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Definitions

An involution in Rn is (the germ of) a diffeomorphism
ϕ : (Rn, 0) −→ (Rn, 0) satisfying ϕ ◦ ϕ = In.

A vector field v in Rn is ϕ-reversible if Dϕ(x)v(x) = −v(ϕ(x))
i.e.
if x(t) is a solution of ẋ = v(x) then

y(t) = ϕ(x(−t)) is also a solution.



Definitions

An involution in Rn is (the germ of) a diffeomorphism
ϕ : (Rn, 0) −→ (Rn, 0) satisfying ϕ ◦ ϕ = In.

A vector field v in Rn is ϕ-reversible if Dϕ(x)v(x) = −v(ϕ(x))
i.e.
if x(t) is a solution of ẋ = v(x) then
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Definitions

A germ of a diffeomorphism F : (Rn, 0)→ (Rn, 0) is ϕ-reversible if
ϕ ◦ F = F−1 ◦ ϕ.
In this case, ϕ is a reversing symmetry of F .

x F(x)

y=ϕ(F(x))
ϕ(x)=F   (y)-1

A germ of a diffeomorphism F : (Rn, 0)→ (Rn, 0) is ϕ-equivariant
if F ◦ ϕ = ϕ ◦ F .
In this case, ϕ is a symmetry of F .



Example

F (x , y) = (−x − y ,−y)

F ∼
(
−1 −1
0 −1

)
F

F−1 ∼
(
−1 1
0 −1

)

ϕ1(x , y) = (−x , y) ∼
(
−1 0
0 1

)
reversing symmetry of F



Definitions

ϕ1, ϕ2 reversing symmetries of F ⇒ ϕ1 ◦ ϕ2 symmetry of F

Γ+ = {ϕ ∈ Ω : F ◦ ϕ = ϕ ◦ F} group of symmetries of F

Γ− = {ϕ ∈ Ω : F ◦ ϕ = ϕ ◦ F−1} set of reversing symmetries of F

Γ = Γ+ ∪ Γ− is a group, if F 2 6= Id ⇒ Γ− a coset of Γ+



Fixed-point sets

The fixed-point set of a map-germ ϕ is

Fix(ϕ) = {x ∈ (Rn, 0) : ϕ(x) = x}

and t

Lemma (folclore)

Let F : (Rn, 0)→ (Rn, 0) be a germ of an equivariant
diffeomorphism with symmetry group Γ+.
If Σ ≤ Γ+ is a subgroup, then Fix(Σ) is F -invariant.



New reversing symmetries for free

ϕ1 an involution and a reversing symmetry of F
⇒ ϕ2 = ϕ1 ◦ F is an involution

and F = ϕ1 ◦ ϕ2.
Also F is ϕ2-reversible since

F ◦ ϕ2 = ϕ1 = ϕ−11 = ϕ2 ◦ ϕ−12 ◦ ϕ
−1
1 = ϕ2 ◦ F−1.

we say F corresponds to the pair of reversing symmetries (ϕ1, ϕ2)



Example

F ∼
(
−1 −1
0 −1

)
F

F−1 ∼
(
−1 1
0 −1

)

ϕ1 ∼
(
−1 0
0 1

)
reversing symmetry of F

ϕ2 = ϕ1 ◦ F ∼
(

1 1
0 −1

)
reversing symmetry of F



Algebra — New reversing symmetries for free

Proposition

ϕ1 : (Rn, 0)→ (Rn, 0) involution
F : (Rn, 0)→ (Rn, 0) diffeomorphism ϕ1-reversible Fm 6= In
Then F has an infinite group of symmetries and an infinite set of
reversing symmetries.

Proof.
Symmetries: F is a symmetry of itself ⇒

〈F 〉 = {F k : k ∈ Z} ⊂ Γ+.

Reversing symmetries: ϕk , ϕ
′
k ∈ Γ− k ∈ N:

ϕk = ϕ1 ◦ F k−1, ϕ′k = F k−1 ◦ ϕ1, k ∈ N, k ≥ 1

(ϕ1 and ϕ2 consistent for k = 1 get ϕ′1 = ϕ1)



Example

F (x , y) = (−x − y ,−y)

F ∼
(
−1 −1
0 −1

)

ϕ1 ∼
(
−1 0
0 1

)

ϕ2 ∼
(

1 1
0 −1

)

ϕk ∼ (−1)k
(

1 k − 1
0 −1

)

ϕ′k ∼ (−1)k
(

1 1− k
0 −1

)

Fixed-point subspaces
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Fixed-point sets

Theorem
ϕ1 : (Rn, 0)→ (Rn, 0) involution
F : (Rn, 0)→ (Rn, 0) diffeomorphism ϕ1-reversible
Then F maps:

· · · → Fix(ϕ2k)→ · · · → Fix(ϕ2)→ Fix(ϕ′2)→ · · · → Fix(ϕ′2k)→ · · ·

· · · → Fix(ϕ2k+1)→ · · · → Fix(ϕ1)→ Fix(ϕ′3)→ · · · → Fix(ϕ′2k+1)→ · · ·



Dynamics

Proposition

ϕ reversing symmetry of F , x ∈ Fix(ϕ) and F `(x) ∈ Fix(ϕ),
then F k(x) = x for some k that divides 2`.

Proof.
If x ,F `(x) ∈ Fix(ϕ) then

F−`(x) = F−`(ϕ(x)) = ϕ(F `(x)) = F `(x).



Example

F (x , y) = (−x − y ,−y)

F ∼
(
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)
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⇒ F 2(x , 0) = (x , 0)



Dynamics

Proposition

ϕk , ϕ` reversing symmetries of F .

A) x ∈ Fix(ϕk) ∩ Fix(ϕ`), ` > k and F `(x) ∈ Fix(ϕk) ∩ Fix(ϕ`),
then F j(x) = x and j divides `− k.
If x ∈ Fix(ϕk), F k(x) = x and k divides `− k then x ∈ Fix(ϕ`).

B) x ∈ Fix(ϕ′k) ∩ Fix(ϕ′`), ` > k and F `(x) ∈ Fix(ϕ′k) ∩ Fix(ϕ′`),
then F j(x) = x and j divides `− k.
If x ∈ Fix(ϕ′k), F k(x) = x and k divides `− k then x ∈ Fix(ϕ′`).

C) x ∈ Fix(ϕ′k) ∩ Fix(ϕ`), ` > k and F `(x) ∈ Fix(ϕ′k) ∩ Fix(ϕ`),
then F j(x) = x and j divides `− k.
If x ∈ Fix(ϕ′k), F k(x) = x and k divides `− k then x ∈ Fix(ϕ`).

Particular case F : (R2n, 0) −→ (R2n, 0) and dim Fix(ϕj) = n

in Devaney (1976) Trans. AMS
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Dynamics

Theorem
Let ϕ1, ϕ2 : (Rn, 0)→ (Rn, 0) be two involutions with
dim Fix(ϕ1) = dim Fix(ϕ2) = n − 1. Let ϕk , ϕ′k ∈ Γ−, k ∈ N,
k ≥ 1 be as before.
Then F = ϕ1 ◦ ϕ2 interchanges the connected components of the
germ at the origin of

C = Rn \
∞⋃
k=1

(
Fix(ϕk) ∪ Fix(ϕ′k)

)
.



Examples — preliminaries
Two involutions ϕ1, ϕ2 on (Rn, 0), n ≥ 2, are transversal if
Fix(ϕ1) t0 Fix(ϕ2)

ψ1 and ψ2 transversal linear involutions
classified in Mancini et al (2005) Discr. Cont. Dyn. Sys.

Λ = [ψ1, ψ2] the group generated by ψ1 and ψ2.

The antipodal subspace of a linear involution ϕ on Rn is

A(ϕ) = {x ∈ Rn : ϕ(x) = −x}.

Notice that Rn = Fix(ϕ)⊕A(ϕ).

Cases

i. Λ is Abelian;

ii. Λ is non-Abelian and A(ψ2) = Fix(ψ1);

iii. Λ is non-Abelian and A(ψ2) 6= Fix(ψ1).



Example Λ = [ψ1, ψ2] Abelian

F = ψ1 ◦ ψ2 on (R2, 0)

Mancini et al ⇒ (ψ1, ψ2) ∼ (ϕ1, ϕ2) = ((−x , y), (x ,−y))

⇒ Λ = Z2(ϕ1)⊕ Z2(ϕ2). F = −I2

degenerate dynamics: F 2 = I2



Example Λ = [ψ1, ψ2] non-Abelian and A(ψ2) = Fix(ψ1)

F = ψ1 ◦ ψ2 on (R2, 0)

Mancini et al ⇒ (ψ1, ψ2) ∼ (ϕ1, ϕ2) = ((−x , x + y), (x ,−y))

⇒ F (x , y) = (−x , x − y)

F = −I2 + N N =

(
0 0
1 0

)
F k = (−1)k(I2 − kN) 6= I2 k ∈ Z

ϕk(x , y) = (−1)k(x , (k − 2)x − y) ϕ′k(x , y) = (−1)k(x ,−kx − y)

Fixed-point subspaces

Fix(F ) = {(0, 0)} = Fix(F 2k+1) k ≥ 1
Fix(ϕ2k) = 〈(1, k − 1)〉 Fix(ϕ′2k) = 〈(1,−k)〉

Fix(F 2k) = Fix(ϕ2k+1) = Fix(ϕ′2k+1) = 〈(0, 1)〉

Fix(ϕ2k) and Fix(ϕ′2k)→ 〈(0, 1)〉 as k →∞



Example Λ = [ϕ1, ϕ2] non-Abelian and A(ϕ2) = Fix(ϕ1)
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Example Λ = [ϕ1, ϕ2] non-Abelian and A(ϕ2) = Fix(ϕ1)

F (x , y) = (−x , x − y) ϕ1(x , y) = (−x , x + y) ϕ2(x , y) = (x ,−y)
Dynamics

A sector between
Fix(ϕ2) and Fix(ϕ4)

goes to

a sector between
Fix(ϕ′2) and Fix(ϕ2)
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Example Λ = [ψ1, ψ2] non-Abelian and A(ψ2) 6= Fix(ψ1)

F = ψ1 ◦ ψ2 on (R2, 0)

Mancini et al ⇒ t = tr(ψ1 ◦ ψ2) invariant (ψ1, ψ2) ∼ (ϕ1, ϕ2)

ϕ1(x , y) = (−x , y + (2 + t)x) and ϕ2(x , y) = (x + y ,−y)

F =

(
−1 −1

2 + t 1 + t

)
eigenvalues of F λ+ = (t +

√
t2 − 4)/2 λ− = (t −

√
t2 − 4)/2
λ+λ− = 1



Example Λ = [ϕ1, ϕ2] non-Abelian and A(ϕ2) 6= Fix(ϕ1)

t = tr(F ) = −2 F =

(
−1 −1
0 −1

)
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Example Λ = [ϕ1, ϕ2] non-Abelian and A(ϕ2) 6= Fix(ϕ1)

|t| = | tr(F )| < 2 λ± = e±iθ eigenvectors R + iI
coordinates in the basis β = {R, I} of R2

F |β =

(
cos θ − sin θ
sin θ cos θ

)
αk = (k − 1)θ

ϕk |β =

(
− cosαk sinαk

sinαk cosαk

)
ϕ′k |β =

(
− cosαk − sinαk

− sinαk cosαk

)
Fix(ϕk) = 〈(sinαk , 1 + cosαk)|β〉
Fix(ϕ′k) = 〈(− sinαk , 1 + cosαk)|β〉

R

I

2π/5

ϕ
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ϕ
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ϕ
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ϕ
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θ = 2π/5



Example Λ = [ϕ1, ϕ2] non-Abelian and A(ϕ2) 6= Fix(ϕ1)

t = tr(F ) = 2 F =

(
−1 −1
4 3

)
1
ϕϕ’

4
ϕ’
3
ϕ’
254

ϕ ϕϕ
3

ϕ
2

F = I2 + N N2 = 0
Fix(F ) = 〈(1,−2)〉
eigenspace of λ = 1

Fix(ϕk) = 〈(k − 1, 4− 2k)〉
Fix(ϕ′k) = 〈(k − 1,−2k)〉

Fix(ϕk) and Fix(ϕ′k)
→ Fix(F ) as k →∞

half-lines in Fix(F ) are accumulation points of the boundary of

C = R2 \
∞⋃
k=1

(
Fix(ϕk) ∪ Fix(ϕ′k)

)



Example Λ = [ϕ1, ϕ2] non-Abelian and A(ϕ2) 6= Fix(ϕ1)
|t| = | tr(F )| > 2 F has real eigenvalues 0 < |λc | < 1 < |λe |

F hyperbolic — no fixed points

coordinates in the basis β of
eigenvectors

Fix(ϕk) = 〈(1,−λk−1+ )|β〉
Fix(ϕ′k) = 〈(1,−λk−1− )|β〉
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t = tr(F ) < −2



Example Λ = [ϕ1, ϕ2] non-Abelian and A(ϕ2) 6= Fix(ϕ1)

|t| = | tr(F )| > 2 F has real eigenvalues 0 < |λ−| < 1 < |λ+|

F hyperbolic — no fixed points

coordinates in the basis β of
eigenvectors

Fix(ϕk) = 〈(1,−λk−1+ )|β〉
Fix(ϕ′k) = 〈(1,−λk−1− )|β〉
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The end.
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