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Nerve impulse

Ingredients:
» Difference x € R of electrical potential across a nerve
cell membrane (voltage) — travels along cell.
» Active transport of ions across cell's membrane through
N ionic channels creates voltage.
» Channel dynamics controlled by M independent gates
that open with probabilities y;, i =1,..., M.

First model: Hodgkin-Huxley (1952)
N = 2 channels controlled by M = 3 gates.
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Hodgkin-Huxley type

Ox 9%x
m— =a—— — | — - W)
Cn'oe = a5 — 1= olx — Vo) §:cJuJy) V)
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Hodgkin-Huxley type

Ox 0?x
Cma:a@—l X—VO Zc:lujy) )
68);' (vix) —y)Ti(x), i=1,...,M
Variables
s € R distance along axon
te R time

x € R voltage, observed directly
yi €[0,1] probabilities of gates opening
y =1 ym).
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Hodgkin-Huxley type

Ox 9%x
Cmazag I—C()X—\/o chujy) )
68);' (vix) —y)Ti(x), i=1,...,M
Parameters

I € R stimulus intensity
¢i >0 gate strength
V; € R equilibrium voltage for ion j.

Constants
Cn >0 membrane capacity
a >0 half the axon radius divided by electrical resistance
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Hodgkin-Huxley type

Ox 0?x
Cma:a@—l X—VO Zc:lujy) )
68);' (vix) —y)Ti(x), i=1,...,M

Functions fitted to experimental data

uj(y) usually a monomial

~i: R—10,1]  usually monotonic  v(x) = (71,--.,7m)
7i : R—[0,1]  usually nonzero T(x) = (T1,...,™™m)
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Hodgkin-Huxley type: model for nerve impulse

Ox 9%x

Cm3t = 9552

= (7i(x) —

Special conditions

— -

yi)T

i(x)

X—Vo

Z Giui(y)(x

Vi)
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Hodgkin-Huxley type

ot 0s?

a)/i_ _ N .
5 = (i) =y)milx)  i=1,....M

Special conditions

Voltage clamp
a =0, first equation becomes:

Ox N

Conge = —1 = colx = Vo) = D> _ G (y)(

Jj=1

2
Cm%:ag—l o(x — Vo) chujy)

X —

S

Vi)
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Hodgkin-Huxley type

ot 0s?

Oyi

En =(i(x)—y)mi(x)  i=1,...,M

Special conditions

Travelling wave
x(t,s) = X(t)  yi(t,s) = Yi(?)
propagates forward if o < 0

2
2= aTX - (x— ) Zc,u,y) V)

t=0t+os
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Hodgkin-Huxley type

ot 0s?

%ytl (i) =y 7)) i=1... M

Special conditions
Travelling wave  first equation equivalent to:

ox _
ot
0z

N
a0’ — = Cpbz — | — co(x — Vo) — ZCJUJ(Y)(X -

ot =

2
Cm%:ag—l o(x — Vo) chujy)

S

Vi)
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Hodgkin-Huxley type

Ox 9%x
Cmaza@—l co(x — Vo) chujy) Vi)

a)/i_ _ N .
5 = (i) =y)milx)  i=1,....M

Special conditions
Travelling wave  other equations become:

9%};’ (i(x) = yi) 7i(x)
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Equilibria in HH

C%:—I—C()X—Vo chuj

ot
68);' (vix) —y)Ti(x), i=1,...,M
equilibria
i = 7i(x)

0= 1~ ax — Vo) ~ Sy Gui(())(x — V) =
=n(x,1,c, V)
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Equilibria in HH . aX
= = —Z
ot
0z N
o075 = Cnlz = = olx = )= (1) (x = )
Ayi _
Hat (i(x) = yi) Ti(x) , i=1,...,M
z=0
yi =7i(x)

0=—/—ax— Vo) = X gui(v(x)(x - Vj) =
=n(x,1,c, V)
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Steady-state
bifurcation in HH

Equilibria for Hodgkin-Huxley type

Parameters:
I, c,C1y.--,CN, Vo,... 5 VN in R2N+3 = {(/,C, V)}

Equilibrium at x = p if n(p,l,c, V) =0

on
el V) =
aM(u,,c, )=0

Fold point at x = p if, moreover,

2

Cusp point at x = p if, in addition, g—ﬂg(u, l,e,V)=0
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Parameters:
I, c,C1y.--,CN, Vo, ey VN in R2N+3 = {(/, C, V)}
Steady-state

bifurcation in HH Equilibrium at x = p if n(p,l,c, V) =0

Fold point at x = p if, moreover, ?(,u, l,e,V)=0
1
: o . 0%
Cusp point at x = p if, in addition, W(H’ l,e,V)=0
1

Local singular sets:

Subsets of parameter space RZV*+3 where:
Eg equilibrium exists.

F1 equilibrium is a fold point.

F> equilibrium is a cusp point.
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Steady-state
bifurcation in HH

Equilibria for Hodgkin-Huxley type

Equilibrium at x = p if n(p,l, ¢, V) =0

T/(Malvcvv)__l_colu VO unj

Eo € R?N*3 parameters where equilibrium exists,

Lemma
Under the standard hypotheses on uj(11) and ~(y)

EO — R2N+3.

S
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Steady-state
bifurcation in HH

Theorem (L. & Ruas)

For an equation of Hodgkin-Huxley type with N channels,
and for generic functions (1) = uj(y(r)) the local singular
sets in R?Nt3 satisfy:

» Fy is a singular hypersurface with singularities at F»;

> F s a singular manifold of codimension 2;
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Steady-state
bifurcation in HH

Theorem (L. & Ruas)

For an equation of Hodgkin-Huxley type with N channels,
and for generic functions (1) = uj(y(r)) the local singular
sets in R?Nt3 satisfy:

» Fy is a singular hypersurface with singularities at F»;
> F s a singular manifold of codimension 2;
with two local descriptions:

» near a point where some c¢; =0,
F; meets the subspace {c; = 0} transverselly at the
singular set for a HH equation with N — 1 channels;
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Steady-state
bifurcation in HH

Theorem (L. & Ruas)
For an equation of Hodgkin-Huxley type with N channels,
and for generic functions (1) = uj(y(r)) the local singular
sets in R?Nt3 satisfy:

» Fy is a singular hypersurface with singularities at F»;

> F s a singular manifold of codimension 2;
with two local descriptions:

» near a point where some c¢; =0,
F; meets the subspace {c; = 0} transverselly at the
singular set for a HH equation with N — 1 channels;
> near points (I, c, V) with all ¢; # 0,
fj is a ruled manifold with rulings of the form
(M, Ac, V) € R2N+3,
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Sketch proof

Equilibria for Hodgkin-Huxley type
Equilibrium at x = p if n(p,l,c, V) =0

(w1, ¢, V) = =1 = co(pn — Vo) Zc,uj )(u—

Eo(1t) € R?N*3 parameters where x = y is equilibrium.

S
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T](H7I7C7 V)__I_COH VO ZC:[UJ \/_[)

Sketch proof

Eo(1t) € R?N*3 parameters where x = y is equilibrium.

New parameters W; = ¢;V; Notation: j(u) = uj(y(n))
Rewrite n =0 as

N N
I+ peo+ Y pbi(n)g — Wo — > ()W =0

=1 j=1
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Sketch proof

Equilibria for Hodgkin-Huxley type
Equilibrium at x = p if n(p,l,c, V) =0

T](H7I7C7 V)__I_COH VO ZC:[UJ \/_[)

Eo(1t) € R?N*3 parameters where x = y is equilibrium.

New parameters W; = ¢;V; Notation: j(u) = uj(y(n))
Rewrite n =0 as

N N
I+ peo+ Y pbi(n)g — Wo — > ()W =0
j=1 j=1
then for parameters (/, ¢, W)

EO(N) = (17 M, /v“/JI(:U‘)7 cee 7M¢N(/J‘)7 ¢1(N)a s 71/}N(H))L
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Sketch proof

Equilibria for Hodgkin-Huxley type
Equilibrium at x = p if (/, ¢, W) lies in Eg(p) = vo(p)
VO(M) = (1’ 22 M¢1(M)a s ,/ﬂbN(M), wl(,u)) cee awN(/l))

Eo = U, Eo(1r) € R?N*3 ruled manifold with codimension 1
rulings.

1



sasi e EQuilibria for Hodgkin-Huxley type
n Equilibrium at x = pu if (I, ¢, W) lies in Eg(p) = vo(u)*

vo(pu) = (1, s ptpa(p), - - - b (), 1 (), - - - (1))

Eo = U, Eo(1r) € R?N3 ruled manifold with codimension 1

Sketch proof ru I | ngS

I.S. Labouriau

Hodgkin-Huxley type
Equilibria in HH

New parameters
Old parameters

2-d rulings
sweep open subset of R3
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o Equilibrium at x = if (1, ¢, W) lies in Eo(p) = vo(p)*

I.S. Labouriau

vo(pu) = (1, s ptpa(p), - - - b (), 1 (), - - - (1))

Eo = U, Eo(1r) € R?N3 ruled manifold with codimension 1
Sketch proof ru I | ngS

This proves — recall (1) = uj(y(1)):

Lemma
Under the standard hypotheses on u;(11) and ~(y)

EO — R2N+3.
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> Eo(p) € R?N+3 parameters where x = 1 is equilibrium.
Fi(p) C Eo(p) w is a fold point.
Fa(w) C Eo(p) /4 is a cusp point.

Sketch proof
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Sketch proof

Sketch proof of the Theorem

> Eo(p) € R?N+3 parameters where x = 1 is equilibrium.
Fi(p) C Eo(p) w is a fold point.
Fa(w) C Eo(p) /4 is a cusp point.

» Parameters (/,c, W) W =¢qV,.

> Eo(pu) ={(l,c, W) n(u,l c,V)=0}

on _

m:{(hC?W) n =0, 8/,L_0}

Fa(p) ={(l,c, W) n=0 8—2:0 — =0}
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> Eo(p) € R?N+3 parameters where x = 1 is equilibrium.
Fi(p) C Eo(p) w is a fold point.
Fa(w) C Eo(p) /4 is a cusp point.

» Parameters (/,c, W) W =¢qV,.

Sketch proof

> Eo(u) ={(l,c, W) n(u,l c,V)=0}
— (vo(u)) "
Fi(w) = (e, W) n=0, g—gzo}
- <V0(M)7Z—‘:j>l
. 2
Fal) = {(l,e, W) n=0 g—;j:o §—£=0}

. dVo d2V0 i
- <V0(:u)7 d—,Uf’ duz >
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Sketch proof

Sketch proof of the Theorem

Parameters (/, c, W) W, =gV, i) = uj(y(p)).
vo(u) = (1, gy ptpr (i), - - - pon (), 1 (1), - - - O (1))

> Eo(i) = (vo(u))" ) = (vl 52
- Vv 2V
Fai) = (vo(). j—: LN

dp?
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Parameters (I,c, W)~ W;=¢qV;  ¢;(p) = ui(v(k))-
VO(M) = (17 M, /“ﬁl(/ﬁy cee M“ﬁN(M)a ¢1(M)a cee ,¢N(M))
d
R > Eo(p) = (vo(p))* Fi(p) = (vo(n), dL:>l
- d d2
Rl = ol 32 5 )"

d dt
> vo(u),%:,...,ﬁvf,L:2N+3

are linearly independent
for (1) = uj(y(n)) in a residual set.
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Sketch proof

Sketch proof of the Theorem

Parameters (/, c, W) W, =gV, i) = uj(y(p)).
vo(u) = (1, gy ptpr (i), - - - pon (), 1 (1), - - - O (1))

dv
> Eo(u) = {vo(u))™" Fi(p) = <Vo(u),—d:>l
e dVo d2V0 i
F = —_—
dVo dLVO
— Y ...,—, L=2N+3

are linearly independent
for (1) = uj(y(n)) in a residual set.
> F; = U,Fi(1) € R*N*3 cone-like manifold
codimension j + 1 rulings singularities in Fjq
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F; = U,F;(p) c R?VT3 cone-like manifold
codimension j + 1 rulings singularities in Fjq

I.S. Labouriau

Sketch proof
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) Parameters (/, c, W) W; = ¢V,

I.S. Labouriau
F; = U,F;(p) c R?VT3 cone-like manifold
codimension j + 1 rulings singularities in Fjq
If ¢; # 0 then
Sketch proof (I, C, W) — (I, C, V)
Wo Wi

(/,Co,...,CN,Wo,...,WN)'—>(/,C0,...,CN, yeeey )
[)) CN
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Hodgkin-Huxley type

Equilibria in HH

Sketch proof

New parameters

Old parameters

Sketch proof of the Theorem
Parameters (/, c, W) W; = ¢V,

Fj=UuFi(p) € RN +3 cone-like manifold
codimension j + 1 rulings singularities in Fjq;
If ¢; # 0 then

(I,e, W) (l,¢c,V)
Wo Wi

(/,Co,...,CN,Wo,...,WN)l—>(/,C0,...,CN, yeeey )
[)) CN

blows up the cone into a ruled manifold.
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Hodgkin-Huxley type

Equilibria in HH

Sketch proof

Old parameters

Sketch proof of the Theorem
Parameters (/, c, W) W; = ¢V,

F; = U,F;(p) c R?VT3 cone-like manifold
codimension j + 1 rulings singularities in Fjq
If ¢; # 0 then
(I,e, W) (l,¢c,V)
W 1%
(/,Co,...,CN, Wo,...,WN) = (/,Co,...,CN,—O,...,—N)
) N

blows up the cone into a ruled manifold.
If ¢; =0 then W; =0

Hodgkin-Huxley type
without the j-th channel.
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Boundary of
stability

Boundary of stability for equilibria

G(Y,\) parametrized family of o.d.e.s in R”
Y=G(Y,\) G(Yi,\)=0

Stability of Y, determined by the signs of the real parts of
eigenvalues of the linearisation

Dy G(Ys, )

Boundary of stability X  values of A where linearisation
Dy G(Ys, A) has eigenvalues with real part = 0.
>=FKUH

E; eigenvalue =0

H, eigenvalues = +i\/(B), B >0
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Boundary of
stability

Boundary of stability for equilibria

G(Y,\) parametrized family of o.d.e.s in R”
Y=G(Y,\) G(Yi,\)=0

Stability of Y, determined by the signs of the real parts of
eigenvalues of the linearisation

Dy G(Yi, A)
Boundary of stability X  values of A where linearisation
Dy G(Ys, A) has eigenvalues with real part = 0.
>=EUH; usually
E; eigenvalue =0 folds

H; eigenvalues = iiﬂB), B>0 Hopf bifurcations
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Boundary of
stability

Boundary of stability for equilibria

> : values of A where
p(X) characteristic polynomial of Dy G(Yi, A)
has roots with real part = 0.

Y =FEUH
EtDED---E---DE, 0 is a root of multiplicity j
Hi D H, D ~'~Hj'~ D) H[,,/2]

+iy/(B), B > 0'is a root of multiplicity j
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>: values of A where
p(X) characteristic polynomial of Dy G(Yi, A)

has roots with real part = 0.
Boundary of

stability >=E UH;

EtDED---E---DE, 0 is a root of multiplicity j

Hi D H, D ~'~Hj'~ D) H[,,/2]
+iy/(B), B > 0'is a root of multiplicity j

ﬁj:HjUEzj and Ei=F.
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Boundary of
stability

Linearisation of Hodgkin-Huxley type

At equilibrium x =, n(p,l,c,V) =0

Ao Al

A

D HH(p) = ’71. 1 . 1
’y;wTM 0

where

—TMm

N
Ag = —co— Z cui(v(1))

N ou;
Ai=— z_; Cja—yf(’y(u))(u —V)) i

1,...

M.
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Boundary of
stability

Linearisation of Hodgkin-Huxley type

At equilibrium x =, n(p,l,c,V) =0

Ao A

A

D HH(u) _ ’71_ 1 . 1
"y;wTM 0

where

—TMm

N
Ag = —co— Z cui(v(1))

N ou;
Ai=— z_; Cja—yf(v(u))(u —V)) i

New parameters A = (Ao, A1, ...

7AM)

1,...

M.
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New parameters

New parameters A = (Ao, A1,...,Am)

Theorem (L. & Rito)

For an equation of Hodgkin-Huxley type with M channel
dynamics, for all functions ~;(jt), such that ~i(u) # 0, and
for generic functions 7;(1), the singular sets Hy, H, and E;
for parameters A are singular ruled submanifolds of in RM+1:

» £, is a singular hypersurface with codimension 2 rulings;
> regular points in Hy form an open set in RM*1 covered
by codimension 2 affine subspaces;

» regular points in Hy form a codimension 2 manifold
covered by codimension 4 affine subspaces.
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New parameters

New parameters A = (Ao, A1,...,Am)

Theorem (L. & Rito)

For an equation of Hodgkin-Huxley type with M channel
dynamics, for all functions ~;(jt), such that ~i(u) # 0, and
for generic functions 7;(1), the singular sets Hy, H, and E;
for parameters A are singular ruled submanifolds of in RM+1:

» £, is a singular hypersurface with codimension 2 rulings;

> regular points in Hy form an open set in RM*1 covered
by codimension 2 affine subspaces;

» regular points in Hy form a codimension 2 manifold
covered by codimension 4 affine subspaces.

There are two types of singular points in H;:
» affine subspaces corresponding to isolated values of
= s where 7i(ps) = Tj(p), 1 # J;
» affine subspaces contained in Hj + 1.
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New parameters

Sketch proof

Linearisation of Hodgkin-Huxley type

A—

Ao Ay - Ay
im -7 - 0
D HH(p) = ’Y1'1 .1
Y O T

f.(A) coefficients of characteristic polynomial

fu(A) = F(u) - A+ F(u)

~

F(u)

det (

(M +1) x (M4 1) matrix
) = 0 iff () = 7i(p), 1 # J;



samity e mene  Sketch proof

impuse

I.S. Labouriau

The polynomial
Po(X) =g+ a1 X + -+ ap_1 X" £ X"
satisfies P, (iv/B) = 0 iff

(ao,al, cee ,an_l,:lz].) 1 <VE(B),V0(B)>

New parameters

where
ve(B) = (1,0,-B,0,B2,0,...)

)
vo(B) = (0,1,0,—B,0,B%,...)
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The polynomial
Po(X) =g+ a1 X + -+ ap_1 X" £ X"
satisfies P, (iv/B) = 0 iff

(ao,al, cee ,an_l,:lz].) 1 <VE(B),V0(B)>

New parameters

where
ve(B) = (1,0,-B,0,B2,0,...)

vo(B) = (0,1,0,—B,0,B%,...)
B is a double root iff

dvg dvop

(O[Q,Oé]_,"' Qp— 17:l:1) L <VE7VO, dB dB >
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New parameters

Sketch proof

For each u:

Ex(p)

double eigenvalue = 0 for A at

f.(A) L ((1,0,0,...),(0,1,0,...))
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New parameters

Sketch proof

For each u:
Ex(n)  double eigenvalue = 0  for A at

f.(A) L ((1,0,0,...),(0,1,0,..

For each i and each B > O:
Hi(u, B)  eigenvalue iv/B  for A at

fu(A) L (ve(B),vo(B))
Ho(, B)  double eigenvalue iv/B  for A at

dvg dvop

f.(A) L (ve,vo, —= 9B dB —=)

3
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Ex(1)  £.(A) L ((1,0,0,...),(0,1,0,...))

N (PETEITES Hl(:“‘a B) fM(A) 1 (VE(B)7VO(B)>

Ho(i1, B)  fu(A) L (vg,vo, Sz, do)



samity e mene  Sketch proof

impuse

I.S. Labouriau

Ex(1)  £.(A) L ((1,0,0,...),(0,1,0,...))

E, singular hypersurface with codimension 1 rulings

N (PETEITES Hl(:“‘a B) fM(A) 1 (VE(B)7VO(B)>

Ho(i1, B)  £u(A) L (vg,vo, Sz, do)
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Ex(1)  £.(A) L ((1,0,0,...),(0,1,0,...))

E, singular hypersurface with codimension 1 rulings

N (PETEITES Hl(:“‘a B) fM(A) 1 <VE(B)7 VO(B)>

Hi(p, B) sweeps an open set with codimension 2 rulings

Ho(i1, B)  fu(A) L (v, vo, Sz, do)
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New parameters

Sketch proof

Ex(1)  £.(A) L ((1,0,0,...),(0,1,0,...))

E, singular hypersurface with codimension 1 rulings

Hi(p, B) - £u(A) L (ve(B),vo(B))

Hi(p, B) sweeps an open set with codimension 2 rulings

Ho(i1, B)  fu(A) L (v, vo, Sz, do)

H, singular codimension 2 manifold with codimension 4
rulings
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Old parameters

New/Old parameters

New parameters A = (Ao, A1,...,Am)

N
Ao =—co— Y qui(v())
j=1

A= =S G2 ) - V) i=1,...

= i

rewrite: A= M(u)-(/,¢c, W)
M(p) an (M + 1) x (2N + 3) matrix
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Old parameters

New/Old parameters

A

A
fu

=M(u)-(I,e, W) M(u)an (M+1)x (2N + 3) matrix

— f,(A) coefficients of characteristic polynomial

(A)=F(u)- A+ F(n)
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Old parameters

New/Old parameters

A=M(u)-(I,e, W) M(p) an (M+1) x (2N + 3) matrix
A — f,(A) coefficients of characteristic polynomial

fu(A) = F(u) - A+ (u)

For old parameters

E>(n) given by )
Fu) - M(p) - (1, ¢, W) + () L ((1,0,0,...),(0,1,0,...))

Hy (., B) given by )
() - M(p) - (I, e, W) + (i) L (ve(B),vo(B))

H2(:U‘7 B)

?(/’L) : M(/’L) : (Iv G, W) + ?(/’L) 1 <VE7V07 %7 ‘ijv_Bo>
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Old parameters

New/Old parameters

A= M(u)-(l,e, W) M(p) an (M+1) x (2N + 3) matrix

If M < 2N + 2 (no more than two dynamics per channel)

the sets E», Hi, H> have the same structure as in the
Theorem.
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A= M(u)-(l,e, W) M(p) an (M+1) x (2N + 3) matrix

If M < 2N + 2 (no more than two dynamics per channel)
Old parameters the sets E», Hi, H> have the same structure as in the

Theorem.

In the original parameters (/,c, V) with W; = ¢; V;,
the sets Ep, Hy, H> have a similar structure but no rulings.
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i 1
Xf = gffast(Xfa Xs)
Hodgkin-Huxley type
Equilibria in HH Xs = fS/OW(Xfu XS)
Sketch proof
Xsiow

New parameters

Old parameters
&

Slow manifold /;%
¥ Xfast
—> [ &——

fast equation

slow equation

Slow manifold:
ffast(Xf’Xs) =0.
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: 1 .
Xf = gffast(Xf, Xs) fast equation
Xs = Toow(XfyXs) slow equation
Xsiow
«

Slow!manifold /;% Slow manifold:
J Xiast ffast(Xf,Xs) = 0.
NG b —

Non trivial dynamics associated to folds on the slow

f'
manifold: det (E) =0
dxfs
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dx N

CmE =~ —co(x — Vo) - ;CJUJ(Y)(X - V)

Dim (i) )Tl =1 M

Slow manifold dt

Only one fast variable:
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dx N

CmE =~ —co(x — Vo) - ;CJUJ(Y)(X - V)

Dim (i) )Tl =1 M

Slow manifold dt

Only one fast variable:

Xfast = Vi slow manifold is y; = 7;(x) no folds
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N
dx
Corgg =~ = @lx = Vo) = 3_ gts(y)(x = V)
j=1
dy; o
Slow manifold E - (’Y’(X) _yl) Ti(X) I = 1,...7M

Only one fast variable:

Xfast = X slow manifold is

(14 @+ XL gui(n) x = coVo + iy gV,
no folds if ¢; > 0 and uj(y) € [0, 1].
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dx N

CmE =~ —co(x — Vo) - ;CJUJ(Y)(X - V)

Dim (i) )Tl =1 M

Slow manifold dt

Only one fast variable:

No folds.
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dx N
Cn— =—1—c(x— W) — Z Gui(y)(x —=V))

dt .
Jj=1

dy; .
=i -yml)  i=1....M
t
Scenario: two fast variables: xgst = (x, 1)

Slow manifold
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dx "
Cma =~ —a(x = Vo) = Y Gui(y)(x = V)
j=1
dy; .
% =(ix)—y)7i(x) i=1....M
t
Scenario: two fast variables: xgst = (x, 1)
Slow manifold S|mp|e case: U]_(y) — y{n, and

j>1 = uj(y) does not depend on y;.
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N
dx
Coige = =1 o= V6) =32 i) (x =)
dyi fr— . — . . [ —
= = Qi) =y)milx) =1 M

Scenario: two fast variables: xgst = (x, 1)

Slow manifold

Simple case: u1(y) = y{", and
j>1 = uj(y) does not depend on y;.
Fold points of fgst = 0 correspond to fold points of HH

type, with N =1 channel, M =1 channel dynamics and new
parameters:

N N

cAO:co—I—chuj-(y) Wo=C0V0+ZCjUj(Y)Vj
j=2 Jj=2
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