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Dh(h™ (y1,y2)) = < (1) _11/3 >

V(g1 + 3y, =32 +2) = (2 — (y1 + 3y2) — (—3y2 +2) — (=3y2)*, (—=312)*) = (=1 — 2743, 27y3)

w(yr,y2) = (hov)(y1,2) = (—y1, —995)

The only equilibrium of (¢1,92) = w(y1,y2) is the origin. Let f(y1,v2) = 42 + y2, which is
positive definite at the origin. Since Ly, f(y1,y2) = —2y1% — 18y5 < 0, with Ly, f(y1,y2) < 0 for
(y1,y2) # (0,0), then, by Liapunov’s theorem, the origin is an asymptotically stable equilibrium

of (ylv y2) = w(ylayQ)'

The only equilibrium of (1, 22) = v(xy, z2) is (0,2), asymptotically stable because the dif-
feomorphism ~~! maps solutions of (1, 92) = w(yy,y) into solutions of (&1, d9) = v(xy, o).

Phase portraits:
To get the phase portrait of (91,92) = w(y1,y2), we plot g2 as a function of y, (figure on the
left) and this gives the behaviour on the y, axis. For the global phase portrait note that the
flow has the form o(t,y10,y20) = (€ '410,y2(t)) where yo(t) is a solution of g = —9y3, with
Y2(0) = ya0, and that e 'y;o tends to 0 as t — oo much faster than y,(t).
For the other phase portrait, note that A~ maps the phase portrait of (91, %2) = w(y1, y2) into
the phase portrait of (&1, 42) = v(z1, x2).

> 0 «
NN

Y, JEL Y, /\) -

2) Solutions x(t) of & = —u/(x) are the first coordinates of solutions of (z,y) = (y, —u/(z)), for
which there is a first integral f(x,y) = u(x)+y*/2. If there is a closed non trivial level curve of
f(z,y) not containing any equilibria of (&, ) = (y, —u/(x)), then & = —u/(z) has a non constant
periodic solution. Note that all equilibria of (&,y) = (y, —u/(x)) are of the form (z,,0) where
v (z,) = 0. Since u/(z1) < 0, there are infinitely many closed level curves of f(x,y) through
points (x,0) whith z; < zg < x5 and not all of them cross the y = 0 axis at critical points of
u.
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3) For u(z) = —42*+2*, the function f(z,y) = u(x) +y?*/2 is a first integral for this differential
equation. See the phase portrait in 4) below.

Since u(2) = u(0) = 0 then the points (2,0) and (0,0) lie on the same level curve of f(z,y).
The only equilibrium on this level curve is (0,0), hence w(2,0) = {(0,0)}.

The point (—/2,0) is an equilibrium, hence a(—+v/2,0) = {(—v/2,0)}.

There are no equilibria on the closed level curve of f(x,y) containing (1,0), hence «(1,0) is
the closed curve {(x,y); —4x? + 2* +y*/2 = —3}.

4) For a = 0 this is a conservative system with one degree of freedom, as observed in 3). It
equilibria are (0,0) (a saddle) and (4+/2,0) (centres).

For 0 < a < 2 the equilibria are (0,0) (a saddle) and (4+/2,0) (stable foci). If there are no
periodic solutions except for the constant ones, the phase portrait is given below.

5) First note that the hypothesis implies that the ring R = {(z,y) € R?: 2 < |(z,y)| < 3} is
positively invariant, i.e., if (z(t), y(t)) is a solution of (&, ) = v(z,y) with (2(0),y(0)) € R then
(x(t),y(t)) € R for all t > 0. This is because f(x(t),y(t)) increases with ¢ when |(z,y)| = 2 and
f(z(t),y(t)) decreases with ¢ when |(z,y)| = 3, hence all solutions starting at the boundary of
R go inside R in positive time.

Since R is a positively invariant compact set, then all trajectories starting at R have a non-
empty w-limit set contained in R. Since by hypothesis there are no equilibria in R, by the
Poincaré-Bendixson Theorem, the w-limit set is a non-trivial closed orbit, corresponding to a
non constant periodic solution.

6) The eigenvalues of the triangular matrix A are 1/4 and 1/5. Since both eigenvalues have
norm less than 1, then A is a contraction, F* = R? and E* = {(0,0)}.

(1,0) is an eigenvector of A corresponding to the eigenvalue 1/4, hence A™(1,0)” = 1/4™(1,0)~.
The trajectory of (1,0) lies on the segment with endpoints (0,0) and (1,0).
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(1,-1) is an eigenvector of A corresponding to the eigenvalue 1/5, hence A™(1,—1)T =
1/5™(1,—1)T. The trajectory of (1,—1) lies on the segment with endpoints (0,0) and (1,-1).

(1,1)=(2,0)-(1,-1), hence A"(1,1)T = 1/4™(2,0)" — 1/5"(1,—1)T. The trajectory of (1,1)
does not lie on the segment with endpoints (0,0) and (1,1), it is contained in a curve that, at
the origin, is tangent to the horizontal axis.
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