(hg—1)[A] is Hg_1-measurable. 74(hq_1) is thus the probability distribution used by P2 to select his action jg.
This probability depends on the past observation hg_q of P2 at that stage.

In the same way, a strategy o in I;(u) is a sequence (o71,...,0yn) of A(I)-valued transition probabilities og : (R x
Hgq_1,Br x Hq—1) = (I, ). At stage q, P1 will pick his action iz with the probability distribution o4 that depends both on
his private information L and on the past moves hg_1 of both players. S, will denote hereafter the set of P1’s strategies.

With Tulcea theorem, a triplet (i, o, T) will induce a unique probability 77, +,7r) on (R x Hy).

Still the payoff function could be undefined in general for integrability reasons and we have to restrict our notion of
strategy. The integrability problem can be illustrated as follows: suppose that 7; is just a function of ji so that Bj,r,(j,), is
a finite function of ji, but it could fail to be integrable with respect to ;.

This leads us to the definition of admissible strategy: A strategy t is said admissible if for every history h! e I", the
probability induced on J" by (h!, T) is such that for all g, the random variables |Ai.j,| and |B;, j,| have finite

2 2
(h1, (h,t
conditional probability 7, s ) on J" given hl.

So, A"(h!, 1) := E”(zhl T)[ZZ:] Aj,.j,) and B"(h', 1) := E”(zm r)[Zgﬂ B;,.j,] are the expected R and N quantities in yj

2
(h',7)

expectation with respect to 7 o 77,3‘““ will denote the set of P2’s admissible strategies. Observe that m ) is just the

given that player 1 played h!. These are finite measurable functions of h'.

Let us now write formally the payoff in I};(u). Notice that y, is independent of L conditionally to h!, since P2's moves
depend on h! but not on L. Therefore, with expectations taken with respect to T(u,0,7), and assuming the integrability of
LyR + yN, we could write:

E[E[LynIh']] + E[E[yy Ih']]
=E[E[LIn']- E[yRIn']] + E[B"(h'. )]
E[LAY(h',T) + B"(h', 7)]. (1)

E[LyR +y]

Observing the last formula, the best player 1 can do to reply to t is to play a history h'(L) depending on L, that solves
the problem:

¢™(L) :=supLA"(h', T) + B"(h', 7). (2)
hl

Optimal solutions could fail to exist, but measurable e-solutions exist. Therefore a strategy t guarantees E, [¢}(L)] to P2.
As supremum of a family of affine functions of L, ¢7(L) is a convex ls.c. function from R to R U {oo} and is therefore
measurable. Since 1 € A, we also have: E,[¢7(L)] > —oo.

Notice that there could be integrability problems in Eq. (1) in general and it could be the case that E[Ly,’f + y,l;’]
is undetermined (meaning that both the positive and the negative part of Ly,'f + y,’;’ have infinite expectation) al-
though E[LA"(h',7) + B"(h', 7)] is finite. This remark leads us to define the payoff function in I} (i) as gn(u, 0, 7) ==
Exyon LAY, T) + B (W', 7)].

This definition of the payoff could still be undetermined for some pairs of strategies. However, if E,[¢] (L)] < oo, then
the payoff function gn(u, o, ) is possibly equal to —oo, but there is never indeterminacy, whatever the strategy o is.

The minimal amount player 2 can guarantee is V(i) := infre7, Eplopf (L)].

A strategy T of player 2 is optimal in I}, (w) if V() = Eulo} (D]

A strategy o is admissible for player 1, if, for all admissible strategy 7:

E[min(LA"(h', ) + B"(h', 7),0)] > —o0,

which implies that g,(u, o, t) is well defined in R U {oo}. Let Sﬁd"‘ be the set of admissible strategies for P1.
A strategy o € S29™ guarantees « to P1 if, VT € T29™: g (u,0,7) > a.
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The maximum amount P1 can guarantee in I;(u) is

Va(u):= sup inf gn(u,o,1).

oesadm TeTdm

A strategy o is optimal if it guarantees V ().
It is always true that V ,(u) < Va (n). When equality holds, the game I7;(w) is said to have a value V,(w) =V, (u) =
V().
If the game has a value, and if o* and t* are optimal strategies, then (o*, t*) is a Nash equilibrium of the game.
Conversely, if (o*, *) is a Nash equilibrium of the game, then the game has a value and o* and t* are optimal strategies.
In the “market game” example of trading mechanism described in the previous section, where both players submit a
demand function, a natural notion of price at period q¢ would be the market clearing price. However, with general trading
mechanisms, actions by the players are not necessarily price related and we have to define what we mean by the price

Lq of the risky asset R at period g. One possible definition of Ly could be based on the quotient —B'q J2 that is the

counterpart in numéraire paid per R-shares acquired. But this definition is not completely satisfying: on one hand it would

lead to technical problems in case Aj, j, = 0. On the other hand, both B;, j and A; j, are random quantities. At stage 1

for instance, the counterpart to the lottery yielding A;, j, units of R is a lottery yielding —Bj;, j, of N. So, should the price
E[Bi,j;]

prevailing at the first exchange be defined as the quotient — F[A; ;] OF E[— 11 il ]7 These two notions do not coincide in
1.1
general.
To avoid these difficulties, we prefer in this paper to define the price Lg as the price at which the risk-neutral player
P2 would agree to trade with another uninformed player: Ly = E[L|i1, ..., ig, j1, ..., jql. This definition implies in particular

that the price process is a martingale. It will also be convenient in this paper to represent this discrete time price process
(Lg)g=o,....n by a continuous time process (/1{')¢e[o,1], where the time ¢ represents the proportion of already elapsed rounds:
IT{ := Lney, where [[x]] denotes the largest integer below x.

5. Natural exchange mechanism

The notion of a trading mechanism involved in the definition of I, (i) is completely general and some mechanisms could
be unrealistic to represent actual exchanges on the stock market, for instance a dictatorial mechanism where P1 selects the
transfer vectors, regardless to P2’s action.

Rather than focusing on an explicit trading mechanism representing one particular market, we isolate in this section five
axioms (H1) to (H5) that should be met by any natural modelization of an exchange. These are expressed in terms of the
value of the one shot game. We also give some additional conditions (H1’) to (H4’) that imply the corresponding (H) axiom
and that are easier to check.

We are concerned in this paper with qualitative properties of the price process at equilibrium in I;(x) when such
equilibria exist. Even if equilibria could fail to exist in I;,(v), for v # u, we however have to assume that the value exists.
This is the content of the two versions of axiom (H1) for k =2 or oo:

(H1-A¥) Existence of the value: The game I'; (1) has a value V() for all distribution p € A¥ and all n € N.

As we will see, axioms (H3) and (H4) hereafter will imply in particular that action spaces I and J contain infinitely many
actions. Even when I and | are subsets of R™, the transfer function T will typically have some discontinuities in order to
satisfy (H5). So proving that a particular mechanism satisfies (H1) is in general fairly difficult. The problem is essentially to
prove that:

(H1'): Vi € A, the game I'1 () has a value.

Indeed, we prove in Appendix A of this paper that (H1’) joint to our following continuity assumption (H2) implies
(H1-A). We also prove that (H1’) and (H2') imply (H1-AZ2).

The second axiom is a continuity assumption of V1(u) as a function of w: if two assets R and R’ have nearly the same
the liquidation values L and L', i.e. there is a join distribution of (L, L") where, for some p € [1,2[, |L — L’||, is small, then
it is natural to expect that exchanging R or R’ will lead to similar profits for P1: V{([L]) and V([L']) should be close to
each other. Axiom (H2) is in fact a Lipschitz continuity assumption:

(H2) Continuity: 3p € [1,2[,3A e R: VL, L' € L

Va(iL) =il <AL =1 .

The Wasserstein distance Wp(u, ') of order p between w and w' € A? is defined as Wp(u, 1) := inf{|| X — X'||»:
X~ u, X ~ '}, and therefore (H2) is simply a Lipschitz continuity assumption in terms of Wp(u,u'): 3p € [1,2],
JAE€R: Vi, i € A% [Vi(w) = Vi) < A- Wy, ).

Notice that a mechanism T satisfying (H2) will clearly satisfy (H2) with p =1:

(H2') Bounded exchanges: Vi, j: |A; j| < A
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Indeed, if nature initially selects jointly the liquidation values (L,L") of two asset R and R’ and informs P1 of its joint
choice, the additional information contained in L’ is useless to play in I'j([L]), and similarly, the additional information
contained in L is useless to play in I7([L']). Viewing thus a strategy of P1 as a map from (L, L") to A(I), we may consider
that strategy spaces are identical in I'7([L]) and I'7([L']). If both players use the same strategies (o, T) in these games, the
payoffs are respectively E[A; jL + B; j] and E[A; ;L + B j]. The difference of P1's payoffs in both games E[A; j(L — L")] is
then bounded by A||L — L’||; and, as announced, (H2) is thus satisfied.

For the next two axioms, we consider a market as a system with which agents agree on trades of some asset in coun-
terpart for some numeéraire. The same system and the trading mechanism representing it could be used to trade different
assets and numeéraires.

In axiom (H3), we consider the effect of a change of numéraire: we compare two situations where the same risky asset is
exchanged for numéraire N; and N, respectively, with one unit of N1 being worth & > 0 units of N. If L is the liquidation
value of R in terms of Ny, the liquidation value of R in terms of N, will then be oL and we are thus comparing I'i([L])
with I'7([«L]). Quite intuitively, we expect to observe same value trades in both situations and the value of both game will
just differ by the scaling factor «. This is our hypothesis (H3):

(H3): Invariance with respect with the numéraire scale:
Va >0: VLe L% Vi([al])=aVq([L]).

We could see this invariance property of the value V1 as a consequence of an invariance property of the trading mech-
anism itself: when comparing I'1([L]) with I'1([eL]), we expect that the number of exchanged R-shares will be the same
in both games, but the number of Nj-shares given in counterpart in I'j([eL]) will just be the product of o and the Ni-
counterpart in Iy ([L]).

Clearly, the players will not use the same actions when trading with N; or Ny, but to each action in the Nj-trading
game corresponds an action in the Ny-game with similar effect. These correspondences between actions are represented by
the translation rules in the following axiom:

(H3): For all o > 0, there are one-to-one translation rules y1 : I — I and Y, : | — ] with the property that Vi, j: Ay, ). v,() =
Aijand By, ).y, (jy = - Bij.

If P1 plays (i) in I'1([L]) whenever he would play i in I'7([L]), then his payoff in I'1([wL]) against an action j =
Ya2(j") of P2 will be:

ETA ), y2(ih 9L + By iy, yp ()] = € E[Ai L + Bj j].

Therefore P1 can guarantee the same amount, up to a factor « in I'7([L]) and Iy ([eL]). A similar argument holds for P2,
and therefore our hypothesis (H3") implies (H3).

With the next axiom, we analyze the effect of shifting the liquidation value by a constant quantity 8: we compare the
game I7([L]), where a risky asset R with liquidation value L is traded for numéraire N, with the game I'j([L + 8]) where
a risky asset R’ is traded for N, the asset R’ consisting of one unit of R and 8 units of N. We expect to observe similar
trades in both games: the same number x of R shares will be exchanged in both cases, but the x.8 units of N included in
the x units of R’ in the second game are immediately paid back in N. In both games, the players will not use the same
actions, however, their actions in the first game can be translated into actions in the second one. This leads to the following
condition, in terms of the trading mechanism:

(H4'): For all B € R, there exist one-to-one translation rules ¢1 : I — I and ¢, : | — ] that map Pi’s actions in I'1 ([L]) to Pi’s
actions in I' ([L + B]) with the property that Vi, j: Ag, (i),¢,(j) = Ai,j and Bg, ¢i).¢,(j) = Bi,j — B - Aij.

As we will see, (H3') and (H4’) are quite natural when “price related” mechanisms are concerned, that is mechanisms
where actions are prices or demand curves as the two first examples presented in the next section. For these mechanisms,
the translation rules v; and ¢; appearing in (H3’) and (H4') are respectively a rescaling by a factor « or a shift by a constant
B of the corresponding price or demand curve.

Since the trades in I'1([L]) and I'1([L + B]) will have the same value whenever the players use their translated strategies,
it follows from (H4') that:

(H4): Invariance with respect to the risk-less part of the risky asset:
vBeR: Vi([L+ B])=Vi([L]).
Using successively (H4), (H3) and (H2) we infer that
VBeR: Vi(8])=Vi([0+ p1) = V1(10) = lim V1 ([a]) = lim atV1(1) =0.

In other words, no benefit can be made of exchanging a riskless asset for a numéraire. Notice that this last property would
be automatically satisfied by a symmetrical trading mechanism (I = J and T(i, j) = —T(j,i)). Indeed, in this case, the only
asymmetry in I'7(u) is the initial message sent to P1. When the liquidation value of R is a constant g, the game is thus a
completely symmetric zero sum game (with anti-symmetric payoff matrix) and its value V1 ([8]) must then be 0.
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In the game I ([L]), P1 could decide to ignore his private information L. Since the players are risk-neutral, the risky
asset R could then be replaced by a risk-less asset with constant liquidation value g := E[L]: without his information, P1
could then guarantee Vq([8]) = 0. So, using his information in I';([L]), P1 can guarantee a positive amount: V{([L]) > 0.
Our next axiom is that there exists a situation in which P1 can make a strict profit out of his information:

(H5): Positive value of information: 3L € L2: V;([L]) > 0.

As already explained in the introduction, this last axiom is paradoxical: on one hand, the fact that private information
has a strictly positive value on the market is so obvious that a model without (H5) would be completely unrealistic. Rating
firms can sell information at a positive price because it has a positive value. Insider trading regulation would not exist if
private information had no value. On the other hand, (H5) is only possible if the uninformed player is forced to play the
game: he would be better off if he could avoid trading. As previously mentioned, we argue that some agents, for instance
market makers, are in fact forced to trade. Notice also that most market models with asymmetric information avoid this no
trade paradox by introducing noise traders, that is traders that are forced to trade for exogenous liquidity reasons.

A trading mechanism will be referred to as k-natural if it satisfies the previous five axioms (H1-AK), (H2), ..., (H5). We
are now ready to state the main result of the paper:

Theorem 1. For k € {2, 00} and p in AKX, consider a sequence {(on, Tn)}nen of equilibria in the repeated exchange games Iy (L)
indexed by the length n of the game. Let L" be the price process at equilibrium in I;,(i1):

LZ = En(u,an,rn)[ui]a cees iq, J1sees ]q]

Then, if the trading mechanism is k-natural, the continuous time representation IT" of L™ defined as I1{" := Lﬁmu converges in finite-
dimensional distribution to the continuous martingale of maximal variation IT*.

The asymptotics of the price process is thus completely independent of the natural trading mechanism. Before proving
this theorem in Section 7, we provide in the next section some examples of natural trading mechanism.

6. Examples of natural trading mechanism
6.1. Market maker game

As a first example, let us consider the game between two asymmetrically informed market makers. At each period, they
post simultaneously a price i and j € R which are a commitment to sell or buy one unit of the risky asset at this price. If
i # j, an arbitrageur will see a possibility of arbitrage: he will buy one share of R at the lowest price and sell it immediately
at the highest one. This game, referred to hereafter as the market maker game with arbitrageur is not an exchange between
two individuals and does not belong to the class of zero-sum games analyzed in this paper. It can however be approximated
by the following trading mechanism: when i > j, one share of R goes from P2 to P1 as in the market maker with arbitrageur
game, but we now assume that both players are exchanging R at a common price f(i, j) in numéraire, where f is a function
satisfying min(i, j) < f(i, j) < max(, j), and Va > 0, VB: f(xi+B,aj+B) =« f(i, j)+ B. Symmetric transfers happen when
i < j, and there is no transfer if i = j. So, formally, the trading mechanism is represented by the transfer function

1, —fa, ) ifi>j,
T(,j):=1 (0,0 ifi =j,

In De Meyer and Moussa-Saley (2003), the particular case f(i, j) = max(i, j) was considered. Similar results would
hold for other function f as f(i, j) = Amax(i, j) + (1 — A) min(i, j), with A € [0, 1]. In that paper, the game I},(1) was
analyzed for distribution p concentrated on the two points 0, 1. The analysis was extended to general distributions € A2
in De Meyer and Moussa-Saley (2002). We prove in these papers that I3;,(«) have a value and both players have optimal
strategies. We further have a closed form formula for the value: V,(u) = max E[LS,], where the maximum is taken over
the joint distributions of (L, S,) satisfying L ~ u and S, = ZZ:] Uq is a sum of n independent random variables Ug that
are uniformly distributed on [—1, 1]. This is a Monge-Kantorovich mass transportation problem and its optimal solution
(L, Sp) is characterized by the fact that L can be expressed as the unique increasing function gZ(Sn) satisfying gz (Sp) ~ K.

It follows from this formula that (H1-A2)-(H5) are satisfied by the mechanism. Based on these explicit formulae, we can
also prove that the price process at equilibrium is given by L; = E[gZ(Sn)|U1,...,Uq]. Using the central limit theorem,
the asymptotics of this price process can then be derived, and we prove in De Meyer and Moussa-Saley (2003, 2002) that
the above Theorem 1 holds for this precise trading mechanism. The proof of Theorem 1 presented in the present paper is
however much more general as it applies to arbitrary natural trading mechanism where no closed form formulae are known
for V().

The particular mechanism dealt with in these papers is “price related” in the sense that the players’ actions are the
proposed prices for the exchange. In this setting, a natural notion of the price process for R could be the sequence of P1’s
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posted prices. We prove in De Meyer and Moussa-Saley (2003) that the price ig posted at period q will be very close to Lg,
and the posted price process will have the same asymptotic as (Lg)g=1,....n-

De Meyer and Marino (2005a, 2005b), Domansky (2007) analyze the same trading mechanism as in De Meyer and
Moussa-Saley (2003), but market makers have to post prices within a discrete grid. In this case, however, the price process
fails to converge to a CMMV. Theorem 1 does not apply in this setting since neither (H3) nor (H4) are satisfied by these
discretized mechanism: the grid should be both shift- and scale-invariant, which is impossible.

6.2. Market game

The second class of examples of natural mechanisms we will present are the following market games: Players’ actions
i and j are demand functions for asset R in terms of numéraire N. In this case, I and | are sets of strictly decreasing
functions i from R to R satisfying limp_, s i(p) > 0 and limp_. . i(p) < 0. Once i and j are selected, the market clearing
price p*(i, j) is computed, whenever it exists: it is the value of p solving the equation i(p) + j(p) = 0. The transfer vector,
representing the quantities of the risky asset and numéraire that player 1 receives during the exchange is then T(i, j) :=
>i(p*(, j)), —p*(, j)i(p*d, j))), and T(i, j) = (0, 0), if p*(i, j) fails to exist.

The set I and | must be sufficiently rich to model the market: a natural condition on action spaces is to assume
that I and ] are closed by dilatation and shift: for all « > 0 and all 8 € R, if i belongs to I then so does the function
iq,p:P = ia,p(p) :=i(ap + B). In the same way, j e J will imply jy g € J, foralla>0and g eR.

Axioms (H3) and (H4) will then be satisfied by this mechanism: we just have to prove that (H3’) and (H4’) hold. For
a > 0, define the translation maps 1 (i) := i1 and ¥2(j) := jy-1,9. Since p*(iy-1,9, ju-1,0) = @p*(i, j), we get indeed
Ay @).920) = la-1,0(P"(ig-10, Jo-1,0)) = i(P*(A, J)) = Aij and By, i)y, = =P (ig-1,05 Ja-1,0)la-1,0(P" (ia-1,0: Ja-1,0)) =
aB; j. (H3') is thus proved.

To prove (H4'), define, for 8 € R, the translation maps ¢1 (i) :=i1,—g and ¢ (j) := j1,—g. Then p*(i1,—g, j1,—g) =p*(, )+
B and (H4') follows:

Apiipa(h = i1.-p (D (I1,-p, j1.-p)) = 1(p* (A, ))) = Ai
and

Bg1().g2(i) = —i1.—-p(P* (i1.-p. j1.-p)) P* (1.4, j1.-p)
=—i(p*(i. ) (p*(i. j) + B)
= Bi,j —_— Al,]ﬂ

We next discuss axiom (H5) in the market game model. This axiom precludes P2 from no trading and the zero demand
function could therefore not belong to ] nor be approximated by an element of ] in order to (H5) to hold. In fact, this
condition will imply that any function j € J is discontinuous at the point y :=sup{p: j(p) > 0}. At this threshold price y,
P2 passes from a strictly buying position (limp_<)y j(p) > 0) to a strictly selling one (limpz)y j(p) < 0). Would indeed j
be continuous at y, the function jg, ), which belongs to ] by our previous hypothesis, would tend to the zero demand
function as @ — 0, and P2 could guarantee the zero trade.

To illustrate the above discussion, let us consider the following simple example: Let I be the set of functions % for
o >0,q € R, where i*9(p) := % if o > 0 and i%9 is the inelastic demand function at price . An action i of P1 can thus
be identified with the corresponding pair (g, ). Let ] be the set of functions j™ for some r € R, where j*(p):=1if p <r,
j"(p):=—11if p>rand j(p) :=0 if p=r. The market clearing price in this setup will be p*(«,q, ") =q -« if g —a >,
p*(,q,1)=q+ a if g+ «a <, and there will be no clearing price if ¢ — o <r <q+ «. It is convenient to represent a pair
(o, q) by a pair (x, y), with x:=q — @ < y =: q + «. With these notations, the trading mechanism is thus

(1,%) ifr <x,
Tx,y,n=1(-1,y) ifr>y,
0,00 ifx<r<y.

This game could then also be viewed as an exchange between an informed market maker (P1) posting a bid x and an ask
y and an investor who is forced to trade: he can just decide the price r at which he switches from a buying position to a
selling one.

We now prove that this mechanism satisfies (H1’). Let u € A® and let K be a compact interval of positive length such
that w(K) = 1. A pure strategy for P1 in I (i) is a pair of functions (X, Y) that maps the liquidation value L to the action
X(L), Y(L). If P2 plays a pure strategy r, the payoff is E,[g(L, X(L), Y(L), )], where, with x (x) := L{x<q):

gll,x,y,n)=L-X)xTr—x)+y—-Lxy—r). (3)

Notice that a strategy (X, Y) is always dominated by (X’,Y’) where X'(L) := min(L, X(L)) and Y'(L) := max(L, Y(L)). We
may therefore restrict P1’s pure strategy space to the set of pairs (X, Y) satisfying VL: X(L) <L < Y(L). Next observe that
if one player plays in K with probability 1, the other player has K-valued e-best reply: I (i) will have the same value as
the restricted game where both players have to play in K. This last game has indeed a value V1(u) in mixed strategies and
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P2 has an optimal strategy t*, as it results from Proposition 1.17 in Mertens et al. (1994): K is compact, and due to our
assumption VL: X(L) <L < Y(L), the coefficients of x in (3) are positive and g(X, Y, r) is thus lower semicontinuous in r.

With this mechanism, there is at most one share of R exchanged, and thus (H2’) holds. With Theorem 24, we thus
conclude that (H1-A2%) holds and axiom (H2) is implied by (H2). Since I and J are closed for shift and dilatation, (H3)
and (H4) will hold. Finally, to prove that (H5) holds, consider the measure w that puts a weight 1/2 on both 0 and 1. The
following strategy (X, Y) guarantees 1/8 to P1 in I"(u)

3/4 ifL=1,
0 ifL=0

1/4 ifL=0,

X“%:{ 1 ifL=1,

and Y(L):= {
and V{(u) > 1/8 > 0. The mechanism is thus 2-natural.
6.3. Canonical games

We conclude this section with a technical remark to show the class of games we are analyzing in this paper is far
from empty: We provide a general way to generate natural trading mechanisms. If a function V : A2 — R is the value of a
game with one sided information where the state of nature space is R, it is well known that V must be both concave and
Blackwell increasing. This last property means that if (Y1, Y2) is a random vector such that E[Y,|Y ] = Y1, then V([Y2]) >
V([Y1]). We argue here that any function V with these properties and satisfying further (H2) to (H5) can be implemented
as the value of a game with a natural trading mechanism. V (u) := (E,[|L — EM[L]|P])1/I’, 1< p <2, is an example of such
a function. A concave function V is the infimum of the linear functionals by which it is dominated. In this setting, the
continuous linear functionals of measures are maps of the form @ — E, [¢(L)], where ¢ is a continuous function. Therefore
if @ is the set of continuous functions ¢ such that Vu: E, [¢(L)] > V (u), we will have Vuu: V() = infyee E;[¢(L)]. The
Blackwell monotonicity indicates that only convex functions ¢ in @ are to be considered: in other words, if @V®* is the set
of convex ¢ in @ then Yu: V(1) = infgeqvex E;[¢(L)]. A proof of this property can be found in De Meyer et al. (2009).

By a density argument, the set @1Ve% of continuously differentiable functions ¢ in ®'®* will have the same property:

vur Vo= inf Ex[eD] 4)

Consider then the following trading mechanism: I =R, ] =®!V™ and Vi e I, ¢ € @1V, T(i, ¢) is defined as: T(i, ¢) :=
(¢'(D), p (i) — i’ (D).

With this trading mechanism, both players can guarantee V(u) in I'1(w). Indeed if P2 plays ¢ in I'7(w), for all pure
strategy i(L), the payoff will be E,[¢'(i(L))(L —i(L)) + ¢(i(L))] which is less than E,[¢(L)], as a consequence of the
convexity of ¢. Minimizing this in ¢, P2 can the guarantee V (u) in Iy (w), as it follows from (4).

P1 can guarantee the same amount with the pure strategy i*(L) := L. Indeed, if P2 plays ¢ the payoff is then E, [¢(L)] >
V().

Therefore V (u) is the value of I'j(u) and thus Vi =V will satisfy (H1’) and thus (H1-A®), as it follows from Theo-
rem 24. According to our assumption on V the mechanism will also satisfy (H2) to (H5): It thus is an co-natural mechanism.

In the above game, the strategy space J could be reduced to any subset F of ¢!V®* such that Vu: V(u) =
infger E;[¢(L)]. As an application of this remark, let f be a strictly positive continuously differentiable convex function
such that f(x)/(1+|x|P) is bounded on R for some p € [1, 2[. If F denotes then the set of ¢ of the form as ¢ (L) = otf(L;—ﬁ)
for some « > 0 and B € R. Then the function V(u) :=infy-q E,L[af(L;—’g)] is the value of the game I'y1(u) with the fol-
lowing trading mechanism: In this case a function ¢ € E can be identified with the corresponding pair (c, 8), and thus
J=@R"xR),I=Rand T(i,a, B) = (f’(%), af(%) — if’(%)). The resulting mechanism will be co-natural.

7. P1’s martingale optimization problem

In this section we show that the choice of a strategy for player 1 turns out to be a choice of the optimal rate of revelation
of his private information. If, at period q, P1 uses a strategy that depends on his information L, P2 will make a Bayesian
reevaluation of his beliefs about L. Therefore, the price Lg, which is the expectation of L with respect to P2’s believe after
stage g, will be different of Ly_1. The amount of information revealed can thus be represented by the price process. The
optimal rate of revelation for P1 will be that for which the price process L is optimal in the maximization problem (6) here
below.

If Y is a random variable on a probability space (£2,.4, P) and if H C A is a o-algebra, the probability distribution of
Y will be denoted [Y], and the conditional distribution of Y given H will be [Y|H]. We will also write I};,[Y] and V,[Y]
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instead of I';([Y]) and V,([Y]). In particular V;[Y|H] is an H-measurable random variable.2 Let W, (1) be the set of pairs
(F, X) where F := (Fg)g=o0,...n+1 is a filtration on a probability space, and X = (Xg)¢=o,...n+1 is an F-martingale whose
n + 1-th value X;1 is u-distributed. For (F, X) € Wy (), we define V,(F, X) as:

n—1
Vn(F, X) = E|:Z Vi [xq+1|fq]}. (5)

q=0
Let us also define V(i) as
Va(i) := sup{Vu(F, X): (F, X) e Wa()}. (6)

Lemma 2. For all 1 € A%: V(1) = Vi ().

Proof. Given (F, X) € W, (i) on a probability space (£2, A, P), we have to prove that P1 can guarantee V,(F, X) in I;,(i).
At the initial stage of I7,(w), nature selects a p distributed random variable L and informs P1 of its choice. We can clearly
assume that nature uses the probability space (§2,.4, P) as lottery and sets L = Xpt1, since Xp4+1 ~ n. We can also as-
sume that P1 observes the whole space (§2, A, P). He can therefore adopt the following strategy in I;,[X,+1]: at stage q
he plays an e-optimal strategy oy in I'1[Xq11/Fg]. The probability distribution o used by P1 to select iq is thus measur-
able with respect to o (Fg, Xg4+1) C Fq41 and ig is chosen independently of X;;1 conditionally to o (Fg, Xq+1). Therefore
E[Xny1lo (Fq, Xq41, ig)] = E[Xn41lo (Fq, Xg+1)]1 = Xg41, since X is an F-martingale. The payoff at stage ¢ is thus:

E[Ai, , Xn+1 + Biy r,] = E[Ai z, Xq41 + Biy. 2,1 = E[E[Ai, z, X1 + Biy 1,1 Fq1].

Since the move of P1 is e-optimal in I'1[Xq+1|F4], he gets at least V1[Xq11|F4] — € conditionally to F;. The result follows
then easily since € > 0 is arbitrary. O

Lemma 3. For all it € A%: V() < V().

Proof. We will prove that P1 will not be able to guarantee a higher payoff than V,(u). Indeed, let o be a strategy of P1 in
I (). To reply to o, P2 may adopt the following strategy: since he knows o1, he may compute the distribution of L{ :=
E[Lli1]. He plays then an e-optimal strategy 71 in I'[L1]. At period q, he computes [Lq|Hg—1], with Hg := 0 (i1, j1...iq, jg)»
where Lg := E[L|ig, Hq—1], and plays an e-optimal strategy 74 in I'1[Lq|Hq—1]. Clearly, we also have Ly = E[L|Hg], since
conditionally to H4—1, the move jg is independent of L. Therefore, with Hp1 := 0 (L, Hn), Lny1 :=1L, Ho :={0, (I x )" xR},
Lo:=E[L], [ := (Lg)g=0,...n+1 and H := (Hg)g=0,..n+1, the pair (H, L) belongs to Wy (u).

With that reply P1’s conditional payoff at period g, given Hy_1 is the at most V[Lg|Hg—1]4 € and the overall payoff in
Ty(w) is then less than V,(H, L) +ne < Vp(u) +ne. O

,,,,,

Theorem 4. If the mechanism satisfies (H1-A¥) (k € {2, oo}), then for all i € AX: v, (W) = V(). Furthermore, if o, T are opti-
mal strategies in I'n(w), if Lg := Ex(u,0,0)[LIHql, where Hq := o (i1, j1...iq, jq), and L := (Lq)q=o0,... n+1, then (H, L) solves the
maximization problem (6).

,,,,,

Proof. The first claim follows the two previous lemmas and the fact that the value exists as stated in (H1-AK).

Let us next assume that the players are playing a pair (o, T) of optimal strategies in I3 (). Let Xy denote the expecta-
tion, conditional to Hg, of the sum of the n — q stage payoffs following stage q.

Let us then first observe that, for all g, X; must be at least V,_4[L|H4]. Otherwise P1 could deviate from stage q + 1
on to an e-optimal strategy in I';,_4[L|H4], obtaining thus a higher payoff against 7 than with o, which is impossible since
(o, 1) is an equilibrium of the game.

At period g, P2 may compute vq_1 := V1[Lg|Hg—1] and ug—1 := E[Aj, j,Lq + Bi,.j,IHg—1]. On the event {vq_1 <ug_1}, P2
could then deviate at stage q with an e-optimal strategy in I'i[Lg|Hq—1], bringing the expected payoff of that stage to less
than vq_1 + €. Provided € is small enough, this is strictly less than the payoff ug_1 P1 would obtain with 7. This deviation
will not change the behavior of P1 at period g, and the distribution [L|H4] remains thus unchanged.

2 The set A of probability measures on R may be endowed with the weak*-topology: the weakest topology such that ¢g : ;L — E;[g] is continuous,

for all continuous bounded function g:R — R. If Y is a random variable on a probability space (£2, .4, P) and if H C A is a o -algebra, the conditional
distribution [Y|H] can then be seen as a measurable map from (§2,H) to (A, Ba) where Ba denotes the Borel o-algebra on A corresponding to the
weak*-topology. Let A7 be the set of 1 € A such that [|¢]l;2 <. A? is a closed subset of A. (Indeed A? =, ¢z, ([0, 72]), where g;(x) := min(x?,n).) We
next prove that the restriction of V; to Af is continuous: If {ip}neny C Af converges weakly to u, then, according to Skorokhod representation theorem,
there exists a sequence X, of random variables with X, ~ u, that converges as. to X ~ w. Since || X, — X||;2 < 2r, we conclude that |X, — X|P is a
uniformly integrable sequence (p < 2), and thus || X, — X||;p — 0, implying with (H2) that V{[X,] — V1[X]. So V is indeed continuous on Af. Therefore
V1 : A% — R is measurable on the trace B2 of B on A2, Let next [Y] be in A2, As the composition of the measurable maps [Y|H]: (2, H) — (A2, Br2)
and V; : (A2, Ba2) — (R, Br), V1[Y|H], is thus HH-measurable, as announced.
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If, after stage q, P2 follows with an €-optimal strategy in I,_q[L|H4], the payoff Y, of P1 in the n — q last stages will
be less than or equal to Vy_g[LIHq] + € < Xq + €. Therefore, (. o,7)[Vq—1 < tlg—1] =0, since otherwise, P2 would have a
profitable deviation: vq_1 + € + Yq < vg—1 + Xq + 2€ <ug—1 + Xg, if € is small enough.

So for all q, E[vg—1] > E[ug—1]. Summing up all these inequalities, we get V,(H, D> gi(u,o,t) = V() = Va(u), and
the second assertion is proved. O

8. The asymptotic behavior of martingales of maximal variation

In this section, we define the M-variation of a martingale and we analyze in Theorem 5 the limit behavior of the
martingales maximizing this M-variation. As we will see at the end of this section, Theorem 1 is a simple corollary of
Theorem 4 and Theorem 5.

Let us start with some notations. Lg will denote hereafter the set of random variables X € L% such that E[X] =0, and
A(Z) be the set of measure ;& on R such that X ~ u implies X € L(Z). For a function M : A% — R, and a random variable
X in L(z), we will write M[X] instead of M([X]). W,(u) was defined in Section 7 as the set of pairs (F, X) where F :=
(Fq)g=0,...n+1 is a filtration on a probability space, and X = (Xg)¢=o,....n+1 is an F-martingale X whose n+ 1-th value X;41
is u-distributed. Observe that if ;& € A% and (F, X) € Wy(u), then [Xg+1 — XqlFql € A%, and we may therefore define the
M-variation VM(F, X) as

n—1
VM(F, X) ::E|:ZM[X,H1 —xq|fq]}. (7)

4=0

Since we only will deal in this paper with functions M that are Lipschitz in LP-norm for p < 2, we refer to footnote 2 on
page 52 for a proof of the measurability of M[Xq41 — Xq|Fg]. Let us next define V,’.‘," (n) as

VM () == sup{ VY (F, X): (F, X) e Wa(w)}. (8)

For € A?, the function fi was defined in Section 2 as the unique increasing function such that f,(Z) ~ u when
Z ~N(0,1). The CMMV IT* was also defined there as 1'[[“ = E[fu(B1)|(Bs)s<t], where B is a standard Brownian motion.
With these definitions, we are ready to state the main result of this section:

Theorem 5. If M satisfies:

(i) For all random variable X € L(Z), Ya > 0: MlaX]=aM[X].
(ii) There exist p € [1,2[ and A € R such that forall X,Y € L%:

IMIX] = M[Y1| < AIX = Yl

Then for all |1 € A2,

i V0 (W)

Jim =22 = o E[fu(2)Z],
where Z ~ N(0,1) and p :=sup{M(v): v € A2, |[v]2 <1}.

Furthermore, if p > 0 and if, for alln, (F", X™) € Wy (1) satisfies V,ﬁ"' (F', X" = \_),’X’(u), then the continuous time representation
IT" of X" defined as IT]' := Xﬁn»t]] converges in finite-dimensional distribution to the CMMV ITH.

This theorem justifies our terminology when referring to I7# as the continuous martingale of maximal variation corre-
sponding to .

With M[X]:= [ X|1, V,ﬁv'(}', X) is just the L!-variation of the martingale X and we recover here Mertens and Zamir’s
(1977) result on the maximal variation of a bounded martingale, taking w such that pw({1}) =s, u({0}) =1 —s. With
MI[X]:= || X|tr, with p € [1, 2] we also recover the results of De Meyer (1998). The proof presented here is in fact inspired
by this last paper.

The previous theorem implies also Theorem 1.

Proof of Theorem 1. Indeed, (H4) indicates that for all variable X: V{[X] = V1[(X — E[X])] and thus also, if F is a o-
algebra: V1[X|F] = V1[(X — E[X|F])|F]. Therefore, if (F, X) € Wy(1), the function V,(F, X) defined in (5) is just equal
to:

Va(F, X) = V' (F. X).



54 B. De Meyer / Games and Economic Behavior 69 (2010) 42-71

Since (H3) indicates that V; satisfies the first condition of Theorem 5, (H2) indicates that V; fulfills the second one and
(H5) indicates that p > 0, Theorem 1 follows then from Theorem 4. As a byproduct, we also get that limp_ co % =

p-Elfu(D)Z). O

Notice that the techniques presented in this paper could also be applied to analyze general repeated zero-sum game, and
Mertens and Zamir's (1976) result is in fact an easy consequence of Theorem 5 and of an adapted version of Theorem 4.

The remaining sections of this paper are devoted to the proof of Theorem 5 that relies on duality techniques, a central
limit theorem for martingales and a Skorokhod embedding of martingales in the Brownian filtration. With these techniques,
the problem of maximizing the M-variation of martingales will become a problem of maximizing a covariation as introduced
in the next section.

We provide an upper bound for M in Section 10 that leads to an upper bound for V,ﬁv' in the next one. We will then

M
conclude in Section 13 that p - E[f,(Z)Z] dominates the limsup of V“—g‘) using a central limit theorem for martingales

Jn
presented in Section 12.

VMW

In Section 14, we prove that p - E[f,,(Z)Z] is the liminf of v

" to Im*.

Notice that the case p = 0 is trivial in Theorem 5, since then M[xt] <0 for all 4 in A2, and thus the constant martingale
Xq = E[Xn41], for all ¢ <n and Xpyq1 ~ w will be optimal in the maximization problem (8), and so 172/’(11«) =0. In the
sequel, we therefore assume p > 0.

As a remark, observe that the hypothesis p < 2 in (ii) of Theorem 5 could not be weakened in p < 2. A counterexample
of this is given at the end of Section 13.

, and in Section 15, we prove the convergence of the

9. The maximal covariation

In this section, we solve an auxiliary optimization problem that will be central in our argument: it explains where the
expression E[ f, (Z)Z] appearing in Theorem 5 comes from. It is a classical Monge-Kantorovich mass transportation problem
and claim (1) in the next theorem is well known. However, claim (2) is original and a proof is needed.

In this section all random variables will be on a probability space (£2,.4, P), and Z will denote an A'(0,1) random
variable.

Theorem 6. For 1 € A" let us define a () :=sup{E[XZ]: X ~ u} then

(1) a(n) = E[fu(2)Z].
(2) If {Xn}nen is a sequence of u-distributed random variables such that E[X,Z] converges to (i) then Xy, converges in L'-norm to

fu (D).

Proof. Let X be a p-distributed random variable. For a real number x, we set x* := max{x, 0} and x~ := (—x)™. Since
we A", XtZ and X~ Z are in L' and with Fubini-Tonelli theorem

o0 oo
E[X*Z]:E[/Jl{ch}-ztic} :/E[]l{ch}Z]dc.
0 0
Similarly, E[X~ - Z] = [* E[1{c<—xZ]dc. Therefore
[o¢]

E[(fu(2)" - 2] —E[X+'Z]=/E[(ﬂ[c<fﬂ<2>} — Lie<x))Z] de,

0
00

E[(fu(@) -Z] - E[X™-Z]= / E[(Lic<—fu2)) — Lie<—x))Z] dc.
0
Now observe that X and f,(Z) have the same distribution. Therefore
ver E[(Lie<s @) — Le<x) ] =0=E[(Lie<—f,(2)) — Lic<—x))]

and we infer that

E[(fu(@)" 2] - E[x"- 2] = / E[(Aie< o2 — Te<sx)(Z = f71(©)] de,
0
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e}

E[(fu(@) -Z] - E[X™-Z]= / E[(Lea—f2) — Lie<—x)(Z — £ (=0))] de
0

where f;l is the left continuous inverse of f: f;zl(c) =inf{s: f,(s) >c}.
An easy computation shows that
Lie<fu@) — Lie<x) = Lix<e<fu @) — L fu@<e<xys
Lic<—fu@) = Le<—x) = Lfu@)<—e<x) — LX<—c<fu@))-

Since ¢ < fu(Z) if and only if fljl (c) < Z, we conclude that

E[(fu(2)" - 2] - E[x" - Z] :/E[h(X,Z,c)]dc,

E[(fu(2) -Z]—E[X™-Z]= | E[-h(X,Z,—0)]dc

where
h(X, Z,¢) = (Ux<c<fu @) + Lifu2y<c<x) - | Z — f,fl(C)|~

Since x = x* — x~, we get thus E[f,(Z) - Z] — E[X - Z] = [* E[h(X, Z,c)]dc. Observing that h(X,Z,c) > 0, we get
E[fu(Z)-Z] > E[X - Z], and assertion (1) follows.

We next prove claim (2). Let {Xp}nen be a sequence of u-distributed random variables such that E[X,Z] converges to
o (). Then ffooo E[h(Xn, Z, c)]dc converges to 0, and, since h(X;, Z,c) > 0, we conclude that h(X,(w), Z(w), c) converges
to 0 in P ® A-measure on the measure space (2 x R, A® Bg, P ® 1), where A is the Lebesgue measure and By is the
Borelean tribe on R.

As a consequence, there exists a subsequence {X;}nen Of {Xn}nen, such that h(X) (w), Z(w), c) converges P ® A-a.e. to 0.
Next

h(Xp. Z.c) =1(Xp. Z.¢) - |2 = f,' (0]
with I(X,,_l, Z, C) = (]].{X”I<C<fu(z)} + ]]'{fu(z)<5<xr/1})' so that

!
[(Xo(@), Z(@),€) L7 2510y
converges P ® \-a.e. to 0.

Since Vc: P(Z(w) = f;l(c)) =0, (X}, (), Z(w), c) converges also P ® A-a.e. to 0, and since | is bounded by 2, we

conclude with Lebesgue dominated convergence theorem that for all K < co: limy— fl(K E[l(X}, Z, c)]dc = 0. Now, observe
that with Tonelli’s theorem:

K K
/ E[I(Xy, Z,c)]dc= E[ / Myxp<c<fu(zy + IL{fu<2><c<x,a})df}
—K —K

]

= E[|Tk(X}) — Tk (£ (2))

where Tk (x) := max(min(x, K), —K). Now

[X0 = Fu @ < 1% = Tie () | + 1Tk (X0) = T (Fu@) | + 1T (f(2) = Fu @] -

Since X; and f;,(Z) are u-distributed, the first and the third terms are equal and are just a function g(K). So, VK,
limsup,_, o 11Xy, — fu(2)lln < 2g(K). Next, since X € L', we get limg_,» g(K) =0, and we conclude therefore that X/
converges to f,,(Z) in L.

We thus have proved that any maximizing sequence {X;}npen (i.e. such that E[X;Z] — «(u)) contains a subsequence
{X,}nen that converges in L! to f1(Z). This implies clearly that any maximizing sequence converges to f,(Z) in L' and
claim (2) is thus proved. O
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10. An upper bound for M

On a probability space (2,4, P), for ¢ >1 and r > 0, let BY(£2, A, P) be the set BY(2, A, P) := {X € L2(£2, A, P)|
I X|lza <r}. Let next B*($2, A, P) be defined as:

B*(2,A,P):=B5(2, A, P)NBY, (2, A, P),
with A, p and p as in Theorem 5 and p’ such that % % =1. Let us finally define, for X € L?(£2, A, P):

B(X) :=sup{E[XY]: Y € B*(2, A, P)}. (9)

Due to Jensen’s inequality, for all r > 1, ||[E[Y|X]|lrr < ||Y|lrr. Therefore, if Y € B*($2, A, P) then E[Y|X] € B*(£2, A, P).
So, we infer that B(X) = sup{E[Xf(X)]: f(X) € B*(£2, A, P)}, and therefore B(X) just depends on the distribution [X]. In
other words, if [X] = [X'], then B(X) = B(X’), even if X and X’ are defined on different probability spaces. We will therefore
abuse the notations and write B[X] instead of B(X).

Lemma 7.

(1) Forall X e L3(2, A, P): M[X]< p - | X[l 2.
(2) IfB(£2, A, P):={X € L%(2, A, P): B[X]< 1}, then

B(82, A, P) C conv(B3 (2, A, P) UB”, (2, A, P)).
P 2A
(3) Forall X € L(52, A, P): B[X] > M[X].

Proof. Claim (1) is an obvious consequence of the definition of p as sup{M[X]: X € L(Z], IXll;2 < 1} and of the 1-
homogeneity of M.
We next prove claim (2): Let C denote conv(B2 (£2, A, P) U BP, (2, A, P)). Since B2 (£2, A, P) and BP, (2, A, P) are
? 2 ? 2A

bounded convex closed sets in L2-norm (p < 2), they are weakly compact. C is therefore closed. Therefore, if Z € L?(£2, A, P)

does not belong to C, we can separate {Z} and C in L?(£2, A, P) by a separating vector Y: E[YZ] > o :=sup{E[YX]: X €C}.

In particular > sup{E[YX]: X e B2} = % Y12, and & > sup{E[YX]: X € B, } = 2% - ||Y||,,. This indicates that Y’ :=
7 24

é € B*(2, A, P). Therefore B[Z] > E[Y'Z] > 1 and so Z ¢ B(£2, A, P). So the complementary of C is included in the
complementary of B(§2, A, P), or equivalently: B($2, A, P) CC.

To prove claim (3) observe that both M and B are 1-homogeneous on L(z)(Q,A, P). Therefore, we just have to prove
that, for all X € L%(Q, A, P), M[X] <1 whenever B[X] < 1. But if B[X] <1, then X € B(£2, A, P). So, by the previous claim
X € C. Since C is the convex hull of two convex sets, we get that X =AY + 1Y/, with A,A’ >0, A+1 =1,Y € le and

)

Y’ € B, . Since E[X] =0, we also have X =A(Y — E[Y]) + A’ (Y' — E[Y']). Due to property (ii) in Theorem 5, we get:
74

MIXT< M[A(Y — E[YT)] + AV (Y = E[Y'])] -

Since ||[(Y —E[YDIl2 <Yz < %, it follows from claim (1) that the first term is bounded by A. The second one is bounded
by A" since ||Y — E[Y'1lle <Y llze + NELY UIe < 2| |I1p < %. Thus M[X] < 1 and the lemma is proved. O

11. An upper bound for V¥ (u)

For (F, X) € Wh(w), V,’lv’(f, X) was defined in (7). The term M[Xg41 — X4|F4] involved there is then dominated by
B[Xg+1 — XqlFq], and we will next focus on the B variation VnB (F, X) that dominates the M-variation.

The next lemma presents E[B[Xg41 — Xq|Fg]] as the result of an optimization problem.

Let F; C > be two o-algebras on a probability space (£2, 4, P). Let B*(F,|F;) denote the set of Y € L2(F3) such that
E[Y2|F11< p? and E[|Y|P |F1]1 < 2A)P . Let Bt ¢, (F2lF1) denote the set of Y € L?(F>) such that

(1) E[Y|F1]=0;
(2) EL[Y?|F1] = p?;
(3) ENYIPIF]<CP.

Lemma 8.

(1) Forall X € L3(F>):
E[B[X|F1]] = sup{E[XY]|Y € B*(F2|F1)}.
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(2) If there exists in L2(§2, F», P) a random variable U that is independent of o (F1, X) and taking the values 1 and —1 with proba-
bility 1/2 then

E[B[X|F1]] < sup{E[XY]|Y € pr’4A+p)(f2|}'1)}.

Proof. If X € L2(F,) and Y € B*(F»|F;) then E[XY]= E[E[XY|F:]]. Since conditionally to F;, Y belongs to B*, we get
E[XY|F1] < B[X|F1], and thus E[B[X|F:1]] > sup{E[XY]|Y € B*(F|F1)}.

To prove the reverse inequality, we just have to prove that, Ve > 0, there exists a measurable map ¢ : A2 x R — R such
that, Viu € A2, if X ~ i, then E[¢ (i, X)21< p2, E[l¢ (e, X)|P'1< 2A)P and B(p) — € < E[X¢ (1, X)]. Indeed, the random
variable Y := ¢ ([X|F1], X) belongs then to B*(F,|F7) and E[XY] > E[B[X|F1]] — €.

We now prove the existence of such a measurable map. As argued just after Eq. (9), B(u) = sup{E,[Xf(X)]:
Eu[f(X)z] < p% E.llf(X)IP1< (2A)P}. Since there exists a countable set {fu}nen of continuous functions, with fo =0, that
is dense in L2(R, Bg, w), for all u € A2, we also have B(i) = sup, gn (1), where gn (i) := E, [Xfn(X)] if E,[fa(X)?] < p?
and E,[|fa(X)IP1 < (2A)P, and gn(u) := 0 otherwise. The maps i — gn(w) are measurable with respect to the Borel
o-algebra B, associated with the weak topology on AZ. Indeed, the maps u — EulXfu(X)], u — E,l[fn(X)z] and
u — Eullfa(X)|P] are weakly continuous and thus measurable with respect to B,2. We infer therefore that u — B(u)
and thus @ — B(u) — ga(w) are also B,2-measurable. For € > 0, we may then define N(u) as the smallest integer n such
that B(u) — gn(u) < €. The map ¢ : (i, X) — fn (%) will therefore be measurable.

It has also the required properties: Yu € A2, if X ~ 1, then E[¢ (1, X)21< p2, E[l¢p (i, X)|P'1 < (2A)P and B(u) — € <
E[X¢(u, X)1.

Indeed, for all & € A2, either B(u) < €, which implies N(t) =0 and thus Eplfngy(X)X]1=02= B(u) — €, since fop=0.
We also have in this case Eu[fﬁ,(m(X)] =0<p? and E,[| fng (X)IP1=0< (2A)P.

Or, B(u) > €, and thus gn(.) (1) > 0, which indicates that EM[f,%,(M)(X)] < P2, EullfngyX)IP1 < (2A)P and also
Eplfng (X)X]=gnw) () > B(u) — €, as it results from the definition of gj.

We next turn to claim (2): Just observe that if Y € B*(F,|F1), then Y’ := E[Y|X] also belongs to B*(F;|F1) and has
thus the property that E[XY] = E[XY']. Now, consider Y” :=Y’ —E[Y'|F;]. Since X € L(z)(f2|.7-"1), we have E[XE[Y'|F1]]=0.
Therefore E[XY] = E[XY"]. Now, observe that

0% = E[(v") 17 ] = E[(Y)*17A] - (E[Y'IA])° < E[Y2| 7] < p2.

Finally, let Y”” be defined as Y :=Y" 4+ /p% — 02U, since U is independent of o (Fi, X), and since Y” is measurable on
this o -algebra, we get obviously

E[XYI=E[XY"],  E[Y"|71]=0 and E[(Y")’|F1]= 0>
/ 1 /
Observing that (E[(Y")P'|F1])*" is just a conditional LP -norm, we get

E[y" " 1m) 7 < E[Y[P1R])T +p
1

E[JY'[P17]) 7 + (E[[E[Y17] [P 17]) 7 + o

N
N~~~

Therefore, for all Y € B*(F;3|F1), thereis a Y € B&AMM (F>|F1) such that E[XY] = E[XY"], and claim (2) then follows
from claim (1). O

Let us now use this lemma to compute Vr’,v’(]-', X) for a pair (F, X) € Wy () defined on a probability space (§2, A, P).
Let us first enlarge this space obtaining a new one (£2/, A, P") where A may be seen as a sub-o-algebra of A’, P’ and
P coincide on A and where there is a system of n independent random variables (Ug)q=1,...n, independent of A, with
P'(Ug=1)=P/(Ug =—1) =1/2. Consider next the filtration F” defined by _7-"4 =0 (Fq, Ux, k< q). X is then also a martin-
gale on F’ and [Xg41 — Xql1Fql = [Xg41 — Xq|.7-'é]. Therefore

VM(F, X) <VEF, X) =VE(F, X).

H £
We will denote B(pAAer

Then, since Xq — Xq-1 € L(z)(}'é|fé_]), we may apply claim (2) of last lemma to get

)(]-'/) the set of F'- adapted processes Y such that forallq=1,...,n: Yq € Bz‘p’4A+p)(]-'é|]-'é_1).
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n

Vi (F,X) = Z E[B[Xq — Xq-1175_41]]
q=1
n

< sup Y CE[(Xg— Xgo1) - Yl
YEBY, 4pip F) g1

Since X is an F’-martingale and E[Yq|}"éfl] =0, we get
E[(Xq — Xg-1) - Yq] = E[Xq - Yql = E[E[Xn111F] - Yq] = E[Xn11 - Yql,

and therefore

n
VH(F, X) < sup E [x,m > Yqi|. (10)
YEBY, 4p10)(F) q=1
For a given Y € pr,4A+p) (F"), let Sq be defined as Sg:=0, Sq:= Sq—1 + Yg. Observe then that S is an F’-martingale.
We will denote Sy 44+p)(F’) the set of F'-martingale S whose increments Sq1 — Sq belong to szp.,4A+p)(]:é|ft;—1)’ for
all g, and such that So = 0. The last formula becomes then
VrIIVI(]_-/’ X) < sup E[Xn+1 . Sn] (1-1)

SES:p,4A+p)(}—/)

Let us make two comments on the last formula: the quantity V,f,‘/’(f/, X) depends on the laws [Xg41 — X4|F4] which
are intimately related to the filtration . The bound we found in the last formula just depends on the laws [Xg41 —
XqlX1,..., Xql. Therefore, if we create a martingale X on another filtration ¢ with the same law as X — we call this
procedure the embedding of X in the filtration G —, the right-hand side of last inequality can equivalently be evaluated
on X.

The second comment is that we will have to deal wit

Se S(*pA 4A+p) (F). Since the increments of S have a conditional variance equal to o2, % will be approximatively normally

distributed, due to a central limit theorem for martingales. We need however precise bounds for this approximation. These
bounds are provided in the next section which is in fact the crux point of the argument. We embed there both martingales

- and X in a Brownian filtration.
o

VMF' X . n
h % and will then have to evaluate E[X;y1 - %], for

12. The embedding in the Brownian filtration

Let B be a Brownian motion on a probability space (£2q, Ao, Po) and let G be the natural filtration of B. Skorokhod
posed the following question: Given a probability distribution @ € AP, is there a G-stopping time 6 such that By ~ u? To
avoid trivial uninteresting solutions to this problem, one further requires that E[# p?] < o0. It is well known that Skorokhod’s

problem has a solution for all u € Ag, (see for instance Azéma and Yor, 1979) and we will denote 6,, one of these solutions.
We also will need the following fact: For all p’ > 1, there exist two non-negative constants c, and C,, called the
Burkholder-Davis-Gundy constants (see Burkholder, 1973), such that, for all G-stopping times 7 > t’:

E[t¥] <00 = ¢y E[(r )% 100 ] <E[IBr — Bol? 1G] < Cp - E[(r — ) T I ].

In the particular case p’ =2, we have c; =Cy =1.

v . R
such that E[t,* ] < oo and such that both processes R and R have the same distribution where Rq := By,

Proof. Just take tg :=6[g,; so that [Rg] =[Bg]=[Ro]. Once 74 is defined, define 744 as follows: B} := B+t — By, is an-
other Brownian motion on its natural filtration G'. For all (rg,...,1q) € RI*! define 6(ry, ..., rq) =0
where % is a solution of w-Skorokhod's problem for the Brownian motion B’. This mapping can be chosen measur-

able from RI*! to (£20,.Ag), and define 7q41 := 74 + O(Ro, ..., Rg). Then Rgy1 — Rq = By — By = Bé(izo ’’’’’ " There-
fore [Rgy1 — RqlRo, ..., Rql = [Rg4+1 — RqlRo, ..., Rq]. We then conclude that R and R have the same laws. Next, since

P

Cp - E[é(fi’o, e ﬁq)p? 1Gz,1 < E[(ﬁqﬂ — feq)ﬂ’|g,q], we conclude by induction that E[7,° ] <oco. O

We are now ready to start the embedding procedure. Let us consider (F’, X) € Wy(u) and S € S(*p 4A+p)(}—/)’ as in the
last section.
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Let R denote R := —-.
p/n )
we define 19 =0, 7:% :=¢ and Rg :=0. There exists a function fy such that [fo(x/€Z)] =[Xo] if Z~N(0,1) and we set

5(0 := fo(B¢; — By,). The random vectors (Ro, Xo) and (IAQO, 5(0) will thus have the same distribution.
2

To embed both R and X, we will have to slightly perturb the above procedure: For € > 0

For q=0,...,n—1, we then define 7411, gy 3 Rq+1 recursively as follows: Let G’ be the natural o-algebra of B} :=
Btyr , — B¢ . Define as above
q+5 q+5
~ o
O(ro, .-, Tq, X0, -+ -+ Xq) = O[R_ Ry [Ry=rp.....Rg=rg.Xo=Xo..... Xg=Xq ]’
and then set 7441 := Tq+% +§(1§0,...,Rq,5(0,...,5(q), ‘Cq+% = Tg41 + € and finally Rq+] = ﬁq + th+1 - BTq+%' It follows

from this definition that Rq41 — R4 has the same law conditionally to (Rs, Xs)s<q as Rg+1 — Rq conditionally to (Rs, Xs)s<q»

and thus ((ﬁs)sgqﬂ, ()A(s)sgq) and ((Rs)s<q+1, (Xs)s<q) have the same law. There exists a function fqi1: RITT xRIxR — R
such that, Y((rs)s<q+1, (%s)s<q) € RIT1 x RY, with Z ~ N(0, 1):

[fq-H ((rs)squrl’ (Xs)s<q» \/EZ)] = [Xq-H [(Rs =Ts)s<q+1, (Xs = Xs)sgq]-

We then set kq+1 = fq+1((§5)5<q+1, ()A(S)qu, B,q+3 =B and it follows that (Rs, Xs)s<q+1 and (ﬁs, )/\(S)qu.'_] are equally
2

distributed.
It is convenient to define also 7,41 as Tpy1 = Tyl =Tn+€ and Xpy1 1= fup1((Rs)s<ns (Xs)s<n, Br i B:,), where
2 n 2

fn+1 is such that, for all (rs), (Xs):

[fq+l ((rs)sgnv (Xs)s<n» «/EZ)] = [Xn+l [(Rs =Ts)s<n, (Xs = xs)sgn]v

whenever Z~N(0,1). o
The resulting process (R, X) has the same distribution as (R, X). It follows from the above definition that (Rq, Xq) is

qu-measurable and the law (ﬁq, 5(,;) conditionally to QIH is just the law of (ﬁq, Xq) conditionally to (RS, 5(5)5<q. Therefore
(R, X) is a Gr,-martingale. Observe next that

n—1 n—1
By, =) By, —B: , +Y Br , — By,
a+5 a+5
=0 =0

Since B, — qu+% = Rq+1 — ﬁq and Rp =0 we get By, — Ry as a sum of iid N0, €) random variables: qu+% — By, =

Bz, — Br,. Therefore fin — By, ~N(0,ne) and, in particular
[[Rn — By, ll ;2 = V€ -n. (12)

In order to obtain our central limit result for R,, we will prove hereafter that 7, is close to be a constant stopping time,
which indicates that B, follows approximately a normal distribution.

Lemma 10.

(1) Forallt € [0, 1]: E[tney] = [ntTi(e + %), where [[a]] is the greatest integer less than or equal to a.

2 _ _2
(2) El|Tgne — Eltgneg][1 < k2 -nona ", where i := 277 4450

P p
11
(3) IB: — B'L'[[m]] ||L2 <k-nrnd 2 4 ‘/t— [[I:.l—t]] + €[[nt]).
; [nt] . .
Proof. To prove claim (1), observe that Ty, = 70 + Zq":] (tq — Tq—1)- Then, since S € S?p’4A+p)(}'/), we get:

E[tq — Tg-11G7, 1 = € + Eltg — 7, _11Gr, ;]
=€+ E[(Br, — Br_,)?10r,.,]
2
=€+ E[(Rg — Rg-1)?IRe X, k<q—1]

1
=€+ ol Sq-1)*1Sk: Xk k<q—1]

1
=€+ —.
n
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Therefore, E[Tne] = [nt]l(e + %), as announced.
We next prove claim (2). Since E[tq — 741 |qu71] = E[tg — 74-1], we get

[[nt)
Tpney — Eltpen] = Y (T — Tg—1) — El7q — Tg-11) = Qqacy»
q=1
where
N N .1
Qs:= Z((Tq — Tg-1) — E[tg — 7g—1 |grq_1]) = Z(Tq Tl E)
q=1 q=1

The process Q = (Qs)s=o,...n is clearly a G -martingale starting at 0. Since p € [1, 2[ and % + % =1, we get p’ > 2, and so,

Pi= w €11, 2]. Therefore
| zmen — Eltmen]| ;1 = 1 Qumenllr < Qg < 11Qallgs- (13)
We claim next that

n—1
E[1QnlP]<2°7P Y " E[1Qus1 — Qil?]. (14)
k=0

This follows at once from a recursive use of the relation:
E[Ix+ YIP] < 1xIP +227PE[|YP],
that holds for all x in R, whenever Y is a centered random variable: Indeed,
1
Ix+YP—xP=Y / Blx+sY|P~sgn(x +sY)ds.
0
Thus, since E[Y] =0, we get

1
E[lx+YP]—|xP = E[Y/‘f7(|x+sY|15‘1 sgn(x +sY) — |x|P~1 sgn(x))ds}.
0

Since p < 2, straightforward computation indicates that, for fixed a, the function g(x) := [lx+a|P~1 sgn(x+a) — |x|P~1 sgn(x)|
reaches its maximum at x = —a/2, implying g(x) < 22~P|a|P~1.

So, E[|x+ Y|P] — |x|P < E[|Y| fol 22-Pp|sY|P~1ds] = 22-PE[|Y|P], as announced and inequality (14) follows.

Next || Qu+1 — Qillpp = 1Tt — Ty 1 — s <l — T2l + 1. since 1 = E[tj41 — Tpy 1], we also have 1 <741 —
‘L’,H% Il 5, and thus

Qi1 = Qiellpp < 20Tt — Ty 1 llpp S 20 Tes1 — Ty 1 IIL%/-

Finally, Riy1 — Ry = By, — Br_,. Therefore, we get with Burkholder-Davis-Gundy inequality, and since S €

kt 5
7Y -
S(TOAAM)(}— ):

1  AA+p)P
———E[ISk41 = SklP | < ————.

o 1 A~ -
E[(Ty41 — Ter1)? 1< C—E[|Rk+l —RlP ] = i o
2 CppPnz

4 cpypP'n
So: E[|Qis+1 — QklP1<2P(4A + p)zi’(cpf)_i_f’)p‘zf’n‘i’, and, with (14), we conclude
E[1Qul?] <22(@A + p)?P(cp) ¥ p 2P .
Therefore, with (13), we get:
74/4 +1'0 )zn%_]

| Tinen = Elzinen]| 1 < 2% ( =
(Cp/) P p

and claim (2) is proved.
We next prove claim (3): let T denote E[tjn]. Then

IBagy — Belliz < I1Byy — Bz ll2 + 1Bz — Bell iz =/l tjney — Tl + /1T — ¢
The first term is bounded by claim (2), and the second one by claim (1). O
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13. An upper bound for limsup V¥ (1)//n

Let us consider (F', X) € W, (w). According to (11), we have:

YM(F, X S
W LX) < sup E|:Xn+1 : —n:|

N
NG S€SH antp)(F) vn
Sy . s . .
For S € S(*pq4A+p)(f’), let us define Ry := oo and let us embed (X, R) in the Brownian filtration, as done in the last

section, for € > 0. . .
Then E[Xn11- S£1=p - E[Xns1 - Rl =0 - E[Xns1 - Rul.

11 N
Claim (3) for t =1 in Lemma 10 yields ||B; — By, |2 <« -n?'~ 2 4 Jen. With (12), we get then |R; — Billj2 <

1 1
K-npra 2 L2 /€.
Therefore, since X1 ~ @ and By ~AN(0, 1),

E[Xn+1 - Rn] < E[Xns1 - B1l+ E[Xns1 - (Rn — B1)]
< E[Xnt1 - Bil+ | Xngallyz - IIRn = B1ll 2
1 1
So(u)+ Il - (k -nP~a 2 +2/€-n),

where a () = E[fu(Z)Z] was defined in Theorem 6. Since this holds for all € >0 and all S € S&AAM)(F), we conclude
that for all (F’, X) € Wh(w):
VW (F, X)

1 1
< o + . .K‘.np/A4_7.
NG p-a(u)+p- Il

Since p’ > 2, and since the constant x in Lemma 10 is independent of n, we thus have proved:
Theorem 11. Under the hypotheses of Theorem 5,

SM
lim sup Vo (1)
n—o00 «/ﬁ

<p E[fu(@Z].

M
We will prove in the next section that p - a(u) is the limit of V"—(n") as n increases to oco. To conclude this section, we

give here an example to illustrate that p must be strictly less than 2 in hypothesis (ii) of Theorem 5 in order to get the
result: Clearly, the function M[u]:= ||it]l;2 satisfies hypothesis (i) of Theorem 5, and would also satisfy hypothesis (ii) with
A =1 if p =2 was allowed. For this M, p = 1. Let then w be the probability that assigns a weight 1/2 to +1 and —1. Let X"

be the unique martingale of length n+1 such that Vg =0, ...,n, |X3| = \/g and such that X;‘_H := X;. In other words, if, for

q<n, Xg=,/%, then X], jumps to t1 with probability ¥ or —/ %1 with probability 1 -y, where y := 1(1+ gl
and symmetric jumps are made if Xy = —\/g. An easy computation shows that E[(Xg+1 - XE)ZIX”, s Xgl= % and thus,

if 7" denotes the natural filtration of X", we get V,QW(]-'”,X") = /n. Since for all pair (F/,X) € Wy(u), we can write
as in (11): VI(F', X) = E[Xn41Sn], where S, =>"p_; Y, with E[YZ]=1 we get E[S2] =n, and due to Cauchy-Schwarz
inequality, it comes VM(F', X) < || Xnt1ll;2+/1 = |l ;24/1 = +/0. Therefore:

V= VMoo > vM(F XT) = Vi,

and thus
v 3 |2
Aim = =1 0 E[fu@2z] = E[iZ]] =/ -

since f;,(Z) =1(z>0y — L{z<0}-
14. Alower bound for liminf VM (w)/v/n

Let Y be a random variable in L* with E[Y] =0, E[Y2] = 1. We will provide in this section a sequence (F", X") € Wh(u)
such that
VM j:l’l, Xn
liminf Yo P2 XT)
n—-oo

= M[Y]-a(w).
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,,,,,

filtration G such that Y[; =.n- (B — Bt;q) is an ii.d. sequence with [Y{;] =[Y]. Observe in particular that r; - r(;[] is
also an i.i.d. sequence. We also set 7]l =1y v 1.
The argument of Lemma 10 can be applied to this sequence of stopping times, replacing p by 1, p’ by 4, € by 0 and

4A + p by ||Y|| 4. We obtain in this way:
Lemma 12.

(1) Forall t € [0, 1]: E[],,] = 120 .
1
(2) Ity — Eltfogllliz < y2-n~2, where y := —4.

(cq)®

(3) Yue[0,1], vq > [[nul: p(tg <u) < vt

1
(4) II1B1 =Byl <y -n"3.
Proof. By construction of the sequence tf, 63 ==t — 7/

q q-1
n- E[(Bt; — Br;‘,l)z] =n- E[Gg]. Burkholder-Davis-Gundy inequality indicates that

is an ii.d. sequence of random variables and 1 = E[(Yg)z] =
var[o"] < ca - E[(6")*] < E[(Byn — Bon 4] = E[Y4]/n?
cq - var[fg] <ca- E[(67)] S E[(Bgy — Bor )*]=E[Y*]/n’.
Therefore, since ‘L'['fm]] = Zg":t}] o, we get E[‘L'[?m]]] = [[nt]]/n and

E[Y4]-[ntl _ E[Y*]
.< )
Cq - 12 Csq-1

| ey — E[*nen] ||i2 = var(Tjpy) <

Claim (3) is just a one-sided Chebichev inequality: Indeed, with t :=q/n, claims (1) and (2) indicate that E[r;] =q/n

n 4 . n _ n n var(zg)
and var(ty)) < y*/n. Therefore: p(tg <u)=p(ry — E[‘L'qz] <u-—q/n) < @’
Y
We finally conclude [|Br — B4 ||%2 =E[t" - 1]1< 511_12 and the lemma is proved. O

We define next }"g = g,; and Xg = E[fM(B1)|_7-"g], for q=0,...,n+ 1. Since ‘L'TT+1 > 1, we have XZH = fu(B1), and
due to the definition of f,,, we have X} ; ~ w. Therefore (F", X") € Wy ().

We will have to compute V,ﬂw(}'ﬂ, X™). To do so, it is convenient to introduce an approximation X" of X". As explained
in Section 2, due to the Markov property of the Brownian motion, Ht“ = E[fu(B1)|Gt] = f (B¢, t) where f(x,t) :=E[f,(x+
V1 —t-2Z)] with Z~ N(0,1). As a convolution with a normal density, f is twice continuously differentiable on R x [0, 1],
and it further satisfies the heat equation, so that /7" = f(0, 0) +f0t rsdBs, withrs=0fors>1 and rs = %f(Bs, s) for s < 1.

Let us observe here that f(x,t) is increasing in x at fixed t since so is f;,(x), and thus rg > 0 for all s. Observe also that

rs is continuous on [0, 1[ and that Xg = f(0,0) + forq rsdBs. We will then define X" by:

o

X1 = £(0,0) +/r?dss, (1)
0

where 1™ := T, (r) is the image of the process r by the map T, we now define. Let {2 be the linear space of G-progressively
measurable processes a such that

o0
lall?,, := E[/af ds:| < oo.
0
Let also H[zo.l] denote the set of a € H2 such that a; =0, for all s > 1. Fora € H%O’l], we define T,(a) as the simple process

g+1
n

n—1
Tn(@)e:=) n- E[/ as ds|g,&1:| Lyp o (©).
q=0

q
n

Lemma 13. T,, is a linear mapping from H[ZOJ] to H?, and

Va e H[ZO’”: HTn(a) H'HZ < ”a”HZ
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Proof. As a simple process, T(a) is progressively measurable and
a+1

n—1 n 2
HTn(a)||§{2:E|:Z(n-E|:/asdslgféli|> -(r;+1—t;)i|.

q=0 q

n

Since Y3+1 =./n- (B,;+1 — Bp) satisfies [Y‘;‘Jrl 1Grp]1=[Y], we get

E[Y?] 1
2
[t = 105] = E[ By, ~ Bl == — = .

Furthermore, with Jensens inequality:

q+1 q+1

(o (o]

n n
a1 a1
and by Cauchy-Schwarz inequality: (f," as ds)? < f" a§ ds - % Therefore

q+1

n—1 T
| Ta@]3 <E[ZE[ / afds|gfgﬂ = llall3 2
q=0

q
n

and the lemma is proved. O
Lemma 14. Va € H[zm]: limy— 00 [ Tn (@) — all 442 = 0.

Proof. As it follows from the last lemma, the linear maps W, defined by W;(a) := Tp(a) — a form an equi-continuous
sequence of linear mappings. Therefore, we just have to prove the result for elementary processes a of the form: as :=
Y - Lpu,vi, Where u <v <1 and ¥, € L*°(Gy). Indeed, these elementary processes engender a dense subspace of H[zo.”. If
Y := E[Yy|Gt], the process v is a martingale on the Brownian filtration and, as such, has continuous sample paths. It is
further uniformly integrable since v, € L°°(G,), and with the stopping theorem, we conclude that E [¢u|g,51] = wfél. Next:

[nv]—1
Tn(@ = Vg, - (Imul—nu) Sy oo Vg (V= DV By e+ D Vg By 1
q=[null

The 72 norm of the two first terms goes to 0 with n since ||y ||;~ < co and E[t(’;+1 — t;] =1/n.

For all positive numbers x, X', y, ¥’ such that x < y and X' < y/, it is easy to check that fooo(ll[x,y[ — ]l[x/,y/[)z dt = |x—x'|+
ly = ¥l if [x, yLN [X, y'[ # @. Otherwise, [¢*(Lixyf — Lx,yp*dt =y —x+y' —X'. So, with Dy := {g,,; = v} U {zf, <u},
we get: [la — vy - ﬂ[rﬁ‘nuu,rﬁ'wﬂ[ﬂg.(z =Yy - L — Yu - ﬂ-[rl'['nu”,rl’l‘nv
r['['n,,]]l)] + E[1p, Wg(f[’fnv]] — r[’fnu]] + v — u)]. The first expectation converges to 0 as n increases, since |||~ < co and
both ||v — r[’fnv]] ;1 and flu — 'lf['[1nu]]|\,_1 converge to 0, according to Lemma 12. The same lemma indicates that ||r[’[1m]]||Lz <
14 y? and wlf(rl'fnvﬂ — Tffnuu + v —u) is thus bounded in L2. With Cauchy-Schwarz inequality, we conclude then that
E[1p, wg(r[';nv" — T[?nun + v —u)] converges to 0 as n — oo, since p(D;) = P(T[?nun >v)+ P(T[?nvn < u) also converges to 0:
‘L'[?nu]] converges in L' to u < v, and ‘L'[?nvﬂ to v > u. Therefore |a — ¢, - ]l[T[Fnun’fﬁ'nvn['l%{Z converges to 0 and, to prove the
lemma, it just remains to prove that n, converges to 0, where

JJ[||§1£2 which is also equal to E[Tpg g (|t — Tyl + v —

Mnvi—1 2
Nn = ’ 1//” ' :H‘[T[?nu]]‘r[r[lnvl][ - Z wr‘? ) ]l[r‘?’.[t?-%—l[
q=lnu]) H2
Now
[[nvi-1 2 [nvi—1
2
M= Y =V Lo D E[u— v (i — )]
q=I[null H2  g=[nu]]
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It results from the definition of ¥ that ¥ = v, if t > u. Therefore, we infer that: (v, — w,;)z < 4|\1ﬁu||§01,51<u and thus

[nv]—1 [nv]—1
Mn < 4l Yu ||§OE[ D Lo (T — r:;)] =4llyulZ, > p(ry <u)/n,
q=[[nul] q=([lnull
since {l’ <u}e g,n and E[(l’ — r;)|g,qn] = 1/n. Due to claim (3) in Lemma 12 we have: Zg":ﬂ;ﬁ p(ré1 <u)/n <
Zq:[[nu]] mm(n(%f‘lu)z, 1)/n. For q between [[nu]] and nu + y2./n, the min appearing in the corresponding term is equal
to 1. The sum of these first terms is thus bounded by (1 + y2./n)/n which goes to 0 as n — co. The sum S, of the re-

4
.. . v n 1 1 . . .
maining terms is thus Sn =4 (Zq=[[nu+y2ﬁ]] Ty 2)- The expression in between the parentheses can be viewed as a

Riemann sum of f

— 1 _ 1 n . 1 . . .
[["Hyz” = u)l dx_n([[nu+y2\/ﬁ]]717nu aionTT) S N E The function 2 being decreasing in x

on the integration range, the Riemann sum is below the corresponding integral. Multiplying this by a factor % 7, we get a
bound for S, and we conclude that S, goes to 0 as n — oo. The lemma is thus proved. O

We defined X" in Eq. (15) with 1" := T, (r). We next take benefit of last lemma to prove that X" is a good approximation
of X",

Lemma 15.

(1) limpooo [1X7 — X212 = 0.

. VM _7:11’)(11 —VM _7:n,)'(n
(2) limy_ oo Kot )\/ﬁ o I —o.

Proof. Since Itd’s integral is isometric from 2 to L2, we get:

|X5 = X0l 2 <[ Xy = Xnga o= [r—1" ”HZ’
and claim (1) then follows from last lemma. ~ ~ _
We prove now claim (2). With AXZH = X3+1 - Xg and AXZ;H = X3+1 — Xg, we have, with assumption (ii) in Theo-
rem 5:

W (F XT) =V (7 XM

[ZM AXIL 1] - M[Aksﬂlf;]ﬂ

E[ZW[AX@;HV;]—M[Akgﬂlf;]@
q=0

n—1 . 1

[ZE‘AXM AXQH‘pW:g]p}

! 1
<A'E|:2: [|qu+1 q+1| |]:n]2j|

q=0

Due to Cauchy-Schwarz inequality, we have for all real numbers xg, ..., X;—1:

Therefore and since +/x is concave in x, we get with Jensens inequality:

n—1

wf",x")—v#(f",x")lwﬁ-A-E[ s, - :;Hﬁfz;]}

Il
=}

q

< \/ﬁ A- E[|qu+1 A5(3+1 |2]
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=i A\ JE[|xz - X%

Claim (2) follows then from claim (1). O

We will next compute VM(]-'” X™). Defining A” as: A” =n- E[fq rs ds|g,n] we have 1] := ZZ (1)Aq ]l[rél,r;H[(t)- Since

Aﬂ
n n n n. q n ;
g+1 Xq =Aq- (Bt; Bin) =ag - Yy, where ag := 7 Gq 18 thus

positive and ]-‘g -measurable. Therefore, since M[X] is 1-homogeneous in X according to assumption (i) in Theorem 5, since
[Y§,11Fq) =1Y], and since E[Y?*] =1, E[Y]=0, we get:

r is a positive process, we clearly have AZ > 0. Next, X"

rn—1
(i) = | S MR, kzif:;]}
L q=0

rn—1
—E Zz\/l[ag q+]|f"]i|

L g=0

rn—1
—E Zag ~M[Y]:|
L g=0

n—1

= M[Y]- E|: al- (Y3+1)2:|

q

n—1 n—1
—wn e (vt (2|

q=0 q=0
=/n-M[Y]-E[X} - By].

Since E[Bin] =1, we also have

Il
=)

VM(JTI‘I Xn
MY]-va T

n-;

> E[X; - By ] = | X3 — Xall 2

Xpor Bl = X0 = X3 2
B1] = [ X'y ]l 2 1By — Ballz — | X2 — X2
= E[me]) “Ba] = Il gz - 1By — Ballz — | X5 — X2 2
=a(w) = llll2 - 1By = Bill2 = | X5 = X7 -
With claim (4) in Lemma 12 and claim (1) in Lemma 15, we conclude then that:
imine B0 o A

Since VM (1) > VM (F", X™), we thus have proved that for all Y € L* with E[Y]=0 and E[Y?]=1:
Vi ()
NG

=E[Xa:
> E[X,

> MIY]- e (W)

liminf
n—oo

> MIY]- a(u).

Since D:={Y e L*: E[Y]=0 and E[Y?] <1} is dense for the L2-norm in D :={Y € L2: E[Y]=0 and E[Y?] < 1}, and since
M is continuous for the LP-norm and thus for the L2-norm, we infer that there exists a sequence {Yp}neny C D such that

lim M[Yp] = p :=sup{M[Y]: Y € D} > 0.
n—oo

We may further assume that M[Yn] > 0, so that, since M is 1-homogeneous, we have that M[Y,] > M([Yn], where Y, =
. Since Y, € L* satisfies E[Y;] =0 and E[Yﬁ] =1, we thus have proved that

||YnuLz

SM
liminf Vi (,u)
n—oo

> lim M[Y]-a(p)=p-a(p).

With Theorem 11, we get then
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Theorem 16. Under the hypotheses of Theorem 5,

i Vi (W)

n—00 ﬁ

=p- o).

The first part of Theorem 5 is thus proved. The second part will be proved in the next section.
15. Convergence to the continuous martingale of maximal variation

Let B be a standard one-dimensional Brownian motion on a filtered probability space (§2, A, P, (Gt)e>0). If e Aﬁ,
the martingale Ht“ := E[f.(B1)|Gt] is referred to in this paper as the continuous martingales of maximal variation of final
distribution . This terminology is justified by the next result that clearly implies the second part of Theorem 5.

If (F,X) € Wy(u), we define the continuous time representation X of X as the process (f(t)[e[m] with X; = X{ne»
where [[a]] is the greatest integer less or equal to a.

Theorem 17. Assume that M satisfies the hypotheses (i) and (ii) of Theorem 5, that p > 0, that i € A% and that {(F", X")}nen is a
sequence of martingales with for alln (F™, X") € My (w), that asymptotically maximizes the M-variation, i.e.:
_VMFT, XM
lim —————

n—oo

=p o).
Then X" converges in finite-dimensional distribution to IT*: For all finite set J C [0, 1], (X?)te] converges in law to (Ht“)tgj.

Proof. Let {(F", X")}nen be an asymptotically maximizing sequence. Without loss of generality, we may assume that F"
contains an adapted system (Ug)q—o,...n of independent uniform random variables, independent of X" (otherwise F" could

be widened). Therefore, with (11), there exists S" € S;‘pAAer)(]-‘”) such that VM (F", X™) — 1< E[X}, ;- Spl, and thus
E[X", ,-SM
lim ——ntl “n- a(i).
n—oo IO .
As in Section 12, for €, > 0 to be determined later, we may embed (X", R") in the Brownian filtration G, where R" := pi”/ﬁ,

obtaining thus an increasing sequence (T(;l)qz(]’””n{,] and a pair (X", R™) of Fn martingales, where _7:'5' = grqn such that
(X", R") and (X", R") are equally distributed. We then have

E[X3,1B1] = E[Xn, RE] — lpell2 - | Br — Ry 2.

Since E[)A(QJrl ‘g] = E[Xg+1R2], the first term in the right-hand side of the last inequality converges to o (w). Next, according
to (12) and claim (3) in Lemma 10 with t =1:

|B1 — Rl > <1IB1 — Boll2 + | B — R 2
1

_1
<Kk -nv'r 2 42 /enn.

So if €, is chosen so as to ensure ne, — 0 as n — oo, we get

fim E e B1l

n—oo  p../n
Since By ~AN(0,1) and )A(Z-H ~ W, we may then apply claim (2) in Theorem 6 to infer that )A(,’;_H converges in L'-norm to
fu(By) =11,

% 0 % © w ©
Next observe that || Xj, — 17; [l < I X{fpe — nfffnm I+ ||1'[T[,[1m] — I/ ||1. But

=a(u).

“)A(ﬂntu — My ”L1 = ||E[)A(,’11+1 —Hﬁgr{[’mﬂ]”u S ”kgﬂ _HH|L1'

el

On the other hand, with claims (1) and (2) in Lemma 10 and our choice of €, we infer that ‘L'[?ntﬂ —t in L. Since ITH is
uniformly integrable and, as a martingale on the Brownian filtration, it has continuous sample paths, we then conclude that
HH%[" — 11|17 — 0 as n increases. Therefore Xﬁnt]] converges to [1} in L.

This implies in particular the convergence in finite distribution of the process (Xﬁnt]])t>g to IT*, and this process has
same distribution as X". O
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16. Conclusion

We conclude this paper with a list of open problems and some possible extensions of the model.

(1) It is assumed in the description of I7, that actions are observed at each round. This is however an unrealistic hypothesis
in the case of a market game, where the complete individual demand functions remain typically private. Only a sample
of this demand function will be revealed during the titonnement process leading to the market clearing price. What
is certainly observed by P2 in an exchange game is the trade. This raises the question whether similar dynamics will
appear in a game where only transfers are observed at each round. This however is a game with imperfect monitoring
and is thus more difficult to analyze.

It is quite reductive to represent the market by a two player game. It is interesting to note at this respect that, in Iy,

P1 has no need to observe P2’s actions to play optimally, and thus, at each stage, P2 is essentially maximizing his stage

payoff, since his action will not influence P1’s future behavior. Therefore, we could replace P2 by a succession of players,

one per stage, playing against a single informed P1, and we would obtain the same equilibria.

Our result relies crucially on the min max approach and the notion of value that characterizes zero-sum games. Dealing

with more general model where N-players interact at each round is more difficult as the notion of optimal strategies

has to be replaced by that of Nash equilibrium which has much less structure. There could in particular exist multiple
equilibria with different payoffs.

(3) One criticism of the model concerns hypothesis (H5) and the fact that it implies that P2 is forced to trade (see the
discussion of (H5) is Section 5). The only way to avoid this no trade paradox is to consider risk proclivity for P2. This
however turns also to be a non-zero sum game. Instead of considering one single risk-seeking player 2, we are currently
analyzing a game where P1 faces a succession of risk-seeking P2s and we expect the same price dynamics to appear.
Indeed, in this setting, the one shot game has a single equilibrium for all x and P1’s payoff at equilibrium is also
a function M of the law of Lgi1 — Lg. P1 thus maximizes the M variation. However, due to the risk proclivity, this
function M is not 1-homogeneous any more, but it is locally 1-homogeneous around 0. Apparently this is enough to get
our asymptotic results: Martingales with maximal variation converge to continuous processes: as n increases, the size
of the increments goes to 0 and only the local behavior of M around zero seems to matter.

(4) As mentioned above, analyzing non-zero sum games is much more difficult. As a first step in that direction, we are
currently analyzing the market maker game with arbitrageur model mentioned is Section 6.1. This game is non-zero
sum and we find in this model a sequence of equilibria in which the price process converges to continuous martingales
close to the CMMV class.

(5) Since CMMV is a quite robust class of dynamics, it seems natural to use it in financial econometrics. As a particular
local volatility model, it could be used to price derivatives, taking into account the volatility smile, as Dupire’s (1997)
method. We are currently working on a pricing method with volatility smile using CMMV. As compared to Dupire’s one,
less information is needed on the volatility manifold to calibrate the model accurately.

—~
N
—

Appendix A

In this appendix we aim to prove that (H1’) joint (H2) implies (H1-A°) as stated in Theorem 24. The trading mechanism
considered in this section is thus assumed to satisfy both (H1’) and (H2). We are concerned in this section with measures
in A% having thus a compact support. Let K = [K, K] be a compact interval. All measures p considered in this section are
in A(K), the set of probability distribution over K. In Lemma 2, we proved that P1 can guarantee V(i) in I} (). We will
prove that player 2 can guarantee the same amount, proving thus that V, (i) is the value of I';(u), without assuming that
this value exists. With the next lemma, we analyze the continuity of V().

Lemma 18.

(1) If V4 satisfies (H2) in LP-norm with the Lipschitz constant A, then for all random variables L1, Ly, for all n:
[Vn(IL11) = Va(IL21)| < nAllLy — La|l1».

(2) In particular V, is continuous for the weak topology on A(K).
(3) Vn(w) is further concave in (. B
(4) Let @y, denote the set of continuous functions ¢ on K satisfying for all v € A(K), E,[¢(L)] = Vy(v), then

Ve AK): Va(u) = ¢i€nd§n Eu[o)].

(5) Ve > 0, there exists a finite subset @' € @, such that

Vi e AK): ;“33 Eu[o(D)] < Vn() +e€.
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Proof. (1) Let (L1, L2) be a random vector with marginals w1, 2 in A(K). Let (F, X) € Wi(u1) be such that Vo(F, X) >
Vn(m1) — €. Let then Y,4q be a random variable on the same probability space as X and such that the random vectors
(Xn+1, Yny1) and (L1, L) are equally distributed. Set then Yg := E[Yy1|Fg]. Then (F,Y) € Wi(u2). It follows from Jensen’s
inequality:

E[|V1[Xq111Fg] = VilYqu1 1 Fgl[] A+ E[(E[|Xqs1 — Yqua|"17]) 7]

<A - (E[E[I1Xq+1 — Yg+1 1P| F4]])
=A-[IXg+1 — Ygt1ller

<A Xng1 — Yogrllie

=A-||L1 — La||p.

==

Therefore [Vo(F, X) — Va(F, Y)| < nA||Yns1 — Xngillee, and thus Vo(i1) — € < Va(F, X) < Va(F,Y) + nA|Ly — Lol <
Vn(i2) +nA|lLy — Ly||p. Since € > 0 is arbitrary, we get V,([L1]) — Va([L2]) <nA|L1 — Ly||1». Interchanging L and Lj, we
get claim (1).

(2) Next, let u; be weakly convergent in A(K) to w. According to Skorokhod’s representation theorem, there exists a
sequence Xp of un-distributed random variables that converges a.s. to a p-distributed limit X. Since all variables are K-
valued, we conclude with Lebesgue dominated convergence theorem that X, converges to X in L?-norm. Claim (1) implies
then that V,(im) = Vi([Xm]) converges to V,([X]) = Va (1), and V, is thus weakly continuous as announced.

(3) If b= A1 + Aapto, With A; >0, A1 + Az =1, let, for € > 0, (Fi, X') € Wy (i) be such that V,(F, X1) > Va(ui) — €.
Assume that X! and X2 are on two independent probability spaces. On the product space, we can then consider X :=
14X+ (1 —14)X?%, where A is an event of probability A1 independent of X!, X2. Then set Fy := o (A, ]-'1,]-]12). It follows
that (F, X) € Wy (u). Therefore V(1) > Va(F, X) = Zix,-v,,(f",x") =Y XiVn(ii) — €. Letting € go to 0, we get the
announced concavity.

(4) This claim follows at once from the fact that a continuous concave function f on a Banach space is the infimum of
the set of continuous linear functionals that dominate f. In this case, V/,, is a function on the closed subset A(K) of the
Banach space of bounded measures on K and C(K) is the dual of this space.

(5) For € > 0 and ¢ € @y, define Cy as { € AK)|E,[¢p(L)] — VYa() < €). Since V, is weakly continuous, Cy is an open
set for the weak topology of A(K). Claim (4) indicates that {C4}4ecs, forms an open covering of the weakly compact set
A(K). There exists thus a finite subset @’ of @, such that {Cy}gecq’ is subcovering A(K). This clearly implies our claim. O

Lemma 19.

(1) Let F be a o -algebra on a probability space (§2, A, P) and X a random variable. Then E[V,[X|F]] = infy cr E[¢pw(X(w))],
where F is the set of F-measurable maps ¢ . : §2 — &y taking finitely many values.
(2) If F1 C F, then E[Vy[X|F2]] < E[ValX|F1]1

Proof. (1) Let ¢_be in F and let ¢!, ..., R be the list of the values taken by ¢.. Then, if D, denotes the event ¢, = ¢", we
get ¢ =) . 1p,(w)¢". Therefore, since the sets D, form a partition of £2, and since ¢" € ®@,, we have: E[¢y(X(@))|F]=
3 1p, (@) E[@" (X(@))|F] = Va(IX|F]). On the other hand, for € >0, let ¢’ as in claim (5) of Lemma 18. Let ¢!, ..., ¢R be
an enumeration of @’. Then, if r*(w) denotes the smallest r that minimizes E[¢"(X)|F](w), r*(w) is F measurable and we
clearly get with ¢, 1= ¢™ @ E[¢o(X(w))] = E[min{E[¢" (X)|F1}] < E[Va([X|F])] + €. Letting € go to 0, we get claim (1).

(2) Let F; the set corresponding to F; in claim (1). Then Fy C F» and thus infy ¢f, E[¢o (X (@))] < infy cf, E[¢pw(X(w))],
and the result follows. O

Throughout this paper, V,(u), as defined in (6), has been considered as a problem of maximization of V,(F, X) over a
martingale space W, (). The next lemma will allow us to view V(i) as a maximization problem over a measure space.
Let A pe the subset of p € A(K™1) such that if (L, ..., Lyyq) is p-distributed then Vq: EplLgt1lL<ql = Lq, where Lgqg
is a notation for (L1, ..., Lg). The set of p € A(K™1) that further satisfy Ly,1 ~  will be denoted Aty This last set
is thus the set of laws of martingales in W (). Clearly, p € A(K"™*1) belongs to AM™ if and only if for all continuous
function f: E,[f(L<q)(Lg+1 — Lg)1 =0, and it belongs to AM(y) if furthermore E,[f(Ly41)] = E,[f(L)]. Since all these
conditions are linear continuous in p, AM™ and AMart(y;) are closed convex subsets of the weakly compact space A(K™,

Lemma 20.

(1) Y(F, X) e Wh(): h(X, F) < Zgzl E[V1[Xql X <qll.
(2) Zu e AK): V() = SUP peamart(;,) ZZ=1 Ep[V1([LglL<qlp)], where [Lq|L<q], is the conditional law of Lq given L g induced
Y p.
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(3) Vi € AK): V() = Suppeamart () Vi([Lilp) +Ep [Vn-1([L2|L11p)].
(4) The map p — Ep[l_)n([L2|L1]p)] is concave in p and weakly upper semicontinuous on A,

Proof. (1) For (F, X) € Wy (), set ]-'é =0 (Xgq). Since Xg is Fg-measurable, we get ]-'é C Fg. Therefore, with claim (2)
Lemma 19,
n n
Va(X, F) =Y E[VilXqlFgl] < Y E[Va[Xql7;_4]],
q=1 q=1
and claim (1) is proved.

(2) If p denotes the law of X, then p € AM™(u) and the coordinate process (Lg<pt+1) on the probability space
(K™, Byni1, p) has the same law as X. If Gq := o (Lgq), we get thus 22:1 E[V1[Xq|]-'é_1]] = 2321 EplVilLqlGg-111 =
Vi(G, L) < Vi(w), and thus Vn(i) = sup e amart ) g1 EplV1lLgIL <q]l.

(3) Observe that, conditionall_y to Ly, L-1 is a martin_gale of length n, with final distributiorl [Ln+1|L1]. Therefore, for all
P Ep[zzzz VillglL<qllL1] < Vn—1([Ln+1IL1]). Thus, Vn(u) < SUP e amart ) Vi([L1lp) + Ep[Va—1([Ln+1IL1D)]. Conversely,
let p be e-optimal in the right-hand side of this formula. Let then p;, denote the law of an e-optimal martingale in this
in Vn,l([Ln+1|L1]), then selecting Ly with p and L.y with p;, gives a martingale that satisfies ZZ:] E[V1[LglL<q]] >
sup e amat gy V1([L11p) + Ep[Vao1 (s |L1D)] — 2€.

(4) According to claim (1) in Lemma 19: E[Vn_1[L2|L1]] = infy cr E[¢, (L2)], where F is the set of F-measurable maps
¢ K — &,_1 taking finitely many values. If ¢!,..., ¢R € &,_; are the possible values taken by such a map ¢, € F,
then ¢, = Zf:l 1p,(L1)¢", D, is the measurable set of L € K where ¢ = ¢". The map L — (]lDr(L))f:] is a measur-
able map from K to the R-dimensional simplex Ag and is thus the limit in L' of a sequence 6™ in C, where C is
the set of continuous functions 6 : K — Ag. For such a function 6, we will denote ¢y := Zf:] 0-(L1)¢". We get thus
E[¢r,(L2)] = limy s oo E[(bgmil_])(l,z)]. Since &;,_1 is a convex set, VL: PoL) € Pn_1, and thus El#oL,)(L2)IL1] = Vn-1[L2|L1],
implying E[¢g,)(L2)] > E[Vn-1[L2|L1]]. It follows that

E[Vn-1ll2|L1]] = ¢1ng 9122 E[¢owy)(L2)].

Since ¢g(1,)(L2) is continuous in the pair (L1, L), the map p — E,[¢g,)(L2)] is linear weakly continuous and p —
Ep[f/n,] [L2]|L1]], as an infimum of continuous linear maps, is concave weakly u.s.c. O

The three previous lemma were dealing with functional properties of the function V,. We will now focus on the game
Iy () and prove that P2 can guarantee V, in this game. We now will use hypothesis (H1’) that for all u € A(K), the game
I't (i) has a value.

For an admissible strategy 7 in Ij(u), the function ¢ (L) := sup; AizL + Bj; involved in formula (2) is finite on the
support of w, but could take infinite values outside of this support. The next lemma indicates that we may restrict our
analysis to the set 7k of strategies T such that ¢ is finite and thus continuous on K.

Lemma 21. For all u € A(K): V1(u) = infreqy Eplép (D]

Proof. Let L; be a u distributed random variable with values in the compact interval K := [K, K]. Consider a random
variable L} having the following distribution conditionally to Ly: L} = L; with probability 1 — 1/n, and otherwise, with
probability 1/n, L} jumps to either K or K, with weights selected so as E[(LY|L1] = Lq. If p is not a Dirac measure on
L or L, then for all n, the law u" of LY gives a strictly positive probability to both L and L. Therefore any admissible
strategy 7 in I'j (") must be such that ¢;(L) < oo and ¢, (L) < oo. Due to convexity of ¢,, we infer that ¢, is finite
on K and 7 belongs thus to 7x. Since ||L} — Li|» goes to O with n, we conclude with (H2) that for n high enough
[Vi() — V1(up)| will be smaller than an arbitrarily fixed € > 0. Let T be an e-optimal strategy in Ij(in). Then V() <
E[¢:(L1)] = E[¢¢ (E[L|L1])] < E[¢pr (L] < Vi(Un) + € < Vi(u) + 2€. Since T € Ty and € is arbitrarily small, the lemma

follows for w. Note that the result can be proved for Dirac measures on L or K by extending the interval K. O

Lemma 22. There exists a countable subset 77 of T such that, if ¢ € @1 then, for all € > 0, there exists T € 77 such that VL € K:
O(L)+€ > ¢ (L).

Proof. Our hypothesis on ¢ indicates that

0> sup Vi(u)—Eu[epL)]= sup inf E,[¢r (L) —¢(D)].
HeA(K) pea() T€7k

Since Ey[¢r(L)] = sup;(y EulAiw),cL + Biq),r L], we conclude that T — E,[¢;(L)] is convex, as supremum of linear func-
tionals. Since ¢ and ¢ are continuous, the map u — E,[¢¢ (L) — ¢(L)] is linear weakly continuous. Since A(K) is weakly
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compact, we conclude with Proposition 1.8 in Mertens et al. (1994) that inf and sup comute in the previous formula and
thus:
0> inf max E L)y—¢()].
> inf max, u[dr (L) — ¢ (D)]
If T in and e-optimal strategy in this infsup, we get Viu: € > E,[¢¢ (L) — ¢(L)], and in particular VL: € > ¢ (L) — ¢ (L).
We thus have proved that V¢ € @1, Ve > 0, there exists T € 7 such that ¢ + € > ¢-.
Let E be a countable dense subset in the separable space (C(K), ||.llx). For all f € EN®,VneN, let 7f, € Tx be such
that f +1/n > ¢, ,. The countable set 77 of {tf n|f € EN ®1,n € N} will have the required property. Indeed, if ¢ € @1, for
all € > 0, there exists f € E such that ¢ +€/2> f > ¢. In particular f € @1.1fn>2/€, then ¢, , < f+1/n<p+e. O

We next prove recursively a similar property for Ip:

Lemma 23. There exists a countable set T, of P2’s strategies in I, such that, if ¢ € @, then, for all € > 0, there exists a strategy T in
Ty such that VL € K: ¢ (L) + € > ¢ (L), where ¢7 was defined in (2).

Proof. According to the previous lemma, the result holds for n = 1. Assume next it holds for n — 1. We argue that it will
also hold for n. Indeed, ¢ € @, implies that Vi € A(K): E[¢(L)] = Vn (). Therefore 0 > sup,, V(i) — Eu[¢(L)]. According
to claim (3) in Lemma 20, we get thus

0=sup sup Vi([L1lp) + Ep[Vn-1(lL2IL11p)] — Ep[o(L2)].
K peAPt(u)

Since AT ={J,, AT*"(1), we get with Lemma 21:

0> sup inf E, [¢r (Ll)] + Ep[\_}nfl ([L2|Ll]p)] - Ep[(l)(LZ)]-

pEArlnart teTy

The payoff in this sup inf is finite since all the ¢, and ¢ are continuous on K and thus bounded. It is further concave
weakly u.s.c. in p as it results from claim (4) in Lemma 20. Aﬂ“a" is weakly compact as a closed subset of A(K?). On the
other hand the map v — E,[¢:(L1)] is convex. We conclude with Proposition 1.8 in Mertens et al. (1994) that inf and sup
comute in the previous formula and thus: 0 > inf;c7; SUP pe pmart Eplgc (L] +Ep [Vn_1 ([L21L11p)] — Eple (L2)].

Let then t* € T be an €/2-optimal strategy in this infsup. We get thus for all p € AT™: €/2 > E,[¢o=(L1)] +
Ep[vn,1 ([L2|L11p)]1 — Eplé(L2)]. For all € A(K), if p is the law of a vector (L1, Lp) with Ly ~u and Ly = E,[L;], then
p € Aﬁ“a" and the last formula yields: €/2 > ¢¢+ (Eu[L2])] + Vo_1() — ¢ (En[L2]) and in particular, as it results from
the definition of ¢+, for all action i of P1: €/2 > Ajr+E,[L2] + Bir + Vo_1() — ¢ (E,[L2]). In other words, the function
@i(L) :==€/2 + ¢p(L) — Aj r+L — Bjr+ satisfies Vu € A(K): Ey[¢i(L)] > VYn_1() and thus belongs to @,_1. According to our
hypothesis that the lemma holds for n — 1, there must be a strategy t in 7,_1 such that €/2 4+ ¢; > ¢¥‘1. Let t(i) denote
the first such 7 in a given enumeration of 7,_1. The function (i) will then be measurable in i.

Consider then the following strategy T of P2 in I},: at the first stage he plays 77 := 7* and starting from the second
stage on, he plays according to t(i7) if P1’s first move was ij.

For this strategy,

n n
¢2(L) = sup A r+L + By o +L<ZAiq,fq1(il>> + (ZBiQ,TM(m)
1
n q:2

11,... q=2

=sup Aj <L + Biyrs + " (L)

i T(i1)

<sup Ajyr+L + Bijox + iy (L) + €/2
i

= o (L) + €.

We thus have proved that for all ¢ € &y, Ve > 0, there exists a strategy T such that € + ¢ > ¢2. The construction of 7,
is then similar to that of 77 in the previous lemma. O

Theorem 24.

(1) If the trading mechanism satisfies (H1') and (H2) then for all it € A(oc0), V(1) is the value of Iy, (). The mechanism satisfies
thus to (H1-A°).
(2) If the mechanism further satisfies to (H2'), then the above assertion holds for all 1 € A2, and (H1-A2?) is satisfied.
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Proof. (1) Any € A® has a compact support, and the previous results apply. In particular, with claim (4) in Lemma 18,
for all € > 0, there exists ¢ € @, such that € + V(1) > E,[¢]. According to Lemma 23, P2 has a strategy T in I3 (u) such

that ¢ + € > ¢]. The maximal amount P1 can get if P2 uses this strategy is E,L[qb?(L)] SEplo(D]+€ < Vn(u) + 2e¢. Since
€ > 0 is arbitrary, we conclude that P2 can guarantee V(i) in I;,(f¢). The fact that P1 can guarantee the same amount was
proved in Lemma 2.

(2) If Vi, j: |A; j| < A, as stated in (H2'), then for all admissible strategy T in I7, the function ¢7 (L) defined in (2) will
be Lipschitz in L with constant nA. Let then u € A% and let L be a pu-distributed random variable. There exists a sequence
L of random variables in L* that converges to L in L!. Let then 7, be a 1/m-optimal strategy of P2 in I},([Ym]). Then,
since E[¢p7 (D] < Elgg, (Lm)]1+nA|L — Ll < Va([LmD) + 1/m +nA|L — Lpll;1 < Va([L]) 4 2nA[lY — Yp|l;1 4 1/m. Since
the right-hand side converges to V,([Y]) as m — oo, we infer that P2 can guarantee V,(u) in I'(w), for all w € A2, O
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