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Two time-scales in coupled FitzHugh-Nagumo equations

The problem

Models for bursts: transient or periodic

102 ComPlexUs 2003;1:101–111 Bursting Oscillations

Synopsis

Introduction and Outline of
Results
One of the first models for bursting for

the oscillatory behavior in electrical activ-
ity from pancreatic !-cells was proposed
by Atwater et al. [1]. This was later devel-
oped into a mathematical model by Chay
and Keizer [2]. The simplified model of
Rinzel and Lee [3] can be analyzed with
the qualitative bifurcation theory. The fast
dynamics depends on a parameter c. For
certain values of the parameter, the system
displays three equilibria. One attractor of
node type, a limit cycle which contains an
unstable focus in the interior, and a saddle
point. The slow dynamics drives the
parameter c in such a way that an initial
point is first attracted to the node (quies-
cent phase).Then the node disappears into
a saddle-node bifurcation and thus the ini-
tial point is attracted by the limit cycle and
it undergoes very quickly (fast dynamics)
an oscillation (active phase) for some time
(several spikes) until the limit cycle disap-
pears into a homoclinic bifurcation. The
flow then goes back to the attractive node
and recovers the quiescent phase, and so
on repeatedly. There are thus two ingredi-
ents to explain the important features of
the bursting oscillations: the singular
peturbation aspect with the fast-flow
dynamics, and the qualitative plane
dynamics which displays two bifurcations,
namely the homoclinic bifurcation and the
saddle-node bifurcation.

Although bursting has been studied
extensively for many years, most mathe-
matical studies are based on the pioneer-
ing work of Rinzel [4]. Rinzel’s interpreta-

tion of bursting in terms of nonlinear
dynamics is one of the most successful
stories of mathematical physiology. Rinzel
proposed a classification of burstings (of
interest in medecine) that we reproduce
here to make this article self-contained.

Type 1. The active phase begins at a
saddle-node bifurcation and ends at a
homoclinic bifurcation. In types 1a (fig.
1a) and 1b, the minimum of the burst lies
above and below the quiescent phase,
respectively. The spike period increases
monotonically through the active phase.
The slow dynamics is one-dimensional
and yields a hysteresis.

Type 2. The active phase begins and
ends at a homoclinic bifurcation. The
bursting oscillations look symmetrical
and as such are named parabolic.The slow
dynamics is two-dimensional and oscilla-
tory.

Type 3. The active phase begins at a
Hopf bifurcation and ends at a saddle-
node of periodics (collapsing of a stable
and of an unstable limit cycle,fig.1b).Slow
dynamics displays a hysteresis. Damped
oscillations appear at one extremity and as
such this type of bursting is sometimes
called elliptic.

Recent contributions to bursting were
concerned with the analysis of the mecha-
nism which in the fast system gives birth
to repetitive spiking. A new classification
based on different types of bifurcations
was considered in Wang and Rinzel [5],
Bertram et al. [6] and Hoppensteadt and
Izhikevich [7]. Pernarowski’s model [8]
which is analogous to biophysical models
of bursting activity in pancreatic !-cells,

ods in which the potential remains
unchanged. Similar bursting dynamics
have been observed also in neurons and in
cardiac cells. What is the origin of this 
general dynamical behavior? As Doss-
Bachelet et al. show, a class of dynamical
models based on the FitzHugh-Nagumo
system of equations naturally exhibit
bursting behavior of this kind. While
many other dynamical models also pro-
duce bursting dynamics, the models
explored here are simpler. Moreover, as 
the FitzHugh-Nagumo equations can be
derived from the Hodgkin-Huxley equa-
tions – a classic system known to describe
the propagation of impulses along nerve
axons – they may be more closely tied to
systems of biological relevance.

Understanding the authors’ approach
requires a rudimentary understanding of
the elements of bifurcation theory as
applied to differential equations [26].
Hence, a few paragraphs of review are in
order. As an illustrative example, consider
the equation dx/dt = " – x2, where " is a
parameter. Bifurcation theory aims to
explore how points flow about in phase
space, i.e. the domain of the variable x. (In
this one-dimensional example, the phase
space is the set of points –# < x < #; for
a system of coupled equations involving
two variables x and y, the phase space
would be the entire x – y plane, and so on.)
Understanding the topology of the flow or
movement of points in this phase space is
equivalent to forming a qualitative under-
standing of the system’s solution.

Curiously, the flow is most easily identi-
fied by first finding those points that do
not flow, the so-called fixed points (or
equilibrium points). In this one-dimen-
sional example, these are points xf for
which dx/dt = 0. To begin with, suppose
that " > 0. By setting dx/dt = " – x2 = 0,
we find two fixed points, xf = ±!"". Taking
the analysis further, one can show that the
fixed point at +!"" is stable in the sense
that all nearby points flow toward it, while
the fixed point at –!"" is unstable, i.e. all

a b

Fig. 1. Example of type 1 (a) and type 3 bursting (b).

A Phantom Bursting Mechanism for Episodic Bursting 1987

Fig. 5 (A) Episodic bursting obtained with gK1 = 22 pS. (B) Activity-dependent oscillations in s1 drive
the fast bursts within a burst episode. (C) Activity-dependent oscillations in s2 initiate the burst episodes
and the deserts.

mean value of s2 accumulates during a burst episode (Fig. 5C), and when it becomes
sufficiently large the burst episode itself is terminated. During the subsequent desert s2

slowly declines, and it is this that determines the desert duration. Thus, the dynamics of
s1 are responsible for the fast bursts, while the dynamics of s2 are responsible for the burst
episodes.

The episodic bursting oscillation is best examined in the V –s2 plane, treating s2 as the
sole slow variable, as in Fig. 4. To focus in on the interesting part of the diagram, only
the interval [0.35, 0.45] is shown in Fig. 6. As in Fig. 4, the bottom branch of the z-curve
loses stability at a subcritical Hopf bifurcation. Also as in Fig. 4, the spiking branch loses
stability before the homoclinic bifurcation is reached. This occurs through a sequence of
period doublings, giving rise to a new stable branch of fast bursting oscillations. This tran-
sition, from spiking to bursting through a sequence of period doublings, has been analyzed
in detail with bursting models containing a single slow variable (Chay and Rinzel, 1985;
Terman, 1992). In these studies, the applied current was varied to obtain the transition se-
quence. The fast bursting oscillations in the current model are driven entirely by s1; they
persist when s2 is clamped at an appropriate value (i.e., between 0.40 and 0.43) and can
be analyzed using a fast/slow analysis with s1 as the single slow variable. In the diagram,
the minimum and maximum voltage of the spikes in the fast burst are represented by blue
squares.

The s2 nullcline and the compound bursting trajectory of the full system are superim-
posed on the bifurcation diagram in Fig. 6. The trajectory has been color coded so that
bursts are shown alternately as red or black. During the first burst of an episode (leftmost
red burst) the trajectory moves rightward along the spiking branch until the branch loses
stability. However, rather than returning to the stable stationary branch, the trajectory fol-
lows the stable fast bursting branch and begins a sequence of bursts. That is, beyond the
period doublings (PD), a hyperpolarized steady state and a bursting limit cycle coexist and

The method
Ordinary differential equations with two time scales

The example

Two coupled FitzHugh-Nagumo equations

work in progress

pictures from Doss-Bachelet et al, Complexus (2003) and from Bertram et al Bull. Math. Biol. (2008)



Method — Models with two time scales

{
εẋ = f (x , y) fast equation ε << 1
ẏ = g(x , y) slow equation

Study the two time scales separately (singular limit).

Slow time τ Rescale time: t = ετ , z ′ = dz
dτ

{
x ′ = f (x , y)
y ′ = εg(x , y)

ε→ 0

{
x ′ = f (x , y)
y ′ = 0

fast equation dominates

Fast time t

ε→ 0

{
0 = f (x , y) slow manifold
ẏ = g(x , y) slow equation



Example — FitzHugh-Nagumo equation

{
εẋ = ϕ(x)− y fast equation
ẏ = x − γy − δ slow equation ε << 1

ϕ(x) = −x(x − a)(x − b) 0 < a < b δ ∈ R γ > 0

Fast dynamics ẋ = ϕ(x)− y

Equilibria lie in slow manifold.

Look at part of slow manifold that is
a hyperbolic attracting equilibrium for
the fast equation.

Boundary of stability for fast equation
contains fold locus.

x

y

slow manifold



Example — FitzHugh-Nagumo equation

{
εẋ = ϕ(x)− y fast equation
ẏ = x − γy − δ slow equation ε << 1

ϕ(x) = −x(x − a)(x − b) 0 < a < b δ ∈ R γ > 0

Dynamics on the slow manifold {y = ϕ(x)}
Follow slow equation, until trajectory reaches a fold.

x

y
y=0
.

Large transient
δ ≈ 0

x

y
y=0
.

Relaxation oscillation
δ >> 0



The problem — two coupled FitzHugh-Nagumo equations



εẋ1 = ϕ(x1)− y1 − k1(x1 − x2)

ẏ1 = x1 − γy1 − δ

εẋ2 = ϕ(x2)− y2 − k2(x2 − x1)

ẏ2 = x2 − γy2 − δ

0 < k1 ≤ k2

0 < ε << 1
ϕ(x) = −x(x − a)(x − b)

0 < a < b
γ > 0
δ ∈ R

Two dimensional fast equation

Two dimensional slow manifold



Two coupled FitzHugh-Nagumo equations


εẋ1 = ϕ(x1)− y1 − k1(x1 − x2)

εẋ2 = ϕ(x2)− y2 − k2(x2 − x1)

ẏ1 = x1 − γy1 − δ

ẏ2 = x2 − γy2 − δ

Synchrony x1 = x2, y1 = y2

Theorem
For the coupled FitzHugh-Nagumo equations,
the diagonal {x1 = x2 y1 = y2} is always flow-invariant.
For large k1 + k2 >> 0 the diagonal is attracting.
On the diagonal the two equations are synchronised and behave
like a single FitzHugh-Nagumo equation.

Want to study the dynamics for small k1 + k2 > 0



Method — Models with two time scales

{
εẋ = f (x , y) fast equation ε << 1
ẏ = g(x , y) slow equation

Geometric part : Hybrid system in the singular limit ε→ 0
I fast equation ẋ = f (x , y)
I slow manifold f (x , y) = 0 (equilibria of fast equation)
I constrained slow equation ẏ = g(x , y) on attracting part of

slow manifold.
I when slow flow runs into folds — jump out of slow manifold

into other attracting part.

Two dimensional fast equation
I equilibria of fast equation may change stability outside the

fold line.

Two dimensional slow manifold
I slow equation may have equilibria on the fold line

(generic in one parameter families).



Coupled FitzHugh-Nagumo
Fast equation (ẋ1, ẋ2) = f (x1, x2, y1, y2)
Slow manifold {(x1, x2, y1, y2) : f (x1, x2, y1, y2) = 0}.

Equilibria of the fast equation.

Lemma
The slow manifold of the coupled FitzHugh-Nagumo equations is a
graph (y1, y2) = F (x1, x2).

Trivial proof:

Fast equation:
ẋ1 = ϕ(x1)− y1 − k1(x1 − x2)

ẋ2 = ϕ(x2)− y2 − k2(x2 − x1)

0 < k1 ≤ k2 0 < a < b ϕ(x) = −x(x − a)(x − b)

Generic singularities of the projection into the (y1, y2)-plane are
folds, with four cusp points.



Coupled FitzHugh-Nagumo — the slow manifold

Projection Projection
into the (x1, x2)-plane into the (y1, y2)-plane
regular with folds and cusps

x2

x1

y 1

y 2

Fold points for coupled FitzHugh-Nagumo, with a = 1, b = 3,
k1/2 = k2 = 1/2



Coupled FitzHugh-Nagumo — the slow manifold

Projection into the (x1, x2)-plane

x

x

2

1

Fold points (blue)

Cusp points where red
line meets blue.

On green line:
symmetric saddles.

a = 1, b = 3, k1 = k2 = 1



Coupled FitzHugh-Nagumo

Stability of equilibria of the fast equation
Attracting component of the slow manifold

Proposition

The linearisation of the fast equation at an equilibrium point in the
coupled FitzHugh-Nagumo equations does not have purely
imaginary eigenvalues.

Consequence

The boundary of stability for equilibria of the fast equation is
contained in the closure of the fold locus of the slow manifold.



Coupled FitzHugh-Nagumo

Stability of equilibria of the fast equation
Attracting component of the slow manifold

Proposition

For k1, k2 sufficiently small, there are two intervals [m1,M1],
[m2,M2] such that all the asymptotically stable equilibria of the
coupled FitzHugh-Nagumo equations satisfy x1 /∈ [m1,M1] and
x2 /∈ [m2,M2].
Moreover, the lines x1 = m1, x1 = M1, x2 = m2, x2 = M2 are
asymptotes to the fold locus on the (x1, x2)-plane.

Proposition

For k1, k2 sufficiently small, the attracting component of the slow
manifold is contained in the set {(x1, x2) : detDF (x1, x2) ≥ 0},
where {(x1, x2) : detDF (x1, x2) = 0} is the fold locus on the
(x1, x2)-plane .



Coupled FitzHugh-Nagumo

Attracting component of the slow manifold
Stability of equilibria of fast equation

Projection into the (x1, x2)-plane

x

x

2

1

blue - unstable nodes

gray - saddles

white - stable nodes

a = 1, b = 3, k1 = k2 = 1



Coupled FitzHugh-Nagumo — the slow manifold

Attracting components
of the slow manifold

a = 1, b = 3, k1 = k2 = 1/2.

x2

x1

y 1

y 2

y 1

y 2



Method — Models with two time scales

{
εẋ = f (x , y) fast equation ε << 1
ẏ = g(x , y) slow equation

Study the two time scales separately (singular limit).

Slow time τ Rescale time: t = ετ , z ′ = dz
dτ

{
x ′ = f (x , y)
y ′ = εg(x , y)

ε→ 0

{
x ′ = f (x , y)
y ′ = 0

fast equation dominates

Fast time t

ε→ 0

{
0 = f (x , y) slow manifold
ẏ = g(x , y) slow equation



Coupled FitzHugh-Nagumo equations
Slow equation constrained to the slow manifold

ẏ1 = x1 − γy1 − δ

ẏ2 = x2 − γy2 − δ
(y1, y2) = F (x1, x2)

with

F (x1, x2) = (ϕ(x1)− k1(x1 − x2), ϕ(x2)− k2(x2 − x1))

0 < k1 ≤ k2 0 < a < b ϕ(x) = −x(x − a)(x − b)

Projection into the (x1, x2)-plane

DF (x1, x2) (ẋ1, ẋ2) = (ẏ1, ẏ2) i.e.

DF (x1, x2)

(
ẋ1

ẋ2

)
=

(
x1 − γy1 − δ
x2 − γy2 − δ

)
=

(
x1 − δ
x2 − δ

)
−γF (x1, x2)

Reverses flow orientation in some non attracting parts of the slow
manifold.



Coupled FitzHugh-Nagumo — the slow equation

slow equation,
constrained to
slow manifold,
projected into
(x1, x2)-plane

red line:
fold points

a = 1, b = 3,
k1 = k2 = 1/2,
γ = 17/16,
δ = 0



Coupled FitzHugh-Nagumo — the slow equation, δ = 0

Proposition

For 0 < a < b and k1, k2 > 0, if δ = 0 and 0 < γ < 4/(b − a)2

then the only equilibrium of the slow equation is the origin.
For γ = 4/(b − a)2 a saddle-node appears at

(x1, x2) = 1
2 (a + b, a + b).

Symmetric coupling

For 0 < a < b and δ = 0, if k1 = k2 = (b − a)2/4, then for
γ = 4/(b− a)2 the slow equation has a saddle-node at a fold point.
For γ > 4/(b − a)2 the saddle-node gives rise to a sink.
For k1 = k2 > (b − a)2/4, the sink moves into the fold line.



Coupled FitzHugh-Nagumo — the slow equation

x1

x2

slow equation
constrained to slow manifold
projected on
(x1, x2)-plane

Black curves: fold points

ẏ1 = 0 blue curve
ẏ2 = 0 red curve
intersections at equilibria

a = 1, b = 3, k1 = k2 = 1/2, δ = 0 γ = 6/7

saddle-node at γ = 1.



Coupled FitzHugh-Nagumo — the slow equation

x

x

2

1

slow equation
constrained to slow manifold
projected on
(x1, x2)-plane

Black curves: fold points

ẏ1 = 0 blue curve
ẏ2 = 0 red curve
intersect at equilibria

a = 1, b = 3, k1 = k2 = 1/2, δ = 0 γ = 17/16

saddle-node at γ = 1.



Coupled FitzHugh-Nagumo — the slow equation

x

x 1

2 slow equation
constrained to slow manifold
projected on
(x1, x2)-plane

Black curves: fold points

ẏ1 = 0 blue curve
ẏ2 = 0 red curve
intersections at equilibria

a = 1, b = 3, k1 = k2 = 1/2, δ = 0 γ = 2

saddle-node at γ = 1.



Coupled FitzHugh-Nagumo — asymmetric coupling

y

y

2

1

Fold points
in the (y1, y2) plane

x

x

2

1

Equilibria for the slow equation
ẏ1 = 0 blue ẏ2 = 0 red
Black curves — folds

a = 1, b = 3, k1 = 1/4, k2 = 1, γ = 40, δ = 0.
δ = 0 two cubics through (0,0)



Coupled FitzHugh-Nagumo — the slow equation

Proposition

The equilibria of the slow equation that lie on the attracting
component of the slow manifold are always asymptotically stable.

For a set of parameters with codimension 1, equilibria of the slow
equation occur on the fold line.

Corollary

When an equilibrium of the slow equation occurs at the boundary
of the attracting component, it is a folded node.



Folded node



Folded node

Trapping region.



Folded node

Trajectories that reach the trapping region get funneled into unstable
part of slow manifold and jump back.



Folded node

Trajectories that reach the trapping region get funneled into unstable
part of slow manifold and jump back.

Canard
A solution that moves in the attracting part of the slow manifold,
passes close to the fold line,
and then follows the repelling part of the slow manifold for some
time.



Folded node

Trajectories that reach the trapping region get funneled into unstable
part of slow manifold and jump back.

Canard
A solution that moves in the attracting part of the slow manifold,
passes close to the fold line,
and then follows the repelling part of the slow manifold for some
time.

Bursts!



The End

Thank you for your attention.


