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Definitions

An involution in R" is (the germ of) a diffeomorphism
¢ : (R",0) — (R",0) satisfying p o ¢ = I,.

A vector field v in R is p-reversible if Dp(x)v(x) = —v(p(x))
ie.
if x(t) is a solution of x = v(x) then

y(t) = o(x(—t)) is also a solution.
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Definitions
A germ of a diffeomorphism F : (R”,0) — (R",0) is ¢-reversible if
poF=F1loop.
In this case, ¢ is a reversing symmetry of F.

A germ of a diffeomorphism F : (R”,0) — (R",0) is -equivariant
if Fop=poF.
In this case, ¢ is a symmetry of F .



Example

Fx,y)=(=x—y,~y)




Definitions

1, P2 reversing symmetries of F = 1 0 (o symmetry of F
My ={p€eQ:Fop=¢poF} group of symmetries of F
. ={p€eQ:Fop=poF 1} setof reversing symmetries of F

=Ty uUrl_isa group, if F241d = T_ acosetof



Fixed-point sets

The fixed-point set of a map-germ ¢ is

Fix(¢) = {x € (R",0) : ¢(x) =x}
and t

Lemma (folclore)

Let F: (R",0) — (R",0) be a germ of an equivariant
diffeomorphism with symmetry group I ;.
If ¥ < T4 is a subgroup, then Fix(X) is F-invariant.



New reversing symmetries for free

(1 an involution and a reversing symmetry of F

= (y = 3 o F is an involution
and F = 1 0 po.
Also F is yo-reversible since

Fopr=p1=¢1' =p20p, opr = pr0F L.

we say F corresponds to the pair of reversing symmetries (¢1, ¢2)



Example

-1 -1
(o 3)

-1 1
71r\1
(0 )

-1 0 :
p1 ~ 1 ) reversing symmetry of F

77

0

p2=p10F ~ (é _11> reversing symmetry of F



Algebra — New reversing symmetries for free

Proposition

¢1: (R",0) — (R",0) involution

F: (R",0) — (R",0) diffeomorphism y1-reversible Fm £,
Then F has an infinite group of symmetries and an infinite set of
reversing symmetries.

Proof.
Symmetries: F is a symmetry of itself =

(FY={Fk.kez}cT,.
Reversing symmetries: ¢y, ¢, € F—  k € N:
90k29010Fk_1, w}sz_lowl, keN, k>1

(¢1 and o consistent for k =1 get ¢} = 1) O



Example
Fix,y)=(=x—y,~y)

Fixed-point subspaces
-1 -1
F~ ,
0 -1 Q @,

~1 0
L 0 1 o




Fixed-point sets

Theorem

¢1: (R",0) — (R",0) involution

F: (R",0) — (R",0) diffeomorphism y1-reversible
Then F maps:

o — Fix(pok) = -+ — Fix(p2) — Fix(ph) — - — Fix(phy) — - - -

- = Fix(paky1) = -+ = Fix(p1) — Fix(¢5) = -+ = Fix(¢hppq) = -



Dynamics

Proposition
@ reversing symmetry of F, x € Fix(p) and F'(x) € Fix(p),
then F¥(x) = x for some k that divides 2/.

Proof.
If x, F¥(x) € Fix(¢) then

F(x) = F(p(x)) = @(F'(x)) = F'(x).



Example
F(x,y) = (=x—y,—y)

(e 5)
P2 ~ ((1) 11>
or ~ (1)K ((1) k__11>

a5

Fix(ak) = {(x,0)}
Fix(wo,) = {(x,0)}

= F2(x,0) = (x,0)

Fixed-point subspaces

? 7




Dynamics

Proposition
Yk, e reversing symmetries of F.

A) x € Fix(¢x) N Fix(¢r), £ > k and F¥(x) € Fix(vx) N Fix(r),
then Fi(x) = x and j divides ¢ — k.
If x € Fix(¢x), F¥(x) = x and k divides £ — k then x € Fix(¢y).

B) x € Fix(¢}) N Fix(¢}), £ > k and Ft(x) € Fix(¢}) N Fix(¢}),
then F/(x) = x and j divides { — k.

If x € Fix(¢}), F¥(x) = x and k divides £ — k then x € Fix(¢}).
C) x € Fix()) NFix(¢¢), £ > k and F¥(x) € Fix(¢}) N Fix(pe),

then FI(x) = x and j divides ¢ — k.
If x € Fix(¢} ), F¥(x) = x and k divides £ — k then x € Fix(¢¢).

Particular case F : (R?",0) — (R?",0) and dim Fix(¢;) = n
in Devaney (1976) Trans. AMS



Example

F(x,y)=(=x—y,—y)

Fixed-point subspaces
E -1 -1
0 -1 9 ,
1 1
7270 -1 @,
1 k-1 7
ek~ (—1) < B )
0 -1 @,
1 1—k
N
Fix(w2) = {(x,0)}
Fix(05,) = {(x, 0)}



Dynamics

Theorem

Let v1,p2 : (R",0) — (R",0) be two involutions with
dim Fix(¢1) = dimFix(p2) = n—1. Let ¢y, ¢} €T, k €N,
k > 1 be as before.

Then F = 1 o w2 interchanges the connected components of the
germ at the origin of

C=R"\ | J (Fix(ex) U Fix(¢})) -
k=1



Examples — preliminaries
Two involutions 1, 2 on (R",0), n > 2, are transversal if

Fix(¢1) rho Fix(2)

11 and v transversal linear involutions
classified in Mancini et a/ (2005) Discr. Cont. Dyn. Sys.

N = [11,1»] the group generated by 1 and 5.

The antipodal subspace of a linear involution ¢ on R" is

A(p) = {x € R": ¢(x) = —x}.
Notice that R" = Fix(¢) @ A(p).
Cases
i. \is Abelian;
ii. Ais non-Abelian and A(v») = Fix(¢1);
iii. Ais non-Abelian and A(w)2) # Fix(1).



Example A = [¢)1, 1] Abelian

F = 1/}1 01/}2 on (R2,0)
Mancini et al = (¢¥1,¢2) ~ (p1,92) = ((—x,¥), (x, —y))
= A:Z2(¢1)@ZQ(¢2). F=—-bh

degenerate dynamics: F2 =



Example A = [t¢)1,45] non-Abelian and A(1),) = Fix(¢1)
F: 1/}1 01/}2 on (RZ,O)

Mancini et al = (¢1,¢2) ~ (¢1,92) = ((—x,x + y), (x,—y))
= F(X7y) = (—X,X—y)

00

F=—-h+N N—<1 0

) Fk=(=1D)X(h —kN)# b kcZ

er(x,y) = (=1)K(x, (k = 2)x = y) @i(xy) = (=1)"(x, —kx — y)

Fixed-point subspaces

Fix(F) = {(0,0)} = Fix(F2k+1) k>1

Fix(sax) = (1, k — 1)) Fix(¢3,) = (1, —K))
Fix(F) = Fix(ak+1) = Fix(3e41) = {(0,1))

Fix(p2x) and Fix(¢h,) — ((0,1)) as k — oo



Example A = [p1, p2] non-Abelian and A(p,) = Fix(¢1)

@) 9, Vo9 @ 90, @ P,

7

P, OGP e @ @,

Fixed-point subspaces



Example A = [¢1, p2] non-Abelian and A(p,) = Fix(¢1)

F(x,y) = (=x,x —y) v1(x,y) = (=x,x +y) pa(x,y) = (x,~Y)
Dynamics

@ TGP H BRHE

A sector between
Fix(v2) and Fix(¢4)

goes to

a sector between
Fix(¢4) and Fix(¢2)

RGBS G G P
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Example A = [1)1, 15] non-Abelian and A(1),) # Fix(¢1)

F =1 04 on (R?,0)
Mancini et al =t =tr(¢1 o) invariant (11,12) ~ (1, ¥2)
p1(x,y) = (=x,y + (24 1)x) and  @a(x,y) = (x +y,~y)
-1 -1
F= <2 +t 1+ t)

eigenvalues of F A\ = (t+Vt2—4)/2 A_=(t—Vt*—4)/2
A =1



Example A = [p1, 2] non-Abelian and A(y2) # Fix(y1)

t=tr(F)= -2 F= (_01 :D
% @

@

ot |

®

@7 )




Example A = [p1, 2] non-Abelian and A(y2) # Fix(p1)

+i6

eigenvectors R + il

[t| = |tr(F)| <2 Ar =e
coordinates in the basis 3 = {R,/} of R?
Fl, = cosf) —sinf

B \sinf cosb
ax = (k—1)0

= —cosay Sinay
Pels =\ sinax  cosay

= —cosay, —sinag
Pelg =\ Zsinay  cosay

Fix(¢ox) = ((sin ak, 1 4 cos Oék)|/3>
Fix(¢9),) = ((—sinay, 1+ cos )| )




Example A = [p1, 2] non-Abelian and A(y2) # Fix(p1)

-1 -1
t=tr(F) =2 F_<4 3)
F=hL+N N2 =0
Fix(F) = ((1,-2))
eigenspace of A =1

Fix(ox) = ((k — 1,4 — 2k))
Fix(¢j) = ((k = 1,-2k))

Fix(¢«) and Fix(¢))
— Fix(F) as k — oo

e

half-lines in Fix(F) are accumulation points of the boundary of

¢ =R\ [ (Fix(x) UFix(¢}))
k=1



Example A = [p1, 2] non-Abelian and A(y2) # Fix(p1)

[t] = |tr(F)| > 2 F has real eigenvalues 0 < |A¢| <1 < |A¢|

@ R }\+ @, @,

F hyperbolic — no fixed points

coordinates in the basis 5 of
eigenvectors @,

Fix(ok) = (1, =A% 1))
Fix(¢l) = (1, ~X<)]3) D




Example A = [p1, 2] non-Abelian and A(y2) # Fix(p1)

[t] = |tr(F)| > 2 F has real eigenvalues 0 < [A_| <1 < |A4]

P 999 @

F hyperbolic — no fixed points %3

coordinates in the basis 8 of
eigenvectors

Fix(ox) = (1, =A%)
Fix(¢}) = (1, —AK"1)[5)




THE END.
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