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Outline

General setting for forced cyclic dynamics

Example: heteroclinic network in R3



Setting — cyclic dynamics and periodic forcing
X =F(X) XeR3

With an attracting flow-invariant set ~ S!
First return map on a section.
Contracting real eigenvalues A1 << Ao.

Reduce to 1-dimensional map g(y).
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Setting — cyclic dynamics and periodic forcing
X =F(X) XeR3

With an attracting flow-invariant set ~ S!
First return map on a section.
Contracting real eigenvalues A1 << Ao.

Reduce to 1-dimensional map g(y).

Periodic forcing

X =F(X)+f(s,7)
(*){ s =w (mod 2m). fls,7)
First return map G(s,y) on a cylinder
C={(s,y): seR (mod27), y>0}

2m-periodic in s.

Bifurcation diagrams
Fixed points of G(s,y) = G(s,y) — (T,0) 0<T

Frequency locking
Fixed points of G — periodic solutions of (%) if T =2n7w/w, n € N
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Example: heteroclinic network in R3

X=FX) XecR3
With an attracting invariant spherel

containing a heteroclinic network

First return map on a section on one of the connections.
Radial attraction is stronger, reduce to 1-dimensional section.

d > 1 contraction/expansion rate at the equilibria.

!Aguiar et al Int. J. Bif. Chaos, 16 No. 2, 369-381, 2006



Periodic forcing

{ X = F(X) + (7(1 — x)sin(s),0,0)
s=2w (mod 27).

First return map
G(s,y) = (s - InTY, yPrO) 4 yyP2(9) (1 4 ksin s))
defined on a cylinder C = {(s,y): s € R (mod 27), y >0}

Attracting heteroclinic network
d > 1 contraction/expansion rate

p1(5) 2(52, pg(é) 2(52—(5

~ controls the amplitude of forcing



The cylinder map — periodic points

|
Fixed points of G(s,y) = G(s,y) + (::,0) 0<r<1

Iy |
G(s.y) = (s - % + %,y’”(‘” +7yPO (1 + ksin S)) = (s,y)

7 = 1 — constant solutions

Iim0 — solutions whose period tends to oco.
T—

p1(5) :(52, p2(5) :(52—(5

Solutions: 7=y 7O _ 728 — (1 + ksins)



Fixed points of G(s, y) k>1  ¢=(1++/5)/2

v =1/(1 + k)

region B region C



Fixed points of G(s,y) 0< k<1 ¢=(1++/5)/2

0

transition diagram

e = 1/(1 + k)
Vax = 1/(1 - k)

bifurcation diagram
region Y

bifurcation diagram
region X

bifurcation diagram
region Z



Back to the original problem — frequency locking

Recall _
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T=nmn/w

T,

T 1




Frequency locking

Theorem

In the forced heteroclinic network, there are two values

0 < T1 < T, such that there are two frequency locked solutions of
(x) with period nm/w, n € N in the following cases:

Ifk >1

(A) forallw ify>1/(14 k) and1 < < ¢;

(B) forw & [nm/To,nm/T1] if v <1/(1+ k) and 1 < 0 < ¢;
(C) forw > nm/Ty if § > ¢.
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Frequency locking

Theorem

In the forced heteroclinic network, there are two values

0 < Ty < T, such that there are two frequency locked solutions of
(x) with period nm/w, n € N in the following cases:

If0<k<landl<d<o
(X) forw e (nm/To,nm/T1) if 1/(1+ k) <y < 1/(1—k);
(Y) forw & [nmw/To,nm/T1] if v < 1/(1 + k);
and if § > ¢
(Z) forw € (nm/ Ty, nm/ Ty).
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Bifurcation of the cylinder map 0< k<1 0<¢

bifurcation diagram

region X
‘ ‘ 0 :

bifurcation diagram

bifurcation diagram region Y

transition X < Y






Discrete-time Bogdanov-Takens bifurcation?

Features
» |nvariant circle
» Homoclinic tangencies

» Horseshoe dynamics

2H. Broer, R. Roussarie, C. Simé (1996)






Frequency locking

Theorem
In the forced heteroclinic network, if 0 < k <l and ifl < < ¢
there are values of v < 1/(1 + k) such that
> for T € (TH17 TH2)
where there is a closed, G(s, y)-invariant curve,
forw € (nw/ Ty, n/Th,), n €N,
there is a frequency locked invariant torus for (x).
> for T € (Thl, Th2)
where the dynamics of G(s,y) is conjugate to a shift
forw € (nw/Thy,nw/Th,), n € N,
there is a frequency locked suspended horseshoe for ().
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