
Alexandre Artur Pinho Rodrigues

Heteroclinic Phenomena

Departamento de Matemática

Faculdade de Ciências da Universidade do Porto
2011





Alexandre Artur Pinho Rodrigues

Heteroclinic Phenomena
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You must have chaos within you to give birth to a dancing star.
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Dos nós e laços que o mundo faz
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E esse lume já ninguém pode

Nunca apagar dentro de ti

Mafalda Veiga, O Lume

I would like to express my gratitude to Isabel Labouriau and Manuela Aguiar, whithout

whom this thesis would not have been written. They have generously given their time and

guidance in writing this thesis. Their knowledge and patient advise have been invaluable.

Thanks also for their continuing support and understanding.

I am grateful for the precious discussions and support of Michael Field and Nikita

Agarwal, during my visit to the University of Houston (USA) and afterwards. I am also

thankful to Maria Carvalho for keeping the door of her office always open to me. I ded-

icate this work to my little star and to my genuine friends which are always giving me

support and unfailing encouragement.

My research had financial support from Fundação para a Ciência e a Tecnologia

(FCT), Portugal, through the programs POCTI and POSI with European Union and

national funding, from the grant SFRH/BD/28936/2006 of FCT and from NSF Grant

DMS-0806321 (USA).

5





Resumo

O estudo de redes heterocĺınicas pode ser visto como o centro organizador para a

compreensão de dinâmicas complexas. Nos seis trabalhos que constituem esta tese, pre-

tendemos investigar a dinâmica perto de redes heterocĺınicas: nos artigos 1–5, os nós das

redes heterocĺınicas são selas-foco ou soluções periódicas não triviais. No artigo 6, estuda-

se a dinâmica perto do produto de sistemas planares atractores. Em seguida, vamos

descrever, de uma forma sumária, os principais conteúdos dos seis artigos.

No artigo 1, estabelece-se um mecanismo para a existência de comutação heterocĺınica

perto de uma rede mergulhada numa variedade tridimensional, cujos nós são soluções

periódicas ou selas-foco. Recorrendo à transversalidade das variedades invariantes bidi-

mensionais de nós consecutivos, provamos que perto da rede existem trajectórias que

visitam as vizinhanças das selas, sombreando as ligações heterocĺınicas da rede por qual-

quer ordem pré-determinada.

Usando dinâmica simbólica, no artigo 2 caracterizamos um outro fenómeno dinâmico

que existe perto de um ciclo heterocĺınico entre soluções periódicas: ciclicidade caótica;

este fenómeno ocorre quando há trajectórias que seguem o ciclo, dando um qualquer

número de voltas em torno das soluções periódicas. Sob condições genéricas, provamos a

existência de ciclicidade caótica e encontramos um conjunto de condições iniciais, robusto

e transitivo, cujas trajectórias seguem eternamente o ciclo. Na restrição a este conjunto,

provamos que a discretização do campo é conjugada a um Shift de Markov associado a um

alfabeto finito. Também generalizamos a técnica de levantamento por rotação de Aguiar,

Castro and Labouriau (2006) e ilustramos os nossos resultados com simulações numéricas

associadas a um exemplo concreto.

Invocando as noções de comutação heterocĺınica perto de uma rede com nós de rotação,

obtemos no artigo 3, evidências anaĺıticas de que o modelo matemático estudado por

Melbourne, Proctor and Rucklidge (2001) é relevante para o estudo das reversões do

campo magnético da Terra. Apresentamos simulações de soluções do modelo, todas elas

consistentes com o comportamento efectivo do campo magnético da Terra o qual, por sua

vez, está documentado por vários estudos paleomagnéticos.

Os artigos 4 e 5 estão relacionados. No artigo 5, investigam-se os efeitos da adição de

dois termos independentes que quebram a simetria na dinâmica perto de uma rede hete-

rocĺınica assimptoticamente estável. Quando uma simetria é quebrada, cada ciclo da rede
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8 RESUMO

é substitúıdo por uma solução periódica atractora. Quando a outra simetria é quebrada,

surge um atractor contendo dois pontos de equiĺıbrio hiperbólicos, um conjunto hiperbólico

básico não trivial e trajectórias heterocĺınicas ligando transversalmente os dois pontos de

equiĺıbrio. No artigo 4, contruimos explicitamente um campo de vectores numa esfera

tridimensional, contendo um atractor com estas caracteŕısticas. Perturbações genéricas

deste campo de vectores têm ainda um atractor contendo um conjunto hiperbólico básico.

Órbitas homocĺınicas do tipo Shilnikov (1967) associadas a selas-foco emergem como um

fenómeno de codimensão 2.

Finalmente, o artigo 6 é uma extensão dos resultados provados por Ashwin and

Field (2005); apresentamos resultados gerais para o produto de atractores homocĺınicos

planares, os quais afirmam que o conjunto limite provável da bacia de atracção do produto

de ciclos homocĺınicos é a rede heterocĺınica definida pela união dos atractores.

Nesta tese, tentando ao máximo expôr os assuntos de um modo auto-suficiente, apresen-

tamos seis assuntos de investigação actuais relacionados com ciclos e redes heterocĺınicos.



Abstract

Heteroclinic networks may be seen as the skeleton for the understanding of complicated

dynamics. The six works in this thesis investigate the dynamics near heteroclinic networks;

in articles [1–5] the nodes of the heteroclinic networks are either saddle-foci or non-trivial

periodic solutions. In article 6, we study of the dynamics near the product of attracting

planar systems. Below, we give a brief description of the contents of each of the six

articles.

In article 1, we establish a mechanism for the existence of switching near a hetero-

clinic network embedded in a three-dimensional manifold whose nodes are either periodic

solutions or saddle-foci. Asking for transversality of the connections that take place in

two-dimensions, we prove that close to the network there are trajectories that visit neigh-

bourhoods of the saddles following the heteroclinic connections of the network in any

prescribed order.

Using symbolic dynamics, we characterize in article 2 another dynamical phenomenon

existing near heteroclinic cycles of periodic solutions: chaotic cycling ; it occurs when

there are trajectories that follow the cycle making any prescribed bi-infinite sequence of

turns near the periodic solutions. Under generic conditions, we prove the existence of

cycling and we find a robust and transitive set of initial conditions whose trajectories

follow the cycle for all time. Restricted to this set, we prove that the discretization is

conjugate to a Markov shift over a finite alphabet. We also generalize the technique of

lifting by rotation of Aguiar, Castro and Labouriau (2006) and we illustrate our results

with numerical simulations on a concrete example.

Invoking the theoretical notion of switching near a network of rotating nodes, we

obtain in article 3, analytical evidence that a mathematical model given by Melbourne,

Proctor and Rucklidge (2001) is relevant for the study of georeversals. We also present

numerical plots of solutions of the model, all of them consistent with the behaviour of the

geomagnetic field documented by several paleomagnetic studies.

Articles 4 and 5 are related. In article 5, the effect of two independent forced symmetry

breaking terms on the dynamics near an asymptotically stable heteroclinic network is

investigated. When one symmetry is broken, each cycle on the network is replaced by an

attracting periodic solution. When the other symmetry is broken, an attractor emerges,

containing two hyperbolic equilibria, a non-trivial hyperbolic basic set and heteroclinic
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10 ABSTRACT

trajectories connecting transverselly the two equilibria. In article 4, we construct explicitly

a vector field on a three-dimensional sphere, with an attractor with these features. Generic

perturbations of this vector field will still have an attractor containing a hyperbolic basic

set. Homoclinic orbits of Shilnikov type (1967) associated to a saddle-focus bifurcate as

a phenomenon of codimension 2.

Finally, article 6 gives an extension of the results proved by Ashwin and Field (2005):

we present general results for the product of planar homoclinic attractors which state

that the likely limit set of the basin of attraction of the product of two such attractors is

always the heteroclinic network defined as the union of the attractors.

In this thesis we have endeavoured to make a self contained exposition bringing to-

gether six current research topics related to heteroclinic cycles and networks.



Contents

Acknowledgement 5

Resumo 7

Abstract 9

Introduction 13

Article 1 – Switching near a Network of Rotating Nodes 21

Article 2 – Chaotic Double Cycling 43

Appendix 1 – Center Manifolds for Heteroclinic Cycles 77

Article 3 – Persistent Switching near the Heteroclinic Model for the Geodynamo

Problem 81

Article 4 – Contracting Lorenz-like attractor through the unfolding of a heteroclinic

network 101

Article 5 – Global Generic Dynamics Close to Symmetry 119

Article 6 – Dynamics near the Product of Planar Heteroclinic Attractors 167

Discussion and Future Work 201

Bibliography 207

11





Introduction

C’est véritablement utile puisque c’est joli.
A. de Saint-Exupéry, Le Petit Prince

State of Art

Recent studies in several areas have emphasized ways in which heteroclinic cycles and

networks associated to equilibria, periodic solutions and chaotic sets may be responsible

for intermittent dynamics in nonlinear systems. Besides the interest on the study of

heteroclinic networks themselves, the chaotic itinerancy which characterizes heteroclinic

dynamics models a wide range of phenomena including economics and game theory [4] 1,

neuronal networks - bursting of neurons [20], cryptography [58] and physics exemplified

by the Rayleigh-Bénard experiment [15] and the geomagnetic field [54]. Heteroclinic

networks may be seen as the skeleton for the understanding of complicated switching

between physical states.

The definition of heteroclinic network emerged according to the particular examples

under consideration. In the literature, there are many definitions of heteroclinic cycle

and networks - see for instance Field [21] or Ashwin and Field [12]. Roughly speaking,

a heteroclinic cycle is the union of hyperbolic invariant saddles (also called nodes) and

solutions that connect them. A heteroclinic network is a connected union of heteroclinic

cycles (possibly infinite in number), such that for any pair of nodes in the network, there

is a sequence of heteroclinic connections connecting them. In [12], Ashwin and Field gen-

eralize the concept of heteroclinic network as a flow-invariant set that is indecomposable

but not recurrent. Some properties of these sets are also derived. In this thesis, we allow

n-dimensional connections between two nodes ξi and ξj (n > 1), which can be considered

as a set of solutions bi-asymptotic to ξi and ξj, in negative and positive time, respec-

tively. These heteroclinic connections are what Ashwin and Chossat [11] call a continua

of connections.

1The list of references of the sections Introduction and Discussion and Future Work is on page 207;

each article has its own list of references.
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14 INTRODUCTION

Generically in dynamical systems, heteroclinic networks involving equilibria are not

structurally stable (in this thesis, we follow the classical definition of Shilnikov et al

[75]: a system is structurally stable if every C1-close system is topologically equivalent

to it). In fact, the existence of heteroclinic networks involving at least one equilibrium

is typically a phenomenon of codimension at least 1. Nevertheless, heteroclinic networks

may occur robustly with respect to symmetric perturbations, even when the invariant

manifolds of consecutive nodes are not transverse. Basically, this is due to the following

property: symmetry forces the existence of fixed point subspaces, which are not destroyed

under symmetric perturbations (see Field [22] or Golubitsky et al [27] for a systematic

exposition of the theory of differential equations equivariant under a compact Lie group).

It should be clear that generically the heteroclinic networks found in equivariant systems

are not persistent under small symmetry breaking perturbations.

Robust heteroclinic networks also appear in the flow of differential equations which do

not have symmetry but have invariant hyperplanes - this occurs in the case of population

models in which the hyperplanes

{(x1, . . . , xn) ∈ Rn : xi = 0}

should be flow-invariant (see Hofbauer [33] and Hofbauer and Sigmund [38]). It is also

worth to read Aguiar et al [3], where heteroclinic networks appear in coupled cell systems

without symmetry.

The dynamics near a stable heteroclinic cycle is well known and it is characterized by

intermittency: a solution remaining near the cycle, spends long periods of time close to

each node and makes fast transitions from one node to the next. Usually, in the presence of

perfect symmetry, this stability is stronger: the solution approaches the cycle and the time

spent near each saddle increases geometrically (asymptotic stability). A criterion for the

asymptotic stability of a cycle has been given in 1984 by Dos Reis [63] and generalized by

Krupa and Melbourne [45, 46]. Under small non-symmetric perturbations, this recurrence

may persist even though the cycle might be destroyed (see Melbourne [52] or Kirk and

Rucklidge [42] for instance), giving rise to the curious phenomenon of intermittency.

The rigorous analysis of the intermittent dynamics associated to the structure of the

nonwandering sets close to heteroclinic networks is nowadays a big challenge. We refer

to Homburg and Sandstede [38] for a wide overview of heteroclinic bifurcation and for

details on the dynamics near heteroclinic structures.

A remarkable behaviour occurs near heteroclinic networks associated to equilibria

whose linearization involves only real eigenvalues: the ω-limit of almost all trajectories2

may be contained in a smaller heteroclinic network. This is the concept of essential

2in the sense of Lebesgue measure
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asymptotic stability (see Brannath [17] and Melbourne [53]). In this setting, Kirk and

Silber [41] gave one of the most famous examples of an essentially asymptotically stable

network with two cycles, in R4; in their example, the authors prove that almost all

trajectories approach one cycle. This is closely related to the conjecture of Ashwin and

Chossat [11] that states that if Σ is a heteroclinic network associated to a finite number

of equilibria whose linearization has only real eigenvalues, then the connections associated

to the strongest expanding eigenvalues might determine a smaller attracting subnetwork.

Partial answers to this problem have already been given: Ashwin and Chossat [11] in the

case of homoclinic networks and Castro et al [18], in a quotient network using the notion

of railroad switch. The works of Aguiar [2] and Aguiar and Castro [4] give also interesting

insights into random trajectories shadowing the whole network in the conservative setting.

The existence of such excursions does not contradict the conjecture of Ashwin and Chossat

[11] since random trajectories and essential asymptotic stability may coexist.

Numerical simulations involving heteroclinic networks studied by Aguiar [1], in which

the nodes are either saddle-foci or non-trivial closed trajectories (rotating nodes), sug-

gested the existence of trajectories visiting the neighbourhood of the saddles repeatedly

but in an irregular fashion. Numerically, it seems to be possible to shadow repeatedly the

whole network in any possible (admissible) order through a unique trajectory. This be-

haviour is what we call hereafter switching and it will be strongly related to the existence

of shift dynamics near the network.

The study of heteroclinic networks in three-dimensions involving saddle-focus began

with L. P. Shilnikov who published a set of papers in the sixties ([69, 71, 72]). The

author described the dynamics of the solutions near a homoclinic cycle associated to a

non-resonant saddle-focus. Due to the spiralling geometry near saddle-foci equilibria, the

analysis of cycles involving rotating nodes becomes difficult and this is probably why this

subject was left almost untouched during more than 20 years.

During the eighties, P. Holmes [34] studied the dynamics near the figure-eight 3 using

symbolic dynamics and he concluded that for any forward infinite sequence of loops,

there is a trajectory following it. From 1984 onwards, the study of heteroclinic cycles

with rotating nodes has resulted in many papers on the subject: Bykov [16], Glendinning

and Sparrow [25, 26] and Tresser [80].

Recently, there has been a resurgence of interest on this topic: see for example Aguiar

et al [5], Kirk and Rucklidge [42] or Postlethwaite and Dawes [60]. Related dynamics

appears also in Ashwin et al [14], where the authors associated switching to a random

process in the context of the geodynamo model, and in Armbruster et al [10] where this

phenomenon appears after the addition of noise to a robust heteroclinic network. See

3Two-symmetric homoclinic loops in R3 associated to the same saddle-focus.
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also Homburg and Knobloch [36, 37] or Jukes [39], where homoclinic bifurcations have

been studied using a functional analytical approach due to Lin [49]. Till the beginning

of this millennium only few authors have studied rigorously heteroclinic cycles involving

non-trivial periodic solutions - see Knobloch [43] or more recently Rademacher [61, 62];

both authors used the Lin’s method.

Overview of the Thesis

In the present thesis, we give a contribution to the understanding of the dynamics near

heteroclinic networks involving saddle-foci and (non-trivial) periodic solutions as well as

the product of planar heteroclinic networks. This thesis is organised in the form of six

self contained articles plus an appendix to article 2. A discussion, with ideas for future

work, is presented at the end.

Switching near a Network of Rotating Nodes. Motivated by the works [1], [5]

and [42] we try to understand the mechanisms for shadowing all the admissible sequences

of heteroclinic connections, through a unique solution of the differential equation. We

address this issue in paper 1, where we prove the existence of switching for a class of three-

dimensional systems. This phenomenon arises as a combination of transverse intersection

of the invariant manifolds of the nodes and either the existence of either complex non-real

eigenvalues of the linearization at the nodes or the existence of periodic solutions with

real Floquet multipliers. We also give an example satisfying the conditions which entail

switching. The existence of switching is accompanied by complex dynamics namely the

existence of a increasing nested sequence of suspended horseshoes with the same shape as

the network, accumulating on it.

Chaotic Double Cycling. Essentially motivated by the paper 1 and by a numerical

example of a heteroclinic cycle involving three periodic solutions, we asked if there were

trajectories that would follow the heteroclinic cycle making any prescribed number of turns

near the nodes, for any given bi-infinite sequence of turns (from now on, this phenomenon

will be called by cycling). This problem had already been studied by Koon et al [44]

and by Moeckel [55], in the context of conservative systems (the later work has been

developed in the context of the Poincaré’s three-body problem). Rademacher [61, 62]

obtained similar results for cycles involving one equilibrium and one periodic solution,

using Lin’s method.

In paper 2, in a small section transverse to a cycle of periodic solutions, we capture

a robust and transitive set of initial conditions whose trajectories follow the cycle for

negative and positive times. We obtain a conjugacy to a Markov shift which generalises

that of Alekseev [8]. This conjugacy over a finite alphabet allows us to prove the existence
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of a heteroclinic network with infinitely many cycles and chaotic dynamics near them,

exhibiting themselves switching and cycling. The particular point of this work is that

given a system of Poincaré sections transverse to the periodic solutions, it will be possible

to code all trajectories that remain near the cycle for all time.

Generalizing the concept of lifting by rotation of a vector field of Aguiar et al [6], we

construct explicitly a system of differential equations in R6 whose flow has a normaly hy-

perbolic attracting manifold containing a heteroclinic cycle with three periodic solutions.

We give numerical evidence that the phenomenon of cycling holds in a perturbation of

the vector field. In appendix 1, we review results on the center manifolds for heteroclinic

cycles that have been used in article 2.

Switching near the Heteroclinic Model for the Geodynamo Problem. Ge-

omagnetic reversals are one of the main interesting points of the geomagnetism, one of

the most challenging phenomena in geophysics. Invoking the notions of switching and

cycling near heteroclinic networks of rotating nodes presented in papers 1 and 2, we give

analytical evidence that the mathematical model for the geomagnetic field given by Mel-

bourne et al [54] is relevant for the study of georeversals and it explains its intermittent

behaviour. Moreover, in paper 3, we explain the reason why the Earth’s magnetic field

flips from time to time.

The authors in [54] used symmetry to construct the model but the intermittent be-

haviour occurs only when it is broken. This subject touches another interesting problem

in dynamical systems: the capture of the effects of forced symmetry breaking on hetero-

clinic cycles and networks, which has been pointed out by several authors (see for example

Kirk and Rucklidge [42] and Sandstede and Scheel [65]). Later in paper 5, we investigate

the effects of forced symmetry breaking.

Contracting Lorenz-like attractors close to symmetry. In the theory of au-

tonomous differential equations of the type ẋ = f(x), a basic step to study the asymp-

totic behaviour of trajectories, near an invariant compact set Λ, is to understand how the

behaviour of df determines the dynamics of the flow. When f |Λ has hyperbolic structure,

the theory started by S. Smale [76, 77] in the sixties is till today the paradigm for the

study of such systems. The spectral decomposition theorem proved by Smale [77] gives

a description of the non-wandering set of structurally stable systems as a finite union of

disjoint, compact, maximal, flow-invariant and transitive sets. Each one of these pieces

are well understood and this decomposition persists under small C1–perturbations.

It is well known that, in the class of three-dimensional hyperbolic systems, a compact

manifold Λ (containing equilibria or periodic solutions) is structurally stable if and only
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if all the invariant manifolds of the nodes meet transversely. At this point, we would like

to study dynamical properties of systems that are not C1–structurally stable.

In 1963, E. Lorenz [50] studied the following system of differential equations associated

to the evolution of the atmospheric dynamics:




ẋ = σ(y − x)

ẏ = rx− y − xz
ż = xy − bz

. (1)

In its flow, for σ = 10, r = 28 and b = 8
3
, there is an attractor (often called Lorenz

butterfly) containing 4:

• an equilibrium point at the origin;

• periodic solutions accumulating on the equilibrium;

• a dense orbit.

The theory of hyperbolic systems cannot be applied to compact flow-invariant sets

containing equilibria accumulated by regular trajectories 5. This example is the paradigm

of a non-hyperbolic attractor which cannot be destroyed by small C1–perturbations (ie, it

is C1–robust). In order to understand the Lorenz equation, geometric models have been

constructed independently by Afraimovich et al [7] and Guckenheimer and Williams [30].

The construction of these models is based on the properties suggested by numerics. A

lot of papers describing the Lorenz equations have been written (for a general overview

about the subject, see chapter 2 of Araújo and Paćıfico [9]).

Starting in the nineties, the systematic theory that explains the coexistence of robust

flow-invariant sets containing equilibria and non-trivial sets of closed trajectories accu-

mulating on them, has been developed. In three dimensions, Morales et al [56] proved

that robust sets containing equilibria are singular hyperbolic sets, ie, these sets have the

main properties of the geometric Lorenz attractor. In the literature, there are several

examples of dynamical systems possessing singular hyperbolic attractors (in the setting

of fluid convection, Nguyen and Homburg [57] provide an interesting example).

A. Rovella [64] studied a different class of strange, non-robust and persistent attrac-

tors. More precisely, starting with a variation of the classical geometric Lorenz model

(with respect to the eigenvalues at the origin), he proved that for a parameterized family

of vector fields, there is an open and dense subset in the parameter space, in which the

flows exhibit uniformly hyperbolic sets and singular attractors linking these sets. There

are few explicit examples with non-robust but persistent sets. In paper 4, we construct

explicitly a vector field on a three-dimensional sphere, with an attractor containing two

4Tucker [81] was the first who provided a computer assisted proof of the existence of such attractor.
5The hyperbolic splitting Eu

p ⊕ Ec
p ⊕ Es

p cannot be extended continuously from regular trajectories

to equilibria.
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saddle-foci, heteroclinic trajectories connecting them and a non-trivial hyperbolic basic

set near the network. This attractor will not be robustly transitive under generic pertur-

bations but it is persistent. Dynamical properties are also derived.

The vector field of paper 4 unfolds from an organizing center with SO(2) × Z2 –

symmetry. The analysis of this bifurcation is the bridge with paper 5. There, we char-

acterise the nonwandering points of the dynamics of a class of (Z2 ⊕ Z2) – equivariant

systems in the neighbourhood of an attracting network (on a three-dimensional sphere)

containing two saddle foci of different type. The two symmetries Z2 act differently on

the sphere. When the first symmetry is broken, we prove that near each cycle, a unique

hyperbolic attracting solution arises. When the second involution is broken, an explosion

of non-trivial structures accumulating on the remaining heteroclinic network appears.

Among these structures, there is a class of heteroclinic cycles often called Bykov cycles,

and homoclinic cycles that bifurcate from them. These bifurcations also occours in the

flow of the Lorenz equations (for σ = 10, r ≈ 30.475 and b ≈ 2.623) and have been studied

by Glendinning and Sparrow [26], by Bykov [16] and by Lamb et al [48] for reversible

systems.

We also show that, breaking gradually the two symmetries we get a wide range of

behaviour, namely the appearance of homoclinic orbits, n-pulses, shift dynamics, and a

cascade of Shilnikov’s bifurcations. As far as possible we try to give the taxonomy of the

dynamics which appears for all kinds of symmetry breaking. Doing a classical approach

of composition of Poincaré maps, under an open condition on the parameters, we also find

a suspension of a non-hyperbolic set near the heteroclinic cycle associated to heteroclinic

tangencies. Although each individual tangency may be eliminated by small perturbations,

slight perturbations do not allow to remove heteroclinic tangencies completely, being an

interesting bridge between our work and that of Gonchenko et al [28, 29].

Product of Homoclinic Planar Attractors. In the context of game theory and the

replicator equation, Sato et al [67] studied numerical examples of heteroclinic networks

in the product of simplices. In the case of the Rock-Scissors-Paper game, the dynamics

is dependent on the payoff matrices between the players. In this setting as well as in the

context of coupled cell systems, it may be useful to know the dynamics of the uncoupled

product system.

Motivated by problems in equivariant dynamics and connection selection in hetero-

clinic networks, Ashwin and Field [12] investigated the product of independent planar

dynamics where one at least of the factors was a planar homoclinic attractor. The au-

thors gave partial results in the case of a product of two planar homoclinic attractors

(Theorem 6 of Ashwin and Field [12]). In paper 6, we give general results for the product

of independent planar homoclinic and heteroclinic attractors and show that the likely
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limit set is always the unique one dimensional heteroclinic network which covers the hete-

roclinic attractors in the factors. We also consider bifurcation where we break homoclinic

connections but preserve the product structure.

I declare that to the best of my knowledge and unless where otherwise stated, all

the work presented in this thesis is original. Articles 1 and 2 have been published and

paper 6 is accepted for publication. In each article, where there are co-authors, they are

mentioned explicitly. I hope the reader will use the margin of this thesis as Pierre de

Fermat did with Diophantus’ Arithmetica.

I have been supported by the grant SFRH/BD/28936/2006 of Fundação para a Ciência

e Tecnologia and by Centro de Matemática da Universidade do Porto, which had financial

support from Fundação para a Ciência e a Tecnologia, Portugal, through the programs

POCTI and POSI with European Union and national funding and from NSF Grant DMS-

0806321 (USA).
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SWITCHING NEAR A NETWORK

OF ROTATING NODES

MANUELA A.D. AGUIAR, ISABEL S. LABOURIAU, AND ALEXANDRE A.P. RODRIGUES

Abstract. We study the dynamics of a Z2 ⊕Z2-equivariant vector field in the neighbourhood
of a heteroclinic network with a periodic trajectory and symmetric equilibria. We assume that
around each equilibrium the linearisation of the vector field has non-real eigenvalues. Trajecto-
ries starting near each node of the network turn around in space either following the periodic
trajectory or due to the complex eigenvalues near the equilibria. Thus, a network with rotating
nodes. The rotations combine with transverse intersections of two-dimensional invariant mani-
folds to create switching near the network: close to the network there are trajectories that visit
neighbourhoods of the saddles following all the heteroclinic connections of the network in any
given order. Our results are motivated by an example where switching was observed numerically,
by forced symmetry breaking of an asymptotically stable network with O(2) symmetry.

1. Introduction

Heteroclinic connections and networks are a common feature of symmetric differential equa-
tions, and persist under perturbations that preserve the symmetry. Start with an asymptotically
stable network with rotational symmetry. A perturbation that breaks part of the symmetry splits
a two-dimensional connection into a pair of one-dimensional ones. The new network is no longer
asymptotically stable, nearby trajectories follow the network around in a complex way that we
call switching.

By a heteroclinic network we mean a connected flow-invariant set that is the union of hetero-
clinic cycles. In the present case it is the orbit under the symmetry group Z2⊕Z2 of a heteroclinic
cycle. These networks are often called heteroclinic cycles in the literature. Heteroclinic cycles
and networks are known to occur persistently in the settings of symmetry [8], [16], coupled cell
systems (with and without symmetry) [6], [2] and population dynamics [12], [13], [11], [7]. They
are induced by the existence of flow invariant subpaces that correspond, respectively, to fixed
point subspaces, synchrony subspaces and coordinate axes and hyperplanes.

It is worthwhile to describe general properties that entail switching, so the results may be
applied to examples in other contexts. We study the dynamics near a network where all cycles
have a common node that is a closed trajectory. We prove that there are trajectories near the
network that follow its cycles in any desired order. Trajectories that go near the periodic orbit
may switch to any heteroclinic cycle, return and switch again.

There exist in the literature several numerical reports on complicated dynamics near hete-
roclinic networks of equilibria and of equilibria and periodic trajectories, that include random
visits to the nodes of the network in any possible order [10], [8], [5], [23].

This type of behaviour is not possible around asymptotically stable heteroclinic networks
whose connections are contained in invariant subspaces. Each cycle in the network cannot be
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The research of all authors at Centro de Matemática da Universidade do Porto (CMUP) had financial support

from Fundação para a Ciência e a Tecnologia (FCT), Portugal, through the programs POCTI and POSI with
European Union and national funding. A.A.P. Rodrigues was supported by the grant SFRH/BD/28936/2006 of
FCT.

1



2 M.A.D.AGUIAR, I.S.LABOURIAU, AND A.A.P.RODRIGUES

asymptotically stable but it may have strong attractivity properties [19], [24] so that each nearby
trajectory outside the invariant subspaces will tend to one of the cycles in the network.

Different forms of switching have been described in several contexts. Networks where all the
nodes are equilibria, have been studied by Postlethwaite and Dawes [21] who found trajectories
that follow three cycles in a network sequentially, both regularly and irregularly; by Kirk and
Silber [15] near a network with two cycles who found nearby trajectories that switch in one
direction. Persistent random switching is found by Guckenheimer and Worfolk [10] and Aguiar
et al [4]; noise induced switching in Armbruster et al [5].

A problem similar to ours, where a network involves equilibria and a periodic trajectory,
appears in the heteroclinic model of the geodynamo derived in Melbourne et al [20]. Starting
with a model with Z2 ⊕ Z2 ⊕ SO(2) symmetry, they perturb the model so the only remaining
symmetry is −Id. For the perturbed model they establish switching numerically in terms of
reversals and excursions.

This has motivated Kirk and Rucklidge [14] to ask whether switching would be observed
when all the symmetries are broken. First they analyse partially broken symmetries in two
different ways: when only the SO(2) symmetry remains they find a weak form of switching,
where trajectories starting near one equilibrium may visit the neighbourhood of another but not
return to the first one; for the Z2 ⊕Z2-symmetric case they find attracting periodic trajectories
and no switching. Then they argue that when all symmetries are broken and the network is
destroyed, switching will not take place arbitrarily close to Z2⊕Z2-symmetric problems because
of barriers formed by invariant manifolds. They describe a scenario where switching may arise,
if the symmetry-breaking terms are larger than a threshold value. They propose a mechanism
for switching arising from the right combination of homoclinic tangencies between the stable
and unstable manifolds of a periodic orbit and specific heteroclinic tangencies between stable
and unstable manifolds of the equilibria.

Here we analyse equations with a symmetry group Z2⊕Z2, a subgroup of that considered by
Melbourne et al [20] but not acting in the same way as in Kirk and Rucklidge [14]: each Z2 in
our setting contains a rotation by π that fixes a plane. A discussion of how our results compare
with those of [14] and [20] appears at the end of this paper in section 9.

Under generic hypotheses for this symmetry, we prove a strong form of switching: the existence
of trajectories that visit neighbourhoods of any sequence of nodes of the network in any order
that is compatible with the network connections.

The conditions we need for switching are stated in section 3 preceded by definitions and
preliminary results in section 2.

In section 4 we present an example of a Z2 ⊕ Z2-equivariant family of ordinary differential
equations having a network of rotating nodes and some simulations (see figures 3 and 4). When
one of the parameters is set to zero, the equations are Z2⊕Z2⊕SO(2)-symmetric and the network
is asymptotically stable. Switching occurs for all small non-zero values of this symmetry-breaking
parameter.

We linearise the flow around the invariant saddles in section 5, obtaining isolating blocks
around each node of the network. This section is mostly concerned with introducing the notation
for the proof of switching that occupies the rest of the paper.

The goal of this paper is to prove switching in the neighbourhood of a heteroclinic network
that consists of four symmetric copies of a heteroclinic cycle

C → v → w → C

where C is a closed trajectory invariant under the symmetries and v and w are equilibria. The
connection v → w is one-dimensional and takes place inside a fixed-point subspace, the other
connections are transverse intersections of 2-dimensional invariant manifolds. The trajectory C
has real Floquet multipliers and 2-dimensional stable and unstable manifolds; the linearisation
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of the flow near v has a pair of complex eigenvalues with negative real part and one real positive
eigenvalue; the linearisation of the flow near w has one real negative eigenvalue and a pair of
complex eigenvalues with positive real part (see figures 1 and 2).

In section 6 we obtain a geometrical description of the way the flow transforms a curve of
initial conditions lying across the stable manifold of each node. The curve is wrapped around
the isolating block of the next node, accumulating on its unstable manifold and in particular
on the next connection. Thus, points on a line across the stable manifold of v will be mapped
into a helix accumulating on the unstable manifold of w that will cross the transverse stable
manifold of C infinitely many times. Similarly, points on a line across the stable manifold of
C will be mapped into a helix accumulating on its unstable manifold and thus will cross the
transverse stable manifold of v infinitely many times.

The geometrical setting is explored in section 7 to obtain intervals on the curve of initial
conditions that are mapped by the flow into curves near the next node in a position similar to
the first one. This allows us to establish the recurrence needed for switching in section 8:

for any sequence of nodes like

+v → −w → C → −v → −w → C → +v → +w → C → +v → · · ·
we find trajectories that visits neighbourhoods of these nodes in the same sequence.

We end the paper with a discussion (section 9) of the results obtained and of related results
in the literature.

2. Preliminaries

Let f be a smooth vector field on Rn with flow given by the unique solution x(t) = ϕ(t, x0) ∈
Rn of

(1) ẋ = f(x) x(0) = x0.

If A is a compact invariant set for the flow of f , we say, following Field [8], that A is an
invariant saddle if

A ⊆ W s(A)\A and A ⊆ W u(A)\A,

where A is the closure of A. In this paper all the saddles are hyperbolic.
Given two invariant saddles A and B, an m-dimensional heteroclinic connection from A

to B, denoted [A → B], is an m-dimensional connected flow-invariant manifold contained in
W u(A) ∩W s(B). There may be more than one connection from A to B.

Let S ={Aj : j ∈ {1, . . . , k}} be a finite ordered set of mutually disjoint invariant saddles.
Following Field [8], we say that there is a heteroclinic cycle associated to S if

∀j ∈ {1, . . . , k},W u(Aj) ∩W s(Aj+1) 6= ∅ (mod k).

We refer to the saddles defining the heteroclinic cycle as nodes.
A heteroclinic network is a finite connected union of heteroclinic cycles.
Let Γ be a compact Lie group acting linearly on Rn. The vector field f is Γ−equivariant if for

all γ ∈ Γ and x ∈ Rn, we have f(γx) = γf(x). In this case γ ∈ Γ is said to be a symmetry of f .
We refer the reader to Golubitsky, Stewart and Schaeffer [9] for more information on differential
equations with symmetry.

The Γ-orbit of x0 ∈ Rn is the set Γ(x0) = {γx0, γ ∈ Γ} that is invariant under the flow of
Γ-equivariant vector fields f . In particular, if x0 is an equilibrium of (1), so are the elements in
its Γ-orbit.

The isotropy subgroup of x0 ∈ Rn is Γx0 = {γ ∈ Γ, γx0 = x0}. For an isotropy subgroup Σ
of Γ, its fixed-point subspace is

Fix(Σ) = {x ∈ Rn : ∀γ ∈ Σ, γx = x}.
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Fixed-point subspaces are the reason for the robustness of heteroclinic cycles and networks
in symmetric dynamics: if f is Γ-equivariant then Fix(Σ) is flow-invariant, thus connections
occurring inside these spaces persist under perturbations that preserve the symmetry.

For a heteroclinic network Σ with node set A, a path of order k, on Σ is a finite sequence
sk = (cj)j∈{1,...,k} of connections cj = [Aj → Bj ] in Σ such that Aj , Bj ∈ A and Bj = Aj+1 i.e.
cj = [Aj → Aj+1]. For an infinite path, take j ∈ N.

Let NΣ be a neighbourhood of the network Σ and let UA be a neighbourhood of each node A
in Σ.

For each heteroclinic connection in Σ, consider a point p on it and a small neighbourhood V
of p. We are assuming that the neighbourhoods of the nodes are pairwise disjoint, as well for
those of points in connections.

Given neighbourhoods as above, the point q, or its trajectory ϕ(t), follows the finite path
sk = (cj)j∈{1,...,k} of order k, if there exist two monotonically increasing sequences of times
(ti)i∈{1,...,k+1} and (zi)i∈{1,...,k} such that for all i ∈ {1, . . . , k}, we have ti < zi < ti+1 and:

(1) ϕ(t) ⊂ NΣ for all t ∈ (t1, tk+1);
(2) ϕ(ti) ∈ UAi and ϕ(zi) ∈ Vi and
(3) for all t ∈ (zi, zi+1), ϕ(t) does not visit the neighbourhood of any other node except that

of Ai+1.

There is finite switching near Σ if for each finite path there is a trajectory that follows it.
Analogously, we define infinite switching near Σ by requiring that each infinite path is followed
by a trajectory.

An infinite path on Σ may also be seen as a pseudo-orbit of ẋ = f(x), with infinitely many
discontinuities. Switching near Σ means that these infinite pseudo-orbits can be shadowed.

3. A network of rotating nodes

Our object of study is the dynamics around a special type of heteroclinic network (see figure
2) for which we give a rigorous description here. The network lies in a topological three-sphere
and one of its nodes is a closed trajectory with real Floquet multipliers and 2-dimensional stable
and unstable manifolds. Near this node, the flow rotates following the closed trajectory. The
other nodes are equilibria with a pair of non-real eigenvalues. Thus the local dynamics rotates
around each node.

Specifically, we study a smooth vector field f on R4 with the following properties:

(P1) The vector field f is equivariant under Γ ∼= Z2 ⊕ Z2 acting linearly on R4 with generators
γ1 and γ2 and with two transverse two-dimensional fixed-point subspaces. In particular, the
origin is an equilibrium.

(P2) There is a three-dimensional flow-invariant manifold S3 diffeomorphic to a sphere that
attracts all the trajectories except the origin. For simplicity, we assume this manifold to be the
unit sphere.

By (P1–P2) there are two flow-invariant circles

C1 = S3 ∩ Fix(Z2(γ1)) and C = S3 ∩ Fix(Z2(γ2)).

(P3) On C1 there are exactly four equilibria that will be denoted by +v, +w, −v = γ2 · v,
−w = γ2 ·w. Moreover, the eigenvalues of df restricted to TS3 are:

• −Cv ± i and Ev with Cv 6= Ev > 0, at ±v;
• Ew ± i and −Cw with Cw 6= Ew > 0, at ±w.
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Figure 1. Dynamics near a heteroclinic network of rotating nodes. Left: dy-
namics around the plane Fix(Z2(γ1)) illustrating property (P3); Right: dynamics
in the plane Fix(Z2(γ2)) illustrating property (P4).

In Fix(Z2(γ1)) the equilibria±v are saddles and±w are sinks with connections inC1 from±v
to ±w. These connections are persistent under perturbations that preserve the γ1−symmetry
(see figure 1).

(P4) In the invariant plane Fix(Z2(γ2)) the only equilibrium is the origin and it is an unstable
focus.

Thus C is a closed trajectory and, from (P2), this trajectory is a sink in Fix(Z2(γ2)) (see
figure 1). Since C is contained in the flow-invariant plane Fix(Z2(γ2)), its Floquet multipliers
are real.

(P5) The periodic trajectory C is hyperbolic and, in S3, dimW u(C) = dimW s(C) = 2. More-
over, there are connections [C → +v] and [+w → C] satisfying:

W u(C) ⋔ W s (+v) and W u (+w) ⋔ W s (C) .

These intersections are one-dimensional and consist of one pair of γ1-related trajectories.

From the γ2− symmetry, we obtain a pair of γ1-related one-dimensional connections in
W u(C) ⋔ W s (−v) and in W u (−w) ⋔ W s (C). It follows that there is a heteroclinic net-
work Σ involving the saddles ±v, ±w and C (figure 2). Such a network Σ is what we call a
network of rotating nodes. This paper shows switching near this network.

The symmetry γ1 and its flow invariant fixed point subspace ensure the persistence of the
connections [±v → ±w]. The other symmetry γ2 is not essential for the existence of a robust
network with these properties but it makes them more natural as illustrated by the example in
section 4. The same is true for the existence of the invariant 3-sphere. In section 9 we discuss
variants of these hypotheses for which switching may be proved in the same way.
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+ w
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- w

- v

Figure 2. Schematic description of a heteroclinic network of rotating nodes sat-
isfying (P1-P5). Each arrow represents a 1-dimensional heteroclinic connection.
There is one 1-dimensional heteroclinic connection from each equilibrium ±v to
each equilibrium ±w (P3). There are two 1-dimensional heteroclinic connections
involving each equilibrium and the periodic trajectory C (P5).

4. Example

Our study was initially motivated by the following example constructed in Aguiar [1], using
the methods of [3]. This is an ordinary differential equation in R4 given by:





ẋ1 = x1(α1 + α2r
2
1 + α3x

2
3 + α4x

2
4 + α5(x

4
3 − r21x

2
4))− x2

ẋ2 = x2(α1 + α2r
2
1 + α3x

2
3 + α4x

2
4 + α5(x

4
3 − r21x

2
4)) + x1

ẋ3 = x3(α1 + α2x
2
3 + α3x

2
4 + α4r

2
1 + α5(x

4
4 − r21x

2
3)) + ξh1(x)

ẋ4 = x4(α1 + α2x
2
4 + α3r

2
1 + α4x

2
3 + α5(r

4
1 − x23x

2
4))− ξh2(x)

where x = (x1, x2, x3, x4) ∈ R4, r21 = x21 + x22 and

h1(x) = [α1 + 3α2(x
2
1 + x22)]x1x2x4 and h2(x) = [α1 + 3α2(x

2
1 + x22)]x1x2x3.

The symmetries of the equation are changes of sign of pairs of coordinates:

γ1(x) = (−x1,−x2, x3, x4) γ2(x) = (x1, x2,−x3,−x4).

Figures 3 and 4 show a trajectory of this equation. In [1] it is proved that, for parameter
values such that

α1 > 0 α3 + α4 = 2α2 α3 < α2 < α4 < 0

α2(α3 − α4) + α1α5 > 0

and if ξ ≥ 0 is such that

ξ <
−α2α3 + α2α4 + α1α5

2α1α2
and ξ2 <

(α4 − α3)(2α1α5 − α2α3 + α2α4)

4α2
1α2

,

then its dynamics satisfies (P1–P4) as we proceed to explain.
For ξ = 0 the equation has more symmetry, like the model in Melbourne et al [20]: it is

equivariant under the group Z2 ⊕ Z2 ⊕ SO(2), generated by

κϕ(x) = (x1 cos(ϕ)− x2 sin(ϕ), x1 sin(ϕ) + x2 cos(ϕ), x3, x4)
κ2(x) = (x1, x2,−x3, x4) κ3(x) = (x1, x2, x3,−x4).
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x4

x3

Figure 3. Switching trajectory on the example in section 4: projection into the
(x3, x4)-plane of the trajectory with initial condition (0.001, 0.001, 0.001, 1), with
α1 = 0.33333333, α2 = −0.33333333, α3 = −0.5, α4 = −0.16666667, α5 = −0.05
and ξ = −1.

When ξ = 0, the three-dimensional sphere S3
r of radius r =

√
−α1
α2

is flow invariant and

globally attracting. The equilibria ±v (resp. ±w) lie at the intersection of S3
r with the x3-axis

(resp. x4-axis) fixed by the subgroup generated by κϕ and κ3 (resp. κϕ and κ2). The closed

trajectory C is the intersection of S3
r with the plane fixed by the subgroup generated by κ2 and

κ3. A direct computation of the eigenvalues and eigenvectors shows that the closed trajectory
and the equilibria form a network where the two-dimensional unstable (resp. stable) manifold of
C coincides with the two-dimensional stable (resp. unstable) manifold of ±v (resp. ±w). Since
all the heteroclinic connections are contained in fixed point subspaces, there is no swicthing.
Moreover, it can be shown (see [1]) that the network is asymptotically stable by the criteria of
Krupa and Melbourne [17], [18].

For ξ > 0 the SO(2) symmetry is broken and so are the two-dimensional connections.
The only symmetries remaining are γ1 = κπ and γ2 = κ2κ3. The symmetry-breaking term
(0, 0, h1(x), h2(x)) is tangent to the invariant sphere so it is still flow invariant and properties
(P1) and (P2) hold. The perturbation mantains the flow-invariance of the line that is fixed by
κπ and κ2 (resp. κπ and κ3), the equilibria and the periodic trajectory are preserved together
with their stability, and properties (P3-P4) hold. Using Melnikov’s Method, Aguiar [1] proved
that the two-dimensional manifolds of the periodic trajectory and of the saddle-foci intersect
transversely. Hence property (P5) holds. It will follow from Theorem 7 that there is switching
near this network as suggested by the trajectories like that of figures 3 and 4.

5. Local Dynamics near the saddles

Here and in the next two sections, we define the setup for the proof of swicthing near the
network. This section contains mostly notation and coordinates used in the rest of the paper.

We restrict our study to S3 since this is a compact and flow-invariant manifold that captures
all the dynamics.
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0 10000time

x1

x3

x4

Figure 4. Switching trajectory on the example in section 4: time series for
x1, x3 and x4 for a trajectory with initial condition (0.001, 0.001, 0.001, 1), with
α1 = 0.33333333, α2 = −0.33333333, α3 = −0.5, α4 = −0.16666667, α5 = −0.05
(same as figure 3). The variable x1 shows visits to the limit cycle, x3 shows
alternate visits to ±v and x4 shows visits to ±w.

When we refer to the stable/unstable manifold of an invariant saddle, we mean the local
stable/unstable manifold of that saddle.

We use Samovol’s theorem to linearise the flow around each saddle — equilibrium or closed
trajectory. We then introduce local cylindrical coordinates and define a neighbourhood with
boundary transverse to the linearised flow. For each saddle, we obtain the expression of the
local map that sends points in the boundary where the flow goes in, into points in the boundary
where it goes out. These expressions will be used in the sequel to obtain a geometrical description
of the discretised flow.

5.1. Coordinates near equilibria. Let v and w stand for any of the two symmetry-related
equilibria±v and ±w, respectively. By Samovol’s theorem [22] f may be linearised around them,
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(a) (b) 

2ε
x

y

ε
r

ϕ

Figure 5. Coordinates on the boundaries of the neighbourhood of v and w: (a)
cylinder wall (b) top and bottom.

since nonresonance is automatic here. In cylindrical coordinates (ρ, θ, z) the linearisations take
the forms:

(2)





ρ̇ = −Cvρ

θ̇ = 1
ż = Evz





ρ̇ = Ewρ

θ̇ = 1
ż = −Cwz.

We consider cylindrical neighbourhoods of v and w in S3 of radius ε > 0 and height 2ε. Their
boundaries consist of three components (see figure 5):

• The cylinder wall parametrized by x ∈ R (mod 2π) and |y| ≤ ε with the usual cover
(x, y) 7→ (ε, x, y) = (ρ, θ, z).

• Two disks, the top and the bottom of the cylinder. We take polar coverings of these
disks: (r, ϕ) 7→ (r, ϕ, jε) = (ρ, θ, z) where j ∈ {−,+}, 0 ≤ r ≤ ε and ϕ ∈ R (mod 2π).

We use x for the angular coordinate on the cylinder wall so as to avoid confusion with the
angular coordinate on the disks when dealing with the local maps.

Note that the two flows defined by (2) have symmetry Z2 ⊕ SO(2) given by z 7→ −z and
rotation around the z axis. This is an artifact of the linearisation and has nothing to do with
the original symmetries. It will be used implicitly in the next sections.

5.2. Local dynamics near v. The cylinder wall is denoted H in
v . Trajectories starting at

interior points of H in
v go inside the cylinder in positive time and H in

v ∩W s(v) is parametrized
by y = 0. The set of points in H in

v with positive (resp. negative) second coordinate is denoted

H in,+
v (resp. H in,−

v ).

The top and the bottom of the cylinder are denoted Hout,+
v and Hout,−

v , respectively. Tra-
jectories starting at interior points of either Hout,+

v or Hout,−
v go inside the cylinder in negative

time (see figure 6).

After linearisation W u(v) is the z-axis, intersecting Hout,+
v at the origin of coordinates of

Hout,+
v . Trajectories starting at H in,j

v , j ∈ {+,−} leave the cylindrical neighbourhood at Hout,j
v .

The orientation of the z-axis may be chosen to have [v → jw] meeting Hout,j
v .

The local map near v, φv : H in,+
v → Hout,+

v is given by

(3) φv(x, y) =
(
Kvy

δv ,− 1
Ev

ln y + x+ 1
Ev

ln(ε)
)
= (r, φ) ,
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W   (v)s

H   in,+

H   in,-
v

v

H   out,+
v

v

H   out,-
v

W   (v)u

loc

loc 

W   (v)u

loc




W   (w)u

H   out,+

H   out,-
w

w

H   in,+
w

w

H   in,-
w

W   (w)s

loc

loc 

W   (w)
s

loc

Figure 6. Neighbourhoods of the saddle-foci. Left : once the flow enters the
cylinder transversely across the wall H in

v \W s
loc(v) it leaves it transversely across

the cylinder top Hout,+
v and bottom Hout,−

v . Right : the flow enters the cylinder

transversely across top H in,+
w \W s

loc(w) and bottom H in,−
w \W s

loc(w) and leaves it
transversely across the wall Hout

w . Inside the two cylinders the vector field is
linear.

where

δv =
Cv

Ev
> 0, Kv = ε1−δv > 0 and

1

Ev
> 0.

The expression for the local map from H in,−
v to Hout,−

v is the same.

5.3. Local dynamics near w. After linearisation, W s(w) is the z-axis, intersecting the top

and bottom of the cylinder at the origin of the coordinates. We denote by H in,j
w , j ∈ {−,+},

the component that [jv → w] ∩H in,j
w 6= ∅. Trajectories starting at interior points of H in,±

w go
inside the cylinder in positive time (see figure 6).

Trajectories starting at interior points of the cylinder wall Hout
w go inside the cylinder in

negative time. The set of points in Hout
w whose second coordinate is positive (resp. negative) is

denoted Hout,+
w (resp. Hout,−

w ) and Hout
w ∩ W u(w) is parametrized by y = 0. The orientation

of the z-axis may be chosen to have trajectories that start at H in,j
w \W s(w), j ∈ {+,−} leaving

the cylindrical neighbourhood at Hout,j
w .

The local map near w, φw : H in,+
w \W s(w) → Hout,+

w is

φw(r, ϕ) =
(

1
Ew

ln(ε)− 1
Ew

ln r + ϕ,Kwr
δw
)
= (x, y) ,

where

δw =
Cw

Ew
> 0, Kw = ε1−δw > 0 and

1

Ew
> 0.

The same expression holds for the local map from H in,−
w \W s(w) to Hout,−

w .
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5.4. Local dynamics near the closed trajectory C. Consider a local cross section S to
the flow at p ∈ C. The Poincaré first return map defined on S may be linearised around
the hyperbolic fixed point p using Samovol’s Theorem. Suspending the linear map yields, in
cylindrical coordinates, the differential equations:

(4)





ρ̇ = −CC(ρ− 1)

θ̇ = 1
ż = ECz

that are locally orbitally equivalent to the original flow. In these coordinates, C corresponds to
the circle ρ = 1 and z = 0, W s(C) is the plane z = 0 and W u(C) is the cylinder ρ = 1.

We work with a hollow three-dimensional cylindrical neighbourhood of C with boundary
H in

C ∪Hout
C , where trajectories starting in H in

C (resp. Hout
C ) go into the neighbourhood in positive

(resp. negative) small time. In what follows we establish some notation for components of the
boundary ( see figure 7).

The components of H in
C are the two cylinder walls, H in

C,+ and H in
C,− locally separated by

W u(C) and parametrized by the covering map:

(x, y) 7→ (1± ε, x, y) = (ρ, θ, z),

where x ∈ R (mod 2π), |y| < ε. We denote by H in
C,+ the component with ρ = 1 + ε.

In these coordinates, H in
C ∩W s(C) is the union of the two circles y = 0 in the two components.

It divides H in
C,+ in two parts, H in,+

C,+ and H in,−
C,+ , parametrized, respectively, by positive and

negative y, with a similar convention for H in,+
C,− and H in,−

C,− .

The components Hout,+
C and Hout,−

C of Hout
C are two anuli, locally separated by W s(C) and

parametrized by the covering:

(r, ϕ) 7→ (r, ϕ,±ε) = (ρ, θ, z),

for 1 − ε < r < 1 + ε and ϕ ∈ R (mod 2π) and where Hout,+
C is the component corresponding

to the + sign and Hout
C ∩W u(C) is the union of two circles parametrized by r = 1.

Denote by Hout,k
C,+ (resp. Hout,k

C,− ), k ∈ {+,−} the set parametrized by 1 < r < 1 + ε (resp.

1− ε < r < 1) in Hout,k
C .

In these coordinates the local map φC : H in,k
C,j → Hout,k

C,j , j, k ∈ {+,−}, is given by

φC(x, y) =

(
jKcy

δc + 1,
1

Ec
ln(ε)− 1

Ec
ln y + x

)
= (r, ϕ),

where

δc =
Cc

Ec
> 0 Kc = ε1−δC > 0 and

1

Ec
> 0.

6. Geometry near the saddles

The coordinates and notation of section 5 may now be used to analyse the geometry of the
local dynamics near each saddle.

The manifold W s(v) separates the cylindrical neighbourhood of v into an upper and a lower
component, mapped into neighbourhoods of +w and −w, respectively.

We show here that initial conditions lying on a segment on the upper part of the cylindrical
wall around v and ending at W s(v) are mapped into points on a spiral on the top of the cylinder
Hout

v where the flow goes out (figure 8).
Initial conditions on a spiral on the top of cylindrical neighbourhood of w are then shown

to be mapped into points on a helix around the cylinder accumulating on W u(w) (figure 8).

Since W s(C) is transverse to W u(w), then the helix on Hout,+
w is mapped across W s(C) on
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Figure 7. Neighbourhood of the closed trajectory C. The flow enters the hollow
cylinder transversely across cylinder walls H in

C,± and leaves it transversely across

top Hout
C,+ and bottom Hout

C,−.

H in
C infinitely many times. This will be used in section 7 to obtain, in any segment on H in,+

v ,
infinitely many intervals that are mapped into segments on H in

C ending at W s(C).
Then the image of a segment ending at W s(C) on one of the walls of H in

C is shown to be
mapped into a curve accumulating on W u(C) ∩ Hout

C (see figure 9). This curve meets W s(v)
infinitely many times by transversality and it is thus mapped across W s(v) on H in

v infinitely
many times. Again, we will use this in section 7 to obtain infinitely many intervals that are
mapped into segments on H in

v ending at W s(v).
This structure of segments containing intervals that are successively mapped into segments

will allow us to establish a recurrence in section 8 and to construct nested sequences of intervals
containing the initial conditions for switching.

Definition 1. A segment β on H in
v (resp.: H in

C ) is a smooth regular parametrized curve β :
[0, 1] → H in

p (resp.: β : [0, 1] → H in
C ) , that meets W s(v) (resp. W s(C)) transverselly at the

point β(1) only and such that, writing β(s) = (x(s), y(s)), both x and y are monotonic functions
of s.

The coordinates (x, y) may be chosen so as to make the angular coordinate x an increasing
or decreasing function of s as convenient.

Definition 2. Let U be an open set in a plane in Rn and p ∈ U . A spiral on U around p
is a curve α : [0, 1) → U satisfying lim

s→1−
α(s) = p and such that, if α(s) = (α1(s), α2(s)) are its

expressions in polar coordinates (ρ, θ) around p, then α1 and α2 are monotonic, with

lim
s→1−

|α2(s)| = +∞.



SWITCHING NEAR A NETWORK 13




W  (v)s

W   (v)u
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Figure 8. Local dynamics near the saddle-foci. Left : near v, any segment on
the cylinder wall is mapped into a spiral on the top or bottom of the cylinder.
Right : a spiral on the top or bottom of the cylinder near w is mapped into a
helix on the cylinder wall accumulating on W u(w). The double arrows on the
segment, spiral and helix indicate correspondence of orientation and not the flow.

It follows that α1 is a decreasing function of s.

Proposition 1. A segment β on H in,+
v (resp. H in,−

v ) is mapped by φv into a spiral on Hout,+
v

(resp. Hout,−
v ) around W u(v).

Proof. Write β(s) = (x(s), y(s)) on H in,+
v with y(s) ≥ 0 monotonically decreasing and choose a

parametrization of H in,+
v such that x(s) is monotonically increasing. Then, writing φv(β(s)) =

(r(s), θ(s)), it follows from the expression of φv in
section 5.2 that r(s) is monotonically decreasing while θ(s) is monotonically increasing.

From lims→1− y(s) = 0 and lims→1− x(s) = x(1) the required limits lims→1− r(s) = 0 and
lims→1− θ(s) = +∞ follow. �

Definition 3. Let a, b ∈ R such that a < b and let H be a surface parametrized by a cover
(θ, h) ∈ R × [a, b] where θ is periodic. A helix on H accumulating on the circle h = h0 is a
curve γ : [0, 1) → H such that its coordinates (θ(s), h(s)) are monotonic functions of s with

lim
s→1−

h(s) = h0 and lim
s→1−

|θ(s)| = +∞.

Proposition 2. A spiral on H in,+
w (resp. H in,−

w ) around W s(w) is mapped by φw into a helix

on Hout,+
w (resp. Hout,−

w ) accumulating on the circle Hout
w ∩W u(w).

Proof. Parametrize H in,+
w so that a spiral σ(s) = (r(s), θ(s)) around W s(w) has θ(s) increasing

with s.
The expression of φw of section 5.3 ensures that in φw(σ(s)) = (x(s), y(s)) we have y decreasing

with s and x increasing with s. The limits in the definiton of helix follow from the form of φw

and from lims→1− r(s) = 0 and lims→1− θ(s) = +∞. �

Proposition 3. A segment β on H in,+
C,+ is mapped by φC into a helix on Hout,+

C,+ accumulating

on the circle W u(C) ∩Hout,+
C .
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Figure 9. Local dynamics near the closed trajectory C. A segment on the wall
ending at W s(C) is mapped into a curve accumulating on W u(C) ∩Hout

C .

The proof, as in Propositions 1 and 2, consists of using the expression of φC of section 5.4

after a suitable choice of orientation in H in,+
C,+ .

Using the symmetries of the linearised flow, it follows that Proposition 3 also holds for a

segment β on H in,+
C− and for Hout,+

C− , as well as for a segment β on H in,−
C+ and for Hout,−

C+ and for

β on H in,−
C− and for Hout,−

C− , considering the circle W u(C) ∩Hout,−
C (see figure 9).

7. First return to v

Let p and q be two nodes of Σ such that there is a connection [p → q]. The transition map
Ψp,q from Hout

p to H in
q follows the trajectory [p → q] in flow-box fashion. In this section we use

this information to put together the local behaviour of trajectories that start near ±v.
To simplify the reading, we omit the − and + signs. Let P ∈ Hout

w be one of the points
where [w → C] meets Hout

w . For small a, b > 0, the rectangle
[
−a

2 ,
a
2

]
×

[
− b

2 ,
b
2

]
is mapped

diffeomorphically into Hout
w by the parametrization that maps the origin to P (figure 10). Its

image, that we denote by Rw, will be called a rectangle in Hout
w centered at P with height b.

The vertical sides of Rw are the images of the segments (±a
2 , y) with y ∈

[
− b

2 ,
b
2

]
. Rectangles

in Hout
C centered at a given point are defined in the same way; we denote them by RC .

By Propositions 1 and 2, the map

η = φw ◦Ψv,w ◦ φv : H in
v → Hout

w

maps a segment β on H in
v infinitely many times across any small rectangle in Hout

w centered at
a point in W u(w).

An admissible family of intervals I = {[ai, bi]}i∈N is one that satisfies

0 < ai < bi < ai+1 < 1 and lim
i→∞

ai = 1.

Proposition 4. Let Rw be a rectangle in Hout
w centered at one point P of Hout

w ∩ [w → C]. For
any segment β : [0, 1] −→ H in

v there is an admissible family of intervals {[σi, ρi]}i∈N such that:

(1) each closed interval [σi, ρi] satisfies η ◦ β([σi, ρi]) ⊂ Rw;
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Figure 10. Transition from v to w: a segment on H in
v is mapped into spirals

on Hout
v around W u(v)∩Hout

v and W s(w)∩H in
w . The spiral is then mapped into

a helix on Hout
w accumulating on W u(w) and crossing infinitely many times a

rectangle Rw centered at one of the connections starting at w (see also figure 11).
Double arrows indicate orientation of the segment and not the flow.

(2) each open interval (ρi+1, σi) satisfies η ◦ β((ρi+1, σi)) ∩Rw = ∅;
(3) the family of curves {η ◦β([σi, ρi])} accumulates uniformly on W u(w)∩Rw as i → +∞.

This also holds for the local map around C, with C, φC and C where we have written w, η and
v.

Proof. Writing (x(s), y(s)) for the coordinates of the helix η ◦β(s) on the cylinder wall, we have
that y decreases with s and that x(s) can be taken as an increasing function of s by choosing
compatible orientations in H in

v and Hout
w and, if necessary, by restricting the domain of β to

a smaller interval (s1, 1). In particular the helix η ◦ β may be seen as a graph (x, y(x)) where
x ∈ [x(0),+∞) and where y is a decreasing function of x with limx→∞ y(x) = 0 (figure 11).

On Hout
w , the rectangle Rw is [n− a/2, n+ a/2] × [−b/2, b/2] with n ∈ N. Let σ0 be the

smallest value of s ∈ (s1, 1) such that (x(s), y(s)) lies on the left vertical side of Rw, with
y(σ0) <

b
2 as in f igure 11. Then y(s) < b

2 for all s ∈ [σ0, 1).
The sequences defining the family of intervals are obtained from points where the helix meets

successive copies of the vertical sides of Rw with x(σi) = n0 + i− a/2 and x(ρi) = n0 + i+ a/2.
The proof for φC is similar. �
Proposition 5. Given a segment β : [0, 1] −→ H in

v , a rectangle Rw of sufficiently small height
and the family of intervals {[σi, ρi]}i∈N of Proposition 4. Then for sufficiently large i there are
τi with σi < τi < ρi such that Ψw,C ◦ η(β(τi)) ∈ W s(C) and Ψw,C ◦ η ◦ β maps each one of the

intervals [σi, τi] and [τi, ρi] into a segment on one of the sets H in,+
C and H in,−

C . This also holds

for ΨC,v ◦ φC : H in
C −→ H in,±

v with the appropriate changes.

Proof. Since W s(C)∩Hout
w meets W u(w)∩Hout

w transverselly (property (P5)) then if the height
of Rw is small, W s(C) does not meet its vertical sides. Each one of the images η ◦ β([σi, ρi])
meets W s(C)∩Hout

w transversely at a single point η ◦β(τi), since they accumulate uniformly on
W u(w)∩Rw as i → +∞. The monotonicity of the coordinates of η◦β will be preserved by Ψw,C
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Figure 11. A helix on a periodic cover of the cylinder wall Hout
w . After it meets

the first (shaded) copy of the rectangle, the helix will intersect the rectangle at
intervals whose image accumulates on the curve W u(w), represented here by the
x-axis.

close to W u(w). Each component of η ◦ β([σi, ρi])\ {η ◦ β(τi)} will be mapped into a segment,

one into each connected component of H in,j
C \W s(C). The proof for ΨC,v ◦ φC is analogous. �

8. Switching near the Heteroclinic Network

In this section, we put together the information about the first return map toH in
v . In sections 6

and 7 we have found that a segment ending at the stable manifold of one node contains intervals
that are mapped into segments ending at the stable manifold of the next node. Starting with a
segment on H in

v , here this is used recursively to obtain sequences of nested intervals containing
initial conditions that follow sequences of heteroclinic connections.

We say that the path sk = (cj)j∈{1,...,k} of order k on the network Σ is inside the path

tk+l = (dj)j∈{1,...,k+l} of order k + l (denoted sk ≺ tk+l) if cj = dj for all j ∈ {1, . . . , k}.
The family of closed intervals I = {Ii}i∈N is inside the family Ĩ = {Ĩi}i∈N (I < Ĩ) if, for all

i ∈ N, Ii ⊂ Ĩi. If Ĩ is admissible in the sense of section 7 and I < Ĩ then I is also admissible,
provided none of its intervals consists of a point.

Theorem 6. There is finite switching near the network Σ defined by a vector field satisfying
(P1–P5).

Proof. Given a path, we want to find trajectories that follow it into the neighbourhoods of
section 5 going through small disks in Hout

v around W u(±v) and through rectangles in Hout
w

and Hout
C centered at the connections. Without loss of generality we only consider paths sk =

(cj)j∈{1,...,k} starting with c1 = [±v → ±w].

Take a segment β on H in,±
v of points that follow the first connection c1. We will construct

admissible families of intervals I(c1, . . . , cn) = {Ii}i∈N recursively, such that points in β(Ii)
follow (c1, . . . , cn) and the image of β(Ii) by the transition maps is a segment. We will show
that sk ≺ sk+l implies I(sk) > I(sk+l) and thus the process will be recursive.
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Figure 12. On a segment β on H in
v , there are infinitely many small segments

that are mapped by η into Rw, each one containing a point mapped into W s
loc(C).

The small segments contain smaller ones that are mapped into RC and this may
be continued, forming a nested sequence.

By Propositions 4 and 5, there is an admissible family of intervals I(c1, c2) = {Ii}i∈N such

that β(Ii) is mapped by Ψw,C ◦ φw ◦Ψv,w ◦ φv into a segment on H in,±
C with the choice of sign

appropriate for the next connection c3. Applying the second part of Propositions 4 and 5 to
this segment, we obtain an admissible family of intervals I(c1, c2, c3) < I(c1, c2) corresponding
to points that follow (c1, c2, c3) and to intervals that are mapped into a segment on H in,±

v with
the choice of sign appropriate for following the connection c4.

In Proposition 5 we assume the height of the rectangle Rw is small and we reduce it if
necessary. This is done to ensure that inside Rw the stable manifold W s(C) is the graph of
a function and thus a helix only meets it once at each turn. However, as soon as the choice
of height is made it may be kept throughout the proof and thus the construction of I(sk) is
recursive, proving finite switching near Σ. �

Theorem 7. There is infinite switching near the network Σ defined by a vector field satisfying
(P1–P5).

Proof. Fix an infinite path s∞ = (cj)j∈N on Σ. For each k ∈ N define the finite path sk of order

k by sk = (cj)j∈ {1,...,k}, with sk ≺ sk+1. From the proof of Theorem 6, for each k we have an

admissible family of intervals I(sk) = {Jki}i∈N such that I(sk) > I(sk+1) and all the points in
β(Jki) follow sk.

Since we have I(sk) > I(sk+1) then Λ =
⋂∞

k=1 I(sk) is non-empty because each set Λi =⋂∞
k=1 Jki is non empty. From the definition of admissible family of intervals, if we take ai ∈ Λi

then limi→∞ ai = 1. From the construction we have that β(ai) follows s∞. Thus, we have
obtained a sequence of points β(ai) that accumulate on Σ as i → ∞ and that follow the infinite
path. �

9. Final remarks and discussion

9.1. Generalisation. Not all assumptions of Section 3 are essential to prove switching, although
some of them simplify the calculations. For instance, the eigenvalues at ±v and ±w may have
any imaginary part, not necessarily 1 as in (P3). The proof also works if at one of the pairs of
nodes ±v or ±w the eigenvalues of df are real, as long as the eigenvalues at the other pair of
nodes are not real — it is enough to have one pair of rotating equilibria. Any finite number of
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1-dimensional connections [w → C] and [C → v] could have been used instead of two for each
equilibrium.

The existence of swicthing near a network may be easily generalised to a heteroclinic network
involving any number of rotating nodes such that each heteroclinic connection involving a peri-
odic trajectory is transverse and there are no consecutive non-transverse heteroclinic connections
on the network.

It is not essential to have (Z2 ⊕ Z2)-equivariance. The symmetry γ2 is used here to obtain
the closed trajectory C and the role of γ1 is to guarantee that the one-dimensional connections
[v → w] are robust. Symmetries make the existence of the network natural and ensure persis-
tence. Switching will hold for any network without symmetry having the nodes and connections
prescribed here, as long as the remaining assumptions are satisfied.

Estimates for the transition maps may be refined as in Aguiar et al. [4] to show that near
this network there is a suspended horseshoe with transition map described as a full shift over
a countable set of symbols. The suspended horseshoe has the same shape as the network.
Thus, when the symmetry of the example in section 4 is partly broken we have instant chaos.
In particular it can be shown that there are periodic orbits that follow any finite path in the
network, but this uses techniques beyond the scope of this paper.

Finite switching is present even when all the local maps are expanding, as in the case Cv < Ev,
Cw < Ew, CC < EC . This is due to the rotation around the nodes and is markedly different
from the situation where all eigenvalues are real. In the example of section 4 this corresponds
to parameter values where the O(2)-symmetric network is a repeller.

A path on the network can also be shadowed by trajectories in W u(C) (see figure 12) because
the local unstable manifold of C meets H in

v at a segment by the transversality assumption (P5).
It also follows that there are infinitely many homoclinic connections involving the periodic tra-
jectory C, although there are no homoclinic trajectories involving the equilibria. The geometry
of W u(C) gets extremely complicated as we move away from C, since it will accumulate on the
whole network, having v, w and C as limit points. A complete description of the nonwandering
set for this type of flows is in preparation.

9.2. Discussion. Generic breaking of the γ1-symmetry destroys the network, as in [14] and [20],
by breaking the connections [v → w]. If the remaining assumptions are still satisfied, a weaker
form of switching will hold: for small symmetry-breaking terms, it may still be possible to find
trajectories that visit neighbourhoods of finite sequences of nodes. This is because the spirals
on top of the cylinder around w of figure 8 will be off-centered and will turn a finite number
of times around W s(w). From this we may obtain points whose trajectories follow short finite
paths on the network. As W u(v) gets closer to W s(w) (as the system moves closer to symmetry)
the paths that can be shadowed get longer.

This is in contrast to the findings of Kirk and Rucklidge [14], who claim that there can be
no switching in generic systems close to the symmetric case, so a comparison of the settings
and results of the two papers is in order at this point. The first caveat is that the Z2 ⊕ Z2

representations are different: in our case Fix(Z2 ⊕ Z2) = {0}, and there are two transverse
2-dimensional fixed-point subspaces for the isotropy subgroups, whereas in [14], Fix(Z2 ⊕ Z2)
is a plane with two 1-dimensional fixed-point subspaces for the isotropy subgroups. In their
setting, our symmetries correspond to the group generated by a rotation of π in SO(2) and
by the product of their Z2 ⊕ Z2 generators. Both representations occur in the larger group
Z2 ⊕Z2 ⊕SO(2) used in [20]. Moreover, we are assuming the existence of an invariant 3-sphere
(a natural assumption in the symmetric context, see [8]) and it is not evident that in their
context such a sphere will exist.

However, the difference in the results of [14] and ours indicates that vector fields with Z2 ⊕
Z2 ⊕ SO(2) symmetry have codimension higher than 3 in the universe of general vector fields.
This will mean that in general systems close to symmetry what will be observed may depend
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on the way symmetries are broken and that a lot more needs to be done before switching is well
understood.
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CHAOTIC DOUBLE CYCLING

ALEXANDRE A.P. RODRIGUES, ISABEL S. LABOURIAU, AND MANUELA A.D. AGUIAR

Abstract. We study the dynamics of a generic vector field in the neighbourhood of a hetero-
clinic cycle of non-trivial periodic solutions whose invariant manifolds meet transversely. The
main result is the existence of chaotic double cycling: there are trajectories that follow the cycle
making any prescribed number of turns near the periodic solutions, for any given bi-infinite
sequence of turns. Using symbolic dynamics, arbitrarily close the cycle, we find a robust and
transitive set of initial conditions whose trajectories follow the cycle for all time and that is
conjugate to a Markov shift over a finite alphabet. This conjugacy allows us to prove the exis-
tence of infinitely many heteroclinic and homoclinic subsidiary connections, which give rise to
a heteroclinic network with infinitely many cycles and chaotic dynamics near them, exhibiting
themselves switching and cycling. We construct an example of a vector field with Z3 symmetry
in a 5-dimensional sphere with a heteroclinic cycle having this property.

1. Introduction

A particularly important subject in the theory of nonlinear dynamical systems is the study of
the behaviour near homoclinic and heteroclinic cycles. A review of homoclinic and heteroclinic
theory for autonomous vector fields is given in Homburg et al [16]. Symmetry is a natural
setting for persistent heteroclinic cycles. In this context, Krupa et al [21] give a sufficient
condition (also necessary when some additional conditions are satisfied) for a heteroclinic cycle
to be asymptotically stable: trajectories near the heteroclinic cycle will follow and approach it
infinitely.

Associated to asymptotically stable heteroclinic cycles we observe intermittency: trajectories
near it take some time near each node and spend more and more time near the nodes on each
subsequent return. For a given trajectory approaching the cycle, the duration of visits is a
geometrically increasing sequence of times. A natural question arises: is it possible to control
the time on each visit to a neighbourhood of the nodes of the cycle?

If the cycle is asymptotically stable, the answer has been given by Melbourne [22]. If the
invariant manifolds of the nodes meet transversely, the cycle is not asymptotically stable, the
system is chaotic and there are few results concerning the dynamic behaviour in the neigh-
bourhood of the cycle. In this paper, we provide an affirmative answer to the question in the
context of non-asymptotically stable heteroclinic cycles between non-trivial periodic solutions,
by counting the number of times a trajectory turns around each node.

Given a set of neighbourhoods of the nodes and any prescribed number of turns inside each
of the neighbourhoods, we prove the existence of trajectories that follow the cycle making the
prescribed turns as it travels alongside the cycle. The number of turns may be chosen as an
arbitrary bi-infinite sequence of numbers. This is not a temporal transient phenomenon; it is a
robust behaviour that we call chaotic double cycling.

2000 Mathematics Subject Classification. Primary: 37C29; Secondary: 34E10, 34C28, 37C27, 37C20.
Key words and phrases. vector fields, heteroclinic cycle and networks, bi-infinite cycling, symbolic dynamics,

horseshoe in time.
The research of all authors at Centro de Matemática da Universidade do Porto (CMUP) had financial support

from Fundação para a Ciência e a Tecnologia (FCT), Portugal, through the programs POCTI and POSI with
European Union and national funding. A.A.P. Rodrigues was supported by the grant SFRH/BD/28936/2006 of
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In the Hamiltonian setting this has been studied in the context of the two and three-body
problems by Moeckel [23] and by Koon et al [19]. Both papers prove the existence of homo-
clinic and heteroclinic cycles between two periodic solutions which have the same energy for a
Hamiltonian vector field and adress some other dynamical properties like switching and chaotic
changes of configuration. However, the restriction of a Hamiltonian system to an energy level
does not define a generic differential equation — for instance, its flow preserves volume and the
dynamical issues addressed are different from ours. In particular they do not discuss cycling,
which is the main point of this article.

We show cycling with chaotic behaviour, even though the nodes in the heteroclinic cycles we
consider are not chaotic sets. This differs from the situation studied in Dellnitz et al [9], where
cycling chaos is proved for heteroclinic cycles whose nodes are chaotic attractors. For robust
cycling between chaotic sets, see also Ashwin et al [8].

Framework of the paper. We study the dynamics near a cycle of periodic solutions, first
in a 3-dimensional manifold, then in any dimension. We ask for transverse intersection of the
invariant manifolds of all successive nodes. This is possible only because the heteroclinic cycle
contains periodic trajectories and not equilibria.

After some preliminary definitions in section 2, the proof in 3 dimensions occupies sections
(3-5): notation and definitions in section 3; results that prepare the proof in section 4.

The main point of the proof given in section 5 is to find a set Λ of initial conditions whose
trajectories remain near the cycle for all time and whose behaviour may be coded using symbolic
dynamics. However, our coding is not only related to the space orbit of the associated trajectory,
but also to the number of times that the trajectory cycles around each node, like a horseshoe in
time.

The coding by a finite set of symbols allows us to obtain further results on the dynamics, pre-
sented in section 6. In particular we prove the existence of infinitely many subsidiary homoclinic
and heteroclinic connections near the original cycle. Each new cycle may exhibit persistent cy-
cling, giving rise to a very complicated heteroclinic network. This leads to horseshoe dynamics
(in space) conjugated to a Markov shift near any cycle in the network, including the original one.
The use of symbolic dynamics allows us to conclude other properties of the invariant set, such
as topological mixing and the existence of a Gibbs measure (under the restrictions presented by
Sarig [24]).

The extension of our results to higher dimensions is proved in section 7, where we use the
center manifold theorem for heteroclinic cycles studied by Shaskov et al [25] (in the context
of homoclinic orbits) and Shilnikov et al [27]. Under some generic hypothesis, we reduce the
study of the dynamics near a heteroclinic cycle in an n-dimensional manifold, to a 3-dimensional
flow-invariant centre manifold containing the cycle. We end by presenting the construction of
an example of a system of differential equations with Z3 symmetry in a 5-dimensional globally
attracting sphere in R6, whose flow has a heteroclinic cycle between three periodic solutions.
We show numerical evidence that the invariant manifolds meet transversely and that thus the
example satisfies the conditions of the result and chaotic cycling holds. This last property is
illustrated by numerical plots of solutions to the equations.

2. Preliminaries

Let M be a smooth n-dimensional manifold and let f : M → TM be a smooth vector field
defined on M . Denote by φ(t, p) the unique solution x(t) of the initial value problem:

(1) ẋ = f(x), x(0) = p.
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In this paper we consider non-trivial periodic solutions of (1) that are hyperbolic and that
have at least one Floquet multiplier with absolute value greater than 1 and at least one Floquet
multiplier with absolute value less than 1. We call these periodic solutions of saddle type.

Given two periodic solutions ci and cj of (1) of saddle type, a heteroclinic connection from ci
to cj is a trajectory contained in W u(ci) ∩W s(cj) that will be denoted [ci → cj ].

Let S ={cj : j ∈ {1, . . . , k}} be a finite ordered set of periodic solutions of saddle type of (1)
such that

∀j ∈ {1, . . . , k} W u(cj) ∩W s(cj+1) 6= ∅ (mod k).

A heteroclinic cycle Σ associated to S is the union of the saddles in S with a heteroclinic
connection [cj → cj+1] (mod k), for each j ∈ {1, . . . , k}. If k = 1, the heteroclinic cycle
is called homoclinic cycle. We denote by Σ = 〈c1, . . . , ck〉 a heteroclinic cycle associated to
{cj : j ∈ {1, . . . , k}} and we refer to the saddles defining the heteroclinic cycle as nodes. A
heteroclinic network is a connected set that is the union of heteroclinic cycles.

Given a heteroclinic cycle of periodic solutions Σ with nodes cj , j = 1, . . . , k, let VΣ be a
compact neighbourhood of Σ and let Vj be pairwise disjoint compact neighbourhoods of the
nodes cj ∈ S, such that each boundary ∂Vj is a finite union of smooth manifolds with boundary,
that are transverse to the vector field everywhere, except for their boundary. Then each Vi is
called an isolating block for ci and V = {Vi}i∈{1,...,k} is called a system of isolating blocks for Σ.

For each Vj ∈ V , consider a codimension 1 submanifold with boundary Πj ⊂ Vj of M , such
that:

• the flow is transverse to Πj ;
• Πj intersects ∂Vj transversely;
• Πj ∩ cj has only one element.

We call Πj a counting section. Any set of k counting sections, one inside each isolating block, is
called a system of counting sections associated to V .

We are interested in trajectories that go inside a neighbourhood Vj in positive time and
hit the counting section Πj a finite number of times (which can be zero) until they leave the
neighbourhood. Every time the trajectory makes a turn inside Vj it hits the counting section
(see figure 1 (a)). Hence, it is natural to have the following definition where int(A) is the interior
of A ⊂M :

Definition 1. Let cj be a periodic trajectory of saddle type, with Vj an isolating block for cj
and Πj a counting section. Let q ∈ ∂Vj be a point such that the following properties hold:

• ∃τ > 0, ∀t ∈ (0, τ), φ(t, q) ∈ int(Vj)
• φ(τ, q) ∈ ∂Vj .

The trajectory of q turns n times around cj in Vj , relatively to Πj if

#({φ(t, q), t ∈ [0, τ ]} ∩Πj) = n ≥ 0 .

Definition 2. A heteroclinic cycle Σ = 〈c1, . . . , ck〉 of periodic trajectories has cycling if there
exist:

• VΣ a neighbourhood of Σ;
• V = {Vj}j∈{1,...,k} a system of isolating blocks;
• {Πj}j∈{1,...,k} a system of counting sections;

such that given an index set I to be specified below, for any sequence of nonnegative integers
(zi)i∈I , there exists a point q and there are times (tini )i∈I and (touti )i∈I satisfying tini < touti < tini+1

such that, for each i ∈ I, if i ≡ j (mod k) :

• φ(t, q) ∈ VΣ for t ∈ [tini , t
out
i ] and for t ∈ [touti , tini+1] ;

• for all t ∈ (tini , t
out
i ), the trajectory φ(t, q) lies in int(Vj);
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Figure 1. (a): Example of a trajectory turning twice around a periodic tra-
jectory cj , in Vj with respect to Πj . (b): General cylindrical coordinates on
the neighbourhood Vj of cj and isolating blocks. The set H in

cj is formed by

two cylinder walls, the set Hout
cj corresponds to the top and bottom anuli and

Xcj = H in
cj ∩Hout

cj consists of four circles.

• for t ∈ [tini , t
out
i ], the trajectory φ(t, q) turns zi times around cj, in Vj, with respect to

Πj;
• for t ∈ (touti , tini+1), φ(t, q) does not visit the isolating block for any node in Σ.

When the property above holds for a finite index set I = {1, . . . ,m}, then Σ has finite cycling
of order m. When it holds for I = Z then Σ has bi-infinite cycling (also called chaotic double
cycling for reasons that will be apparent in the sequel).

We refer to the difference toutj − tinj as the time of flight of the first visit of the trajectory

φ(t, q) to Vj .
For a heteroclinic network Σ∗ with node set A = {cj}j=1,...,k, a path on Σ∗ is an infinite

sequence (sl) of connections sl = [xl → yl] in Σ∗ such that xl , yl ∈ A and yl = xl+1, thus
forming a connected graph. For each heteroclinic connection in a network Σ∗ , consider a point
p on it and a small neighbourhood V of p, so that these neighbourhoods are pairwise disjoint.
Given a system of isolating blocks for the nodes of Σ∗, if a trajectory φ(t) visits all these
neighbourhoods in the same sequence as the path (sl) we say it follows the path (sl).

There is switching near Σ∗ if for each system of neighbourhoods as above and for each path
on Σ∗ there is a trajectory that follows it. See Aguiar et al [4, 6] for a detailed discussion of
these concepts.

3. Local dynamics and transition maps

In this section, we obtain a system of isolating blocks for a cycle Σ = 〈c1, . . . , ck〉 of periodic
trajectories in a 3-dimensional manifold. We also establish the notation for the proof of our
main results in 3 dimensions.
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Figure 2. Isolating block for the closed trajectory cj . (a): coordinates on the
walls of the hollow cylinder (cross section in); (b): coordinates on the top and
bottom of the hollow cylinder (cross section out). The flow enters the hollow
cylinder transversely across the cylinder walls H in

cj and leaves it transversely

across the top and bottom Hout
cj .

3.1. Suspension. Consider a local cross-section Πj at a point pj in cj , for j ∈ {1, . . . , k}. Since
cj is hyperbolic, by a result of Hartman [14], there is a neighbourhood V ∗

j of pj in Πj where the

first return map πj is C1 conjugate to its linear part. The eigenvalues of dπj are eEj and e−Cj ,
where Ej > 0 and Cj > 0.

Suspending the linear map gives rise, in cylindrical coordinates (ρ, θ, z) around cj (see figure
1 (b)), to the system of differential equations:

(2)





ρ̇ = −Cj(ρ− 1)

θ̇ = 1
ż = Ejz

which is equivalent to the original flow near cj , although the suspension does not preserve the
return time of the original trajectories. In these coordinates, the periodic trajectory cj is the
circle defined by ρ = 1 and z = 0, its local stable manifold, W s

loc(cj), is the plane z = 0 and
W u

loc(cj) is the surface defined by ρ = 1.

3.2. Isolating blocks for cj. We will work with a hollow three-dimensional cylindrical neigh-
bourhood Vj(ε) of cj contained in the suspension of V ∗

j

Vj(ε) = {(ρ, θ, z) : 1− ε ≤ ρ ≤ 1 + ε, −ε ≤ z ≤ ε and θ ∈ R (mod 2π)} .
When there is no ambiguity, we write Vj instead of Vj(ε). Its boundary (see figure 1 (b)) is a
disjoint union

∂Vj = H in
cj ∪Hout

cj ∪Xcj

such that :

• H in
cj is the union of the walls, ρ = 1 ± ε, of the cylinder, locally separated by W u(cj).

Trajectories starting at H in
cj go inside the cylinder Vj in small positive time.
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• Hout
cj is the union of two anuli, the top and the bottom, z = ±ε of the cylinder, locally

separated by W s(cj). Trajectories starting at Hout
cj go inside the cylinder Vj in small

negative time.
• The vector field is transverse to ∂Vj at all points except at the four circles Xcj =

H in
cj ∩Hout

cj .

The two cylinder walls, H in
cj are parametrised by the covering maps:

(θ0, z0) 7→ (1± ε, θ0, z0) = (ρ, θ, z),

where θ0 ∈ R (mod 2π), |z0| < ε (see figure 2 (a)). In these coordinates, H in
cj ∩W s(cj) is the

union of the two circles z0 = 0. The two anuli Hout
cj are parametrised by the coverings:

(ϕ, r) 7→ (r, ϕ,±ε) = (ρ, θ, z),

for 1 − ε < r < 1 + ε and ϕ ∈ R (mod 2π) and where Hout
cj ∩W u(cj) is the union of the two

circles r = 1 (see figure 2 (b)). In these coordinates Xcj = H in
cj ∩Hout

cj is the union of the four

circles defined by ρ = 1± ε and z = ±ε.

3.3. Local map near cj. For each j ∈ {1, . . . , k}, in the above coordinates, there are local
maps φcj from a connected component of H in

cj into a connected component of Hout
cj , given by:

(3) φcj (θ0, z0) =

(
θ0 −

1

Ej
ln
(z0
ε

)
, 1± ε

(z0
ε

)δj)
= (ϕ, r) where δj =

Cj

Ej
> 0 .

The signs ± depend on the component of H in
cj we started at, + for trajectories starting with

ρ > 1 and − for ρ < 1. From now on we use as counting section the rectangle, denoted by Πj

Πj = {(ρ, θ, z) : θ = 0, 1 ≤ ρ ≤ 1 + ε and 0 ≤ z ≤ ε} .
We denote by Sj its intersection with Hout

cj (see figure 3 (a)). Without loss of generality we

assume each connection [cj → cj+1] meets Hout
cj far from the counting section Πj .

3.4. Transition maps from cj to cj+1. Using the parametrisations above, let (A, 1) = (ϕ, r)
be the coordinates of the point in [cj → cj+1]∩Hout

cj and let (B, 0) = (θ0, z0) be the coordinates

of [cj → cj+1]∩H in
cj+1

, with ck+1 = c1. A flow-box around a piece of [cj → cj+1] containing these

two points meets Hout
cj and H in

cj+1
at neighbourhoods of (A, 1) in Hout

cj and of (B, 0) in H in
cj+1

.

A transition map Ψj→j+1 is well defined in these neighbourhoods and C1 close to a non trivial
rotation (without loss of generality, for computations, we will use the rotation of π

2 ) (see figure
4).

The size of these neighbourhoods depend on the size, ε, of Vj and Vj+1; for smaller values of
ε, if we extend the flow-box the neighbourhood becomes larger due to the expanding Floquet
exponent at each node as in figure 3 (b). SinceW u(cj) andW

s(cj+1) meet transversely, we may
take a sufficiently small ε for the neighbourhood Vj so the part of W u

loc(cj) that lies inside the
neighbourhood is mapped by Ψj→j+1 across the height ofH

in
cj+1

as in figure 4. Thus it is possible

to define a region Rin,j+1 parametrised by a rectangle in H in
cj+1

around (B, 0), contained in the

image of Ψj→j+1 and such that two opposite sides of Rin,j+1 are contained in Xcj+1 . Moreover,

Rin,j+1 will contain the image of a piece of Ψj→j+1 (W
u
loc(cj)) joining two components of Xcj

(see figure 4). We will call Rin,j+1 a rectangle in H in
cj+1

. Note that once this holds for Vj , the

same is true for all hollow cylinder neighbourhoods of cj with smaller size ε. Thus, we may also

have a piece of W s
loc(cj+1) mapped by Ψ−1

j→j+1 across the width of Hout
cj and meeting Xcj at two

points, reducing ε if necessary.
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Figure 3. (a): The counting section Πj at cj is represented by the shaded
rectangle and the segment Sj is Πj ∩Hout

cj ; (b) Subsets where a flow-box around

the connection [cj → cj+1] meets the boundary of cylindrical neighbourhoods
Vj(ε2) ⊂ Vj(ε1) of cj . If ε1 > ε2 > 0 the intersection is a larger set, due to the
expanding Floquet exponent at each node.

It will also be convenient to assume that, for each j, Rin,j does not intersect Sj , the boundary
of the section where turns are counted. This may be achieved by changing the position of the
sections if necessary. For sections 4 and 5, we are always considering the system of isolating
blocks V = {Vj}j defined in this section and satisfying these properties.

4. Geometry near the nodes

The notation and constructions of section 3 may now be used to study the geometry associated
to the local dynamics around each node of the heteroclinic cycle Σ.

Definition 3. A segment β on H in
cj is a smooth regular parametrized curve β : [0, 1]→ H in

cj , that

meets W s
loc(cj) transversely at the point β(1) only and such that, writing β(s) = (x(s), y(s)), both

x and y are monotonic functions of s. A restriction of any segment to an interval not containing
1, will be called a piece of segment.

Definition 4. Let a, b ∈ R such that a < b and let H be a surface parametrized by a covering
(θ, h) ∈ R × [a, b] where θ is periodic. A helix on H accumulating on the circle h = h0 is a
curve γ : [0, 1)→ H such that its coordinates (θ(s), h(s)) are monotonic functions of s with

lim
s→1−

h(s) = h0 and lim
s→1−

|θ(s)| = +∞.

Lemma 1. The image of a segment in H in
cj by φcj is a helix accumulating on W u

loc(cj) ∩Hout
cj .

Similarly φ−1
cj maps a segment in Hout

cj into a helix accumulating on W s
loc(cj) ∩H in

cj (see figure

5).

Proof. The proof is a direct calculation using the expresssion (3) for φcj and

φ−1
cj (0, r) =

(
− ln(ε)

εEj

[
ε

1− r

] 1
δj

; ε

[
1− r
ε

] 1
δj

)
r ∈ (1− ε, 1)
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Figure 5. Local dynamics in the neighbourhood of the periodic solution cj (see
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cj , by φ−1
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cj . The double arrow on the lines represents the
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defined into the component of H in
cj with ρ = 1− ε. For r ∈ (1, 1 + ε) a similar expression holds.

A similar proof may be found in Aguiar et al [6] (section 6, proposition 3). �
From the same calculations it follows that for a point q ∈ H in

cj \W s
loc(cj)) the closer it is to

W s
loc(cj)) the larger will be the number of loops inside Vj of its trajectory (see figure 7). We also

get:

Corollary 2. The inverse image φ−1
cj (Sj\W u

loc(cj)) has two connected components lying on H in
cj

and each component is a helix accumulating on W s
loc(cj) ∩H in

cj .

The next step is to compute the number of loops of a trajectory inside Vj . This is done
using the linearised equations (2) and noting that the trajectory of q = (θ0, z0) ∈ H in

cj \W s
loc(cj))

arrives at Hout
cj at time

τ =
1

Ej
ln

(
ε

z0

)
.

Denoting by [a] the greatest integer less than or equal to a, we have:

Proposition 3. The number of turns made by the trajectory of a point q = (θ0, z0) ∈ H in
cj \W s

loc(cj)

inside Vj with respect to Πj is given by:
[∣∣∣∣
(

1

Ej
ln

(
ε

z0

)
+ θ0

)
/2π

∣∣∣∣
]
.

The calculations used for proposition 3 yield:

Corollary 4. If β is a piece of segment meeting transversely φ−1
cj (Sj\W u(cj)) only at the end

points, then φcj (β) is a piece of helix on the annulus Hout
cj meeting Sj only at its end points.

From corollary 4, it follows that:

Corollary 5. If β is a piece of segment meeting φ−1
cj (Sj\W u(cj)) transversely whith end points

lying in φ−1
cj (Sj), then φcj (β) is a piece of helix turning m − 1 times around W u(cj) ∩ Hout

cj

relatively to Sj on the annulus Hout
cj , where m is the number of elements of the set φ−1

cj (Sj)∩ β.

5. Chaotic double cycling in 3-dimensions

In this section we put together all the information about the local maps to prove:

Theorem 6. Let Σ = 〈c1, . . . , ck〉 be a heteroclinic cycle of hyperbolic periodic trajectories in
a 3-dimensional manifold such that the invariant manifolds of consecutive nodes of Σ meet
transversely. Then:

a) in every neighbourhood of Σ there is a suspension of an invariant Cantor set of trajec-
tories that follow Σ in positive and negative time;

b) Σ has bi-infinite cycling.

The proof of theorem 6 uses symbolic dynamics and occupies all of this section. We define
a discretisation of the flow and then the result follows from standard methods in symbolic
dynamics, see for instance Alekseev [3], Kitchens [18] and Wiggins [28, 29]. The only delicate
point is the construction of the non-wandering set of statement a) where the discretised flow
may be indefinitely iterated. In 5.2 and 5.3 we construct the intersection of the non-wandering
set with H in

cj and Hout
cj , using similar methods to the pioneering work of Shilnikov [26], and then

we move it to the counting sections Πj . This is the part of the proof for which we have to modify
the methods of Wiggins [29], the rest follows from the same arguments given in that source.
Then in section 6 we look at extensions and consequences, both of theorem 6 and of the method
used for the proof. We start with some terminology.
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m
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m
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U

Figure 6. (a): If a strip in the cylinder H in
cj has its horizontal boundaries in

φ−1
cj (Sj) then its image by φcj makes a complete turn in the annulus W u

loc(cj) ∩
Hout

cj (corollary 7). (b): The image by Ψj→j+1 of a horizontal strip in Hout
cj is a

vertical strip in H in
cj+1

.

5.1. Strips. Given a region R in H in
cj or in Hout

cj parametrized by a rectangle R = [w1, w2] ×
[z1, z2], a horizontal strip in R will be parametrized by:

H = {(x, y) : x ∈ [w1, w2], y ∈ [u1(x), u2(x)]},

where

u1, u2 : [w1, w2]→ [z1, z2]

are Lipschitz functions such that u1(x) < u2(x).
The horizontal boundaries of the strip are the lines parametrized by the graphs of the ui, the

vertical boundaries are the lines {wi} × [u1(wi), u2(wi)] and its heigth is

h = max
x∈[w1,w2]

(u2(x)− u1(x)) .

When both u1(x) and u2(x) are constant functions we call H a horizontal rectangle across R.
A vertical strip across R, its width and a vertical rectangle have similar definitions, with the

roles of x and y reversed. A strip in H in
cj is the intersection of a vertical strip and a horizontal

strip. From corollary 4, it follows:

Corollary 7. If S is a strip in H in
cj such that:

• the horizontal boundaries of S lie in φ−1
cj (Sj)

• int(S) ∩ φ−1
cj (Sj) = ∅,

then φcj maps S into a horizontal strip in Hout
cj having two intervals in Sj as vertical boundaries

and whose horizontal boundaries consist of two arcs of helices, each one starting and ending at
Sj, that make a complete turn around W u

loc(cj) ∩Hout
cj (see figure 6 (a)).
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Figure 7. Partitions of H in
cj and Hout

cj corresponding to trajectories that make

any integer number of turns in Vj . For a point q ∈ H in
cj \W s

loc(cj)) the closer it is

to W s
loc(cj)) the larger will be the number of loops inside Vj of its trajectory.

5.2. Partitions. For the proof of theorem 6, consider a small neighbourhood of Σ, with a
system of isolating blocks V = {Vj}j∈{1,...,k} and counting sections {Πj}j∈{1,...,k} associated to
V as defined in section 3. We restrict our attention to the rectangles, constructed in 3.4, where
the transition maps are well defined and to the z ≥ 0 and ρ ≥ 1 components of H in

cj and Hout
cj ,

that we continue to represent by the same symbols.

The set H in
cj \W s

loc(cj) is partitioned into subsets Imj of points whose trajectory hits m times

the counting section Πj without leaving Vj (figure 7). A partition of Hout
cj \W u

loc(cj) into sets

Om
j , m ∈ N, is defined in a similar way.

For m ∈ N the closure Imj is a horizontal strip in H in
cj and it also intersects in a horizontal

strip the rectangle Rin,j where the transition map Ψj−1→j is well defined. The elements Imj
of the partition are connected sets with vertical boundary consisting of two pieces of ∂Πj and
horizontal boundary consisting of two arcs of φ−1

cj (Sj\W u
loc(cj)) = φ−1

cj ([∂Πj ∩ Hout
cj ]\W u

loc(cj))

(figures 6 (a) and 7).

Let U be a vertical strip across Rin,j . The following properties follow from the results of
sections 3 and 4 and from corollary 7:

(1) By corollary 7 , for m ∈ N the set Û = φcj

(
U ∩ Imj

)
is a horizontal strip across the

width of Hout
cj (figure 6 (a)) and thus Û ∩Rout,j is a horizontal strip;

(2) If the vertical boundaries of U are the graphs of smooth monotonically decreasing func-

tions, then the horizontal boundaries of Û∩Rout,j are the graphs of smooth monotonically
decreasing functions;

(3) The set Ũ = Ψj→j+1

(
Û ∩Rout,j

)
is a vertical strip across Rin,j+1 ⊂ H in

cj+1
(figure 6

(b)).

Going backwards in time we get dual results, for U a horizontal strip across Rin,j :

(4) The set Ψ−1
(j−1)→j(U) is a vertical strip across Rout,j−1 ⊂ Hout

cj−1
.

We get dual results, for W a vertical strip across Rout,j−1:
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(5) For m ∈ N, the set Ŵ = W ∩ Om
j−1 is a strip in Hout

cj−1
with horizontal boundaries

contained in S′,j = φcj−1(Πj−1 ∩H in
cj−1

);

(6) The set φ−1
cj−1

(
Ŵ
)

is a horizontal strip across Rin,j−1 ⊂ H in
cj−1

(by the dual of corol-

lary 7);
(7) If the vertical boundaries of W are the graphs of smooth monotonically increasing func-

tions, then the horizontal boundaries of φ−1
cj−1

(
Ŵ
)
∩ Rin,j−1 are the graphs of smooth

monotonically increasing functions;

(8) The set W̃ = Ψ−1
(j−2)→(j−1)

(
φ−1
cj−1

(
Ŵ
)
∩Rin,j−1

)
is a vertical strip across Rout,j−2.

5.3. Coding. We start by the description of the set of points whose trajectory makes a pre-
scribed number of turns around each node in Σ, the phenomenon that we call cycling. From
now on we assume the indexing over the k symbols for the nodes is always done (mod k).

Since we are assuming that the invariant manifolds W u(cj) and W
s(cj+1) meet transversely,

thenW s
loc(cj+1)∩Hout

cj is the graph of a smooth function (ϕ(r), r). From transversality it follows

that the function ϕ(r) is monotonic near r = 1 for r − 1 > 0 small. In what follows, for the
sake of definiteness, we will assume that this function is either decreasing or constant. If it is an
increasing function the main result still holds, but either we would have to change the choice of
parametrisation or we would have to adapt the intermediate statements. Similarly, without loss
of generality, the curve (θ0(z0), z0) representing W

u
loc(cj) ∩H in

cj+1
is assumed to be the graph of

a monotonically decreasing function for z0 > 0 near z0 = 0.
Given a natural number m and a subset U of Rin,j consider the set Pj(m,U) given by:

Pj(m,U) = Ψj→(j+1)

(
φcj

(
U ∩ Imj

)
∩Rout,j

)
⊂ Rin,j+1 ⊂ H in

cj+1
.

From properties (1) - (3) and a direct calculation, it follows that if U is a vertical strip across
Rin,j then:

(9) The set Pj(m,U) is a vertical strip across Rin,j+1;
(10) If the vertical boundaries of U are the graphs of smooth monotonically decreasing func-

tions then the vertical boundaries of Pj(m,U) are the graphs of smooth monotonically
decreasing functions;

(11) If moreover the width of U is d then the width of Pj(m,U) is at most µmd for µm =

εCje
−2πCj(m−1). Note that µm < 1 for all m > 0 if ε < 1/Cj (see lemma 17 in appen-

dix A).

Note that if U is a vertical strip across Rin,j , then Pj(m,U) is the image by Ψj→(j+1) of a

horizontal strip across Hout
cj and it is transformed into a vertical strip across H in

cj+1
intersecting

Imj+1, for all m. Here we are using the property of the neighbourhoods Vj we have constructed
in 3.4.

Similarly, to each natural number m and each subset W of Rout,j we associate a subset
Qj(m,W ) of Rout,j−1 given by

Qj(m,W ) = Ψ−1
(j−1)→j

(
φ−1
cj

(
W ∩ Om

j

)
∩Rin,j

)
⊂ Rout,j−1 ⊂ Hout

cj−1
.

If W is a vertical strip across Rout,j then from properties (4) - (8) we get:

(12) The set Qj(m,W ) is a vertical strip across Rout,j−1;
(13) If the vertical boundaries of W are the graphs of smooth monotonically decreasing func-

tions then the vertical boundaries of Qj(m,W ) are the graphs of smooth monotonically
decreasing functions;

(14) If moreover the width of W is d then the width of Qj(m,U) is at most νmd for νm =
εEje

−2πEjm. Note that νm < 1 for all m ≥ 0 if ε < 1/Ej (see lemma 17 in appendix A).
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For j = 1, . . . , k, denote by Φj the expression

Φj = φcj ◦Ψ(j−1)→j : Rout,j−1 → Rout,j .

Points q in Rout,j whose forward trajectory follows the cycle from cj to cj+1 and arrive at
Φj+1(q) ∈ Rout,j+1 lie in the set

W 1
j =

∞⋃

m=1

Qj+1

(
m,Rout,j+1

)
⊂ Rout,j

which is the disjoint union of vertical strips across Rout,j . Points q in Rout,j with forward
trajectories that follow the connections [cj → cj+1] and [cj+1 → cj+2] to arrive at Φj+2 ◦
Φj+1(q) ∈ Rout,j+2 lie in the set

W 2
j =

∞⋃

m=1

Qj+1

(
m,W 1

j+1

)
⊂W 1

j ⊂ Rout,j ,

a disjoint union of vertical strips. Similarly points q with forward trajectory that follows the
cycle along l connections from cj to cj+l, arriving at Φj+l ◦ · · · ◦Φj+1(q) ∈ Rout,j+l lie in the set

W l
j ⊂ Rout,j defined recursively by

W 0
j = Rout,j W l

j =
∞⋃

m=1

Qj+1

(
m,W l−1

j+1

)
⊂W l−1

j ⊂ Rout,j

a disjoint union of vertical strips across Rout,j , the vertical strips in W l
j . We obtain chains of

nested strips comprising the sets

· · · ⊂W l+1
j ⊂W l

j ⊂W l−1
j ⊂ · · · ⊂W 1

j ⊂W 0
j .

The same procedure may be used going backwards in time. For j = 1, . . . , k, let

U0
j = Rin,j U l

j =
∞⋃

m=1

Pj−1

(
m,U l−1

j−1

)
⊂ U l−1

j ⊂ Rin,j ,

where each U l
j is a disjoint union of vertical strips across Rin,j , the vertical strips in U l

j . A

point q ∈ U1
j lies in the forward trajectory of p = φ−1

cj−1
◦Ψ−1

(j−1)→j(q) that follows the connection

[cj−1 → cj ] from p ∈ Rin,j−1 to q ∈ Rin,j . Let Φ̃−1
j be given by Φ̃−1

j = φ−1
cj ◦ Ψ

−1
j→(j+1). Then

the trajectory of a point q ∈ U l
j , starting at

p = Φ̃−1
j−l ◦ · · · ◦ Φ̃−1

j−1(q) ∈ Rin,j−l

follows the l connections from cj−l to cj until it reaches q in Rin,j .

The following properties of the sets U l
j and W l

j follow from direct calculations and from the

properties (1)–(8) of section 5.2:

(15) Each one of the vertical strips in W l
j and in U l

j , respectively, except for its horizontal

boundaries is contained in the interior of a vertical strip, respectively in W l−1
j and in

U l−1
j ;

(16) The vertical boundaries of the strips in W l
j and U l

j are the graphs of smooth monotoni-
cally decreasing functions;

(17) The first hit map Φj+1 sends W l
j onto W l−1

j+1 contracting the width of strips by ν < 1,
by construction;

(18) The last hit map Φ̃−1
j sends U l

j+1 onto U l−1
j contracting the width of strips by µ < 1, by

construction;
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(19) The sets

Λout
j =

∞⋂

l=1

W l
j ⊂ Rout,j and Λin

j =
∞⋂

l=1

U l
j ⊂ Rin,j

are the disjoint union of graphs of smooth monotonically decreasing functions, the curves
in Λout

j and Λin
j , respectively.

The trajectory of each point in one of the curves in Λout
j follows the cycle Σ for positive time

t making the same number of turns around each node. The same holds in negative time t for
the curves in Λin

j .

Each one of the sets Λout
j and Λin

j meets each horizontal line in Rout,j and Rin,j , respectively,
in an uncountable set of points. This intersection is not a Cantor set because it is not closed,
since ∞⋃

m=0

Om
j = Hout

cj \W u
loc(cj)

is not a closed set and for each l the strips in W l
j accumulate on the vertical axis W u

loc(cj)∩Hout
cj

but W u
loc(cj) ∩W l

j = ∅, with a similar statement for U l
j .

(20) The set Ψ(j−1)→j

(
Λout
j−1

)
⊂ Rin,j is the disjoint union of horizontal curves that are the

graphs of smooth monotonic functions. Therefore, each vertical curve in Λin
j meets each

horizontal curve in Ψ(j−1)→j

(
Λout
j−1

)
at exactly one point.

Let

Λj = Λin
j ∩Ψ(j−1)→j

(
Λout
j−1

)
⊂ Rin,j ΛN =

k⋃

j=1

Λj

and let F : ΛN −→ ΛN be given by F (p) = Ψj→j+1 ◦ φcj (p) for p ∈ Rin,j . Then F may be
indefinitely iterated in ΛN. In order to complete the proof of Theorem 6, we will transfer the
geometrical information to the counting sections Πi and use symbolic dynamics.

The geometrical behaviour of the first return to Πj is a lot more complicated than in H in
cj but

this technique will provide additional dynamical information that will be discussed in the next
section. Each counting section Πj has been identified with the rectangle (ρ, z) ∈ [1, 1+ ε]× [0, ε]
(see figures 3 (a) and 8 (a)). Then for each Πj we consider a partition into horizontal rectangles
(figure 8 (b)):

Fm
j = [1, 1 + ε]×

(
ε(e−2πEj )m+1 , ε(e−2πEj )m

]
m = 0, 1, . . .

and
F∞
j = [1, 1 + ε]× {0} =W s(cj) ∩Πj

as well as a partition into vertical rectangles

Gmj =
(
1 + ε(e−2πCj )m+1 , 1 + ε(e−2πCj )m

]
× [0, ε] m = 0, 1, . . .

and
G∞j = {1} × [0, ε] =W u(cj) ∩Πj .

Trajectories starting in Πj\F0
j return to Πj without leaving Vj , so there are well defined first

hit maps hj : Πj\F0
j −→ Πj that send each rectangle Fm

j , m ≥ 1 onto

hj
(
Fm
j

)
= Fm−1

j \G0j .
Their inverses h−1

j are well defined in Πj\G0j and send each rectangle Gmj , m ≥ 1 onto

h−1
j

(
Gmj
)
= Gm−1

j \F0
j .
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Figure 8. (a): The shaded rectangle represents the counting section Πj at cj .
(b): The section Πj may be partioned into horizontal strips Fm

j (m ∈ N0). For

m ≥ 1, the forward trajectory of a point in Fm
j first hits Πj at Fm−1

j and then at

Fm−2
j and so on, until it reaches in F0

j . The images of these points are governed

by the map hj . (c): The forward trajectory of a point in F0
j goes to Hout

j without

crossing Πj . The shaded regions in (c) and (d) correspond to hj(F0
j ). In (b), it is

possible to see the representation of the Cantor set f−1
j (Λout

j ) as a disjoint union

of horizontal strips across F0
j . A similar statement holds for gj(Λ

in
j ) replacing

horizontal strips across F0
j by vertical strips across G0j .

Trajectories φ(t, q) starting at q ∈ F0
j go out of Vj for positive t through Hout

j without

crossing Πj , so there are well defined first hit maps fj : F0
j −→ Hout

j . Then, by (19) above, the

set M0
j = f−1

j

(
Λout
j

)
is the disjoint union of horizontal curves across F0

j that are the graphs of

smooth monotonic functions.
Similarly, trajectories φ(t, q) of points q ∈ G0j come from outside Vj through H in

j without

crossing Πj for negative t, so there are well defined last hit maps g−1
j : G0j −→ H in

j and L0
j =

gj

(
Λin
j

)
is the disjoint union vertical curves across G0j that are the graphs of smooth monotonic

functions.
The maps hj may now be used to obtain the first return to Πj of trajectories of points in L0

j

that do not go out of Vj without returning to Πj . This is given by the set L1
j = hj

(
gj

(
Λin
j

)
\F0

j

)
,

a disjoint union vertical curves across G1j . Iterating the process we get Lm
j = hj

(
Lm−1
j \Fm−1

j

)
, a
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disjoint union vertical curves across Gmj . Similarly, define Mm
j = h−1

j

(
Mm−1

j \Gm−1
j

)
, a disjoint

union of horizontal curves across Fm
j .

The Cantor set

Λ =
k⋃

j=1

(
F∞
j ∪

∞⋃

m=0

Mm
j

)
∩
(
G∞j ∪

∞⋃

m=0

Lm
j

)
⊂

k⋃

j=1

Πj

consists of points whose trajectories return to
⋃k

j=1Πj infinitely many times in the future and

in the past. This proves statement a) of theorem 6.

The first return of p ∈ Λ to
⋃k

j=1Πj is given by the map G : Λ −→ Λ

G(p) =

{
hj(p) for p ∈ Πj\F0

j

gj+1 ◦Ψj→(j+1) ◦ fj(p) for p ∈ F0
j

and G may be indefinitely iterated in Λ. The expression for G(p) is a well defined map in all of
Πj\F0

j and also in a vertical strip in F0
j , but it has a discontinuity at the common boundary of

F0
j and F1

j , if we use the induced topology in
⋃

j Πj .

Let ΩT ⊂ {1, . . . , k}Z be the subspace of bi-infinite sequences of k symbols with transition
matrix T = (Tij) where Tij = 1 if either j = i or j = i + 1 (mod k), Tij = 0 otherwise and let
σ be the shift operator on ΩT . Given p ∈ Λ and i ∈ Z let si(p) = j if Gi(p) ∈ Πj . This is a
bijection from Λ onto ΩT , by construction. The standard treatment of Wiggins [29] can now be
used to yield:

Theorem 8. The dynamical system (Λ, G) is topologically conjugate to (ΩT , σ).

A sequence (zi)i∈Z ∈ ΩT gives us information about the number of turns around consecutive
nodes of Σ of trajectories that remain close the cycle in forward and backward time. For example,
if k = 3, the sequence

...2233112233.1123333112233112233...

corresponds to a trajectory turning twice around c1, once around c2, four times around c3, twice
around c1 and so on. Each repetition of the symbol j corresponds to a new turn around cj . Thus
Theorem 6 follows from Theorem 8. This is why we call the dynamics a horseshoe in time: the
number of turns in a neighbourhood of each closed orbit in the cycle, and consequently the time
spent near each closed orbit, is coded like a horseshoe. Other interesting dynamical features are
discussed in the next section.

6. Extensions and discussion of results

In this section we describe further consequences of the methods of Section 5 for the dynam-
ics around the heteroclinic cycle Σ. The results are not the main goal of the paper, so the
presentation is less detailed. From the results used to prove Theorem 8 it follows:

Corollary 9. Let Σ = 〈c1, . . . , ck〉 be a heteroclinic cycle of hyperbolic periodic trajectories in a
3-dimensional manifold embedded in Rn such that the invariant manifolds of consecutive nodes
of Σ meet transversely. Then there exists a set with positive Lebesgue measure exhibiting finite
cycling of any order and the finite cycling near Σ may be realised by periodic trajectories.

Proof. Arbitrarily close to the cycle it is possible to define the set ΛN as in (20). This set

is constructed as an infinite intersection of nested strips U l
j and Ψ(j−1)→j

(
W l

j

)
. Each finite

intersection of strips has positive measure in Rin,j . Then for any m, points in the set

k⋃

j=1

(
m⋂

l=1

U l
j ∩Ψ(j−1)→j

(
W l

j

))
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exhibit cycling of finite order m. Saturating this set by the flow we obtain a set of positive
Lebesgue measure in the manifold.

Pick a finite sequence ω = z1 · · · zm with zj ∈ N and, without loss of generality, suppose its
length is an integer multiple of k, ie, m = nk, n ∈ N. For each j, form the sequence sj by
repeating zj times the symbol i ∈ {1, . . . , k}, i ≡ j (mod k). Concatenate the sj to form a
finite sequence and then concatenate this sequence infinitely many times to form the sequence
s. Then s ∈ ΩT is a periodic sequence of period p =

∑m
j=1 zj , a fixed point of σp. The point in

Λ that corresponds to s has a periodic trajectory that exhibits finite cycling associated to the
sequence ω. �

From theorem 8 we also get:

Corollary 10. For the dynamical system (Λ, G) defined in subsection 5.3 we have:

(i) the topological entropy of (Λ, G) is log 2;
(ii) the topological entropy of the associated suspended flow φt is positive;
(iii) (Λ, G) is topologically mixing, in particular (Λ, G) is topologically transitive and the set

of periodic points of (Λ, G) is dense in Λ.

Proof. (i) The topological entropy is invariant under conjugacy, thus by theorem 8 it is enough
to show that (ΩT , σ) has topological entropy log 2.

The graph associated to T is strongly connected (it is possible to get from any vertex to any
other by traversing a sequence of edges), therefore the matrix T is irreducible. Moreover, for
each j ∈ {1, . . . , k}, the entries of any row of T k−1 correspond to permutations of the k elements
of the line k of Pascal’s triangle, thus it follows that T is aperiodic.

Since T is irreducible and aperiodic, by the Perron-Frobenius theorem, its topological entropy
htop satisfies htop = log(λ) where λ is the spectral radius of T (see Katok et al [17] and Kitchens
[18] for details). Developing det(T − λI) along the k-th row, we have

P (λ) = det(T − λI) = (−1)k+1 + (1− λ)(1− λ)k−1 = (−1)k+1 + (1− λ)k.
Hence P (2) = 0 and 2 is the real number with largest absolute value satisfying P (λ) = 0. Thus,
htop = log(2).

(ii) It is well known that the topological entropy of a flow φt ≡ φ(t, .) is given by the topological
entropy of the time 1 difeomorphism φ1 (see proposition 3.1.8 of Katok et al [17]). More
generally, for a measure space A, if R : A→ A is a map for which µ is a R-invariant probability
measure, Abramov [1] showed that the measure theoretic entropy, hµ, with respect to µ, is
related to the measure theoretic entropy of the associated suspended flow φt by the formula
hµ(R) = τhµ×Leb1(φ

t) where:

• Leb1 denotes the one-dimensional Lebesgue measure;
• τ(x) ≥ 0 is the return time of the unique solution whose initial condition is x;
• τ is the mean return time to A with respect to µ, ie, τ =

∫
A τ(x)dµ.

In particular, combining statement (i) with the variational principle, it follows that:

log 2 = htop(G|Λ) ≤ htop(G) = sup
µ
hµ(G) = sup

µ
hµ×Leb1(φ

t)τ ,

where µ runs over the set of G-invariant probability measures defined in Λ. Since in our context,
the nodes of the heteroclinic cycle are periodic solutions, then the ceiling function τ is bounded
above and below, and so is τ . This implies immediately that

htop(φ
t) = sup

µ
hµ×Leb1(φ

t) > 0.

(iii) By Katok & Hasselblatt (proposition 1.9.9 of Katok et al [17]), since the matrix T is
aperiodic, the dynamical system (ΩT , σ) is topologically mixing and its periodic orbits are dense
in ΩT . The result follows by conjugacy. �
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Roughly speaking, the topological entropy is a single positive number that represents the
exponential growth rate of the total number of orbit segments distinguishable with arbitrarily fine
but finite precision and it describes the exponential complexity of the orbit structure. Corollary
10 shows that if a cycle Σ whose nodes are periodic trajectories has more than two nodes, then
the topological dynamics of (Λ, G) is of the same type for all k > 1, ie increasing the number
of periodic nodes does not increase the number of statistically observable orbits near the cycle.
Positive topological entropy of the flow implies the existence of infinitely many distinct knot
types.

Theorem 8, together with the geometrical information of section 4, provides information on
additional heteroclinic connections, as follows:

Proposition 11. Let Σ = 〈c1, . . . , ck〉 be a heteroclinic cycle of hyperbolic periodic trajectories
in a 3-dimensional manifold such that the invariant manifolds of consecutive nodes of Σ meet
transversely. Then:

(1) The trajectories c1, . . . , ck are the nodes of a heteroclinic network with all-to-all coupling,
including homoclinic connections. Each pair of nodes is connected by a countable infinite
set of trajectories.

(2) At each heteroclinic connection the invariant manifolds of consecutive nodes meet trans-
versely. Two different heteroclinic connections between the same pair of nodes are dis-
tinguished by the number of loops they make around the nodes in the cycle.

(3) Points lying in heteroclinic connections are dense in Λ.
(4) Σ is not asymptotically stable.

Proof. (1) In our coding, a sequence (zi)i∈Z ∈ ΩT with zi constant and equal to j for
all i > p corresponds to a point in the stable manifold of cj and a sequence that is
constant and equal to j for i < p corresponds to a point in the unstable manifold of
cj . Thus, a sequence (zi)i such that there exists tq < tp ∈ Z for which ∀i < tq, zi = q
and ∀i > tp, zi = p codes a heteroclinic connection [cq → cp]. Each central block from
ztq+1 to ztp−1 corresponds to a different heteroclinic connection and the central block
determines the number of turns around the nodes.

Note that the constant sequence (zi)i such that ∀i ∈ Z, zi = p corresponds to the node
cp of Σ, since any invariant saddle is contained in its stable and unstable manifolds.

(2) For k = 1 the result is trivial. For k ≥ 2, consider m ∈ {1, . . . , k}. Since the invariant
manifolds of consecutive nodes in Σ intersect transversely, then locally W u(cm)∩H in

cm+1

is a segment (in the terminology of section 4) near each intersection point. Its image
by φcm+1 is a helix on Hout

cj+1
accumulating on W u(cm+1). By transversality, there are

infinitely many arcs of this helix, whose end points lie inW s(cm+2), which are mapped by
Ψm+1→m+2 into segments on H in

cm+2
. Each one of these segments is mapped into a helix

on Hout
cm+2

accumulating on W u(cm+2). This curve cuts W s(cm+3) transversely infinitely

many times. It is possible to repeat the argument until, for any n ∈ {1, . . . , k}, the
helix meets W s(cn) infinitely many times. This helix corresponds to points of W u(cm),
hence, there exist infinitely many heteroclinic connections from cm to cn. It is possible
to choose the heteroclinic connection from cm to cn turning around the nodes cm+1, ...,
cn−1 any sequence of nonnegative numbers.

(3) Pick p ∈ Λ and let U be an open set such that p ∈ U . The image of U under the
conjugacy ϑ is an open set corresponding to a set of sequences with the same central
block X. Concatenating with a left infinite sequence of the type←−a = . . . aaa and with a

right infinite sequence of the type
−→
b = bbb . . ., the element ←−a X−→b belongs to ϑ(U) and

corresponds to a heteroclinic connection from the saddle ϑ−1(. . . aaa . . .) to the saddle
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ϑ−1(. . . bbb . . .). The results follows imediately by conjugacy. It is worth noting that this
holds for any choice of heteroclinic connection.

(4) Trajectories starting close to an asymptotically stable heteroclinic cycle spend more and
more time near each node on each visit. If Σ were asymptotically stable, then the times
spent by a trajectory inside each of the neighbourhoods Vj would be a monotonically
increasing sequence. This contradicts cycling because it is possible to find trajectories
associated to any possible sequence of symbols.

�

Theorem 8 may also be used to obtain a description of the behaviour of trajectories near the
network of proposition 11.

Corollary 12. Let Σ = 〈c1, . . . , ck〉 be a heteroclinic cycle of hyperbolic periodic trajectories
in a 3-dimensional manifold such that the invariant manifolds of consecutive nodes of Σ meet
transversely. Let Σ∗ be a subnetwork of the network of proposition 11 such that Σ∗ has finitely
many hetero/homoclinic connections. Then there is switching near Σ∗. Moreover, we may
prescribe the number of turns around each node for the trajectory that follows any sequence of
connections. The combination of following a particular path and a given number of turns is
realised by a unique trajectory.

Thus, near the cycle Σ, there is a dense set corresponding to the transverse intersection of
the invariant manifolds of different nodes, giving rise to a robust and transitive set with very
rich persistent properties. The result is even more interesting due to the fact that the map
F above defined is uniformly hyperbolic in the intersection of ΛN with any compact subset of
Rin,j , where it admits an invariant dominated splitting, see Araújo and Paćıfico [7]. The map
G is uniformly hyperbolic at the points where it is defined and continuous.

7. Cycling in higher dimensions

The results of the previous sections can be extended to higher dimensions using the centre
manifold techniques of Homburg [15], Shaskov el al [25] and Shilnikov et al [27].

Consider a heteroclinic cycle Σ in Rn whose nodes are hyperbolic periodic solutions cj , j =

1, · · · , k of ẋ = f(x) with (possibly multiple) Floquet exponents λji , 0, γ
j
l , i = 1, . . . , s, l =

1, . . . , u, with n = u+ s+ 1, satisfying

Re(λjs) < . . . < Re(λj2) < Re(λj1) < 0 < Re(γj1) < Re(γj2) < . . . < Re(γju) .

Suppose the leading Floquet exponents λj1 and γj1 are both real and simple. Under these condi-
tions, the results of Shilnikov et al [27] imply that generically there exists a smooth 3-dimensional
flow-invariant centre manifold W c(Σ) that contains Σ.

We discuss briefly the genericity conditions and the properties of this manifold.
At each point p of cj denote by Ess, Ec and Euu the subspaces associated to the Floquet

exponents {λjs, . . . , λj2}, {λj1, 0, γj1} and {γj2, . . . , γju}, respectively. Besides the s-dimensional sta-
ble and u-dimensional unstable manifolds of cj , there exists a centre unstable manifold W cu(cj)
that is tangent, at each point p of cj , to the subspace Ec ⊕ Euu and a centre stable manifold
W cs(cj) tangent to E

ss ⊕ Ec. It is clear that [cj → cj+1] ⊂W cu(cj) ∩W cs(cj+1).
Shilnikov et al [27] proved that along W cu(cj), there exists a u-dimensional strong unstable

foliation Fuu whose leaves at p ∈ cj include W uu(p). Similarly, along W cs(cj) there exists an
s-dimensional strong stable foliation Fss containing W ss(p) as a leaf at p. Both foliations are
at least of class C1.

The genericity condition for existence of the centre manifold W c(Σ) is that at each point p
of each heteroclinic connection, the centre unstable manifold W cu(cj) is transverse to a leaf of
Fss and W cs(cj+1) is transverse to a leaf of Fuu. This condition avoids degenerate cases like
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the orbit flip, inclination flip, bellows and the homoclinic butterfly (see Homburg et al [16] for
details).

On the centre manifoldW c(Σ) the results of the preceding sections hold, so from Theorems 6,
8 and the results of Section 6 we get:

Theorem 13. Let Σ = 〈c1, . . . , ck〉 be a heteroclinic cycle of hyperbolic non trivial periodic
trajectories in a manifold of dimension n ≥ 3 such that all cj have the same number of Floquet
exponents with negative real parts and the leading Floquet exponents are real and simple. If the
invariant manifolds of consecutive nodes meet transversely, then, generically:

(1) Σ is contained in a smooth, flow-invariant, 3-dimensional center manifold W c(Σ);
(2) Σ has finite and bi-infinite cycling;
(3) there is a Cantor set Λ contained in W c(Σ) such that the first return map on Λ is

conjugated to a subshift of finite type on k symbols;
(4) Σ is not asymptotically stable neither in forward nor in backward time;
(5) for each j ∈ {1, . . . , k}, there exist infinitely many homoclinic trajectories associated to

cj;
(6) if k ≥ 2, for each m,n ∈ {1, . . . , k}, there exist infinitely many heteroclinic trajectories

from cm to cn;
(7) for each l ∈ {2, . . . , k} and each permutation σ ∈ Sk of k elements there exists a hetero-

clinic network of periodic trajectories

Σlσ =
〈
cσ(1), . . . , cσ(l)

〉
.

whose invariant manifolds of consecutive nodes meet transversely.

8. Construction of a heteroclinic cycle between three periodic trajectories in
a five dimensional sphere

In this section we construct a vector field in R6 for which our results may be applied. Re-
stricted to a five dimensional invariant sphere it has a heteroclinic cycle between periodic trajec-
tories and the invariant manifolds of two consecutive periodic trajectories intersect transversely.
Thus, by the results above, the dynamics near the heteroclinic cycle exibits chaotic cycling and
all the associated dynamics.

The construction of the example relies on the technique presented in Aguiar et al [5] which
consists essentially in three steps. In Aguiar et al [5], the authors start with a vector field on R3

with an attracting flow-invariant two-sphere containing a heteroclinic network. The heteroclinic
network involves equilibria and one-dimensional heteroclinic connections that correspond to the
intersection of fixed-point subspaces with the invariant sphere. The vector field needs to be at
least Z2-equivariant. Due to the Z2-equivariance the vector field can be lifted by a rotation to
a vector field on R4 with an attracting flow-invariant three-sphere. This forces some of the one-
dimensional heteroclinic connections to become two-dimensional heteroclinic connections. The
resulting vector field is SO(2)-equivariant. Finally, they perturb the vector field in a way that
destroys the SO(2)-equivariance and such that the three-sphere remains invariant and globally
attracting and some of the nontransverse two-dimensional heteroclinic connections perturb to
transverse connections. Here we extend this procedure to three rotations.

This may be related to the construction in Melbourne [22] that starts with a (Z2⊕Z2⊕Z2)-
equivariant system of differential equations in R3 whose flow has an asymptotically stable hete-
roclinic network between six equilibria. Using this system as an amplitude equation and adding
three phase equations, the system lifts to a flow in R6 that has now an asymptotically stable
heteroclinic cycle between three periodic solutions with three-torus T3 symmetry. Each saddle
of the cycle is what Krupa [20] calls a relative equilibrium. Adding a symmetry breaking term
to the amplitude system breaks all the connections, the cycle disappears in the corresponding
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system in R6, but any trajectory near the ghost of the cycle will reconstruct its shape. Mel-
bourne estimated the quasi-period of trajectories near each periodic solution. In our approach,
instead of perturbing the amplitude equations, we perturb the lifted vector field in R6 in such
way that the heteroclinic cycle does not disappear and the invariant manifolds of consecutive
nodes meet transversely. We use the terminology of Aguiar et al [5], for results on dynamics.
For symmetry, we refer the reader to Field [10] or Golubitsky et al [11].

8.1. Lifting a vector field. In Aguiar et al [5], it is proven how some properties of a Z2-
equivariant vector field in R3 lift by a rotation to properties of the resulting vector field in R4.
Those results generalize trivially to the lift by a rotation of a Z2-equivariant vector field on
Rn to a vector field on Rn+1. More concretly, let Xn be a Z2-equivariant vector field on Rn.
Without loss of generality, we can assume that Xn is equivariant by the action

kn(x1, . . . , xn−1, ω) = (x1, . . . , xn−1,−ω).
The vector field Xn+1 on Rn+1 is obtained by adding the auxiliary equation ϕ̇n = 1 and inter-
preting the coordinates (ω, ϕn) as polar coordinates. In rectangular coordinates (x1, . . . , xn+1)
on Rn+1, it corresponds to xn = ω cosϕn and xn+1 = ω sinϕn. The resulting vector field Xn+1

on Rn+1 is SO(2)-equivariant.
As in Aguiar et al [5], for Σ ⊂ Rn let L(Σ) ⊂ Rn+1 be the lift by rotation of Σ, the set of points

(x1, . . . , xn+1) such that either (x1, . . . , ω) or (x1, . . . ,−ω) lies in Σ, whith |ω| = ||(xn, xn+1)||.
Consider the inclusion map in : Rn → Rn+1, with

in(x1, . . . , ω) = (x1, . . . , xn−1, ω, 0).

Extending the definition of heteroclinic connection between two invariant periodic solutions
ci and cj as an m-dimensional connected flow-invariant manifold contained in W u(ci)∩W s(cj),
the results in section 3 of Aguiar et al [5] generalize to:

Proposition 14. Let Xn be a Z2(kn)-equivariant vector field in Rn and Xn+1 its lift to Rn+1

by rotation.

(a) If Σ ⊂ Rn is invariant by the flow of Xn, the L(Σ) is invariant by the flow of Xn+1. In
particular, if p is an equilibrium of Xn then L({p}) is a relative equilibrium of Xn+1.

(b) If r0 and r1 are relative equilibria of Xn and ξ is a k-dimensional connection from r0 to
r1, then:
(1) If ξ lies in Fix(Z2(kn)), then r0 and r1 also lie in Fix(Z2(kn)) and ξ lifts to a

k-dimensional from the relative equilibria i(r0) = r0 to i(r1) = r1 of Xn+1.
(2) If ξ is not contained in Fix(Z2(kn)), then ξ lifts to a (k+1)-dimensional connection

from the relative equilibria L(r0) to L(r1) of Xn+1.
(c) If Σ is a compact Xn-invariant asymptotically stable set then L(Σ) is a compact Xn+1-

invariant asymptotically stable set.
(d) If Sn−1

r is an Xn-invariant globally attracting sphere then L(Sn−1
r ) = Sn

r is an Xn+1-
invariant globally attracting sphere.

(e) If p is an hyperbolic equilibrium of Xn then L({p}) is also hyperbolic.
(f) The SO(2)-orbit of any Xn+1-invariant set is always the lift of an Xn-invariant set. In

particular, any SO(2)-relative equilibrium of Xn+1 is the lift of an equilibrium of Xn.

Moreover, it may be proved that if Σ ⊂ Rn is a compact flow-invariant set such that Σ ⊂
W s(Σ)\Σ and Σ ⊂ W u(Σ)\Σ then L(Σ) is also a compact flow-invariant set satisfying L(Σ) ⊂
W s(L(Σ))\L(Σ) and L(Σ) ⊂W u(L(Σ))\L(Σ).
8.2. Construction of the example. Let Γ ⊂ O(3) be the finite group generated by:

d(ρ0, ρ1, ρ2) = (ρ1, ρ2, ρ0),
q(ρ0, ρ1, ρ2) = (−ρ0, ρ1, ρ2).
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Figure 9. Heteroclinic network of the flow of the vector field X3, restricted to
the invariant sphere S2

r . The intersection of the invariant sphere S2
r with the

invariant coordinate planes gives rise to three invariant circles. The union of
these circles is the heteroclinic network whose existence is proved in theorem 16.

Let X3 be the fifth-order perturbation, studied in Aguiar [2], of the degree three normal form
for the vector fields that are Γ-equivariant (see Guckenheimer et al [12], [13]):

(4)
ρ̇0 = ρ0

(
λ+ αρ20 + βρ21 + γρ22 + δ(ρ41 − ρ20ρ22)

)
,

ρ̇1 = ρ1
(
λ+ αρ21 + βρ22 + γρ20 + δ(ρ42 − ρ20ρ21)

)
,

ρ̇2 = ρ2
(
λ+ αρ22 + βρ20 + γρ21 + δ(ρ40 − ρ21ρ22)

)
.

Theorem 15. For λ > 0, β + γ = 2α, β < α < γ < 0 and δ < 0 the flow of the vector field X3

satisfies (see figure 9):

(a) The sphere S2
r, of radius r =

√
−λ

α , is invariant by the flow and globally attracting.

(b) The equilibria p±0 = (±r, 0, 0), p±1 = (0,±r, 0) and p±2 = (0, 0,±r) are hyperbolic saddles.
(c) When restricted to the invariant sphere S2

r the invariant manifolds of p±i , i = 0, 1, 2 satisfy:

(c.1) W u(p±i ) ∩W s(p±i+1) (mod 3) is one-dimensional and

(c.2) ∪i=0,1,2

[
{p±i } ∪W u(p±i )

]
= ∪i=0,1,2

[
{p±i } ∪W s(p±i )

]
is an asymptotically stable hetero-

clinic network with twelve connections between the saddles p±i .

(d) Besides p±i , i = 0, 1, 2 and the origin, which is repelling, there are eight equilibria which are
unstable foci on the restriction to S2

r.

Proof. See the proof of Theorem 24 in Aguiar et al [2]. �
We use the procedure described in Section 2 of [5] to lift the three-dimensional vector field

X3, by three rotations, to a vector field in R6. More specifically, since the vector field X3 is
equivariant by the action Z2(q)⊕ Z2(d

2qd)⊕ Z2(dqd
2), it has the form

ρ̇0 = ρ0f(ρ
2
0, ρ

2
1, ρ

2
2),

ρ̇1 = ρ1f(ρ
2
1, ρ

2
2, ρ

2
0),

ρ̇2 = ρ2f(ρ
2
2, ρ

2
0, ρ

2
1),

with f : R3 → R such that

(5) f(u1, u2, u3) = (λ+ αu1 + βu2 + γu3 + δ(u22 − u1u3)).
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Adding the auxiliary equations ϕ̇ = 1, ψ̇ = 1 and σ̇ = 1 and interpreting each pair of
coordinates (ρ0, ϕ), (ρ1, ψ) and (ρ2, σ) as polar coordinates, the vector field X3 lifts by three
rotations to a vector field X6 on R6 of the form:

ẋ1 = x1f(x
2
1 + x22, x

2
3 + x24, x

2
5 + x26)− x2,

ẋ2 = x2f(x
2
1 + x22, x

2
3 + x24, x

2
5 + x26) + x1,

ẋ3 = x3f(x
2
3 + x24, x

2
5 + x26, x

2
1 + x22)− x4,

ẋ4 = x4f(x
2
3 + x24, x

2
5 + x26, x

2
1 + x22) + x3,

ẋ5 = x5f(x
2
5 + x26, x

2
1 + x22, x

2
3 + x24)− x6,

ẋ6 = x6f(x
2
5 + x26, x

2
1 + x22, x

2
3 + x24) + x5.

Theorem 16. For the parameter values in theorem 15 the flow of the vector field X6 satisfies

(C1) There is a five-dimensional sphere, S5
r, that is invariant by the flow and globally attract-

ing.
(C2) On the invariant five-sphere, there is an asymptotically stable heteroclinic cycle Σ with

three periodic trajectories, ci, i = 0, 1, 2. The invariant manifolds of the periodic tra-
jectories satisfy, on the invariant sphere, W u(ci) =W s(ci+1) (mod 3), corresponding to
three-dimensional heteroclinic connections.

(C3) The origin is the only equilibrium and it is repelling.
(C4) In the restriction to the invariant sphere S5

r, there is a three-dimensional flow-invariant
torus that is repelling.

Proof. The proof relies on the results in proposition 14.
Number the rotations associated to the angular coordinates ϕ, ψ and σ as rotations 1, 2 and

3, respectively. The lift of the vector field X3 in R3 to the vector field X6 in R6 by the three
rotations corresponds to a sequence of three lifts, by each of the three rotations.

Due to assertion (d) in proposition 14, since the sphere S2
r is X3-invariant and globally

attracting, the sphere S5
r = L(S4

r) is X6-invariant and globally attracting.
Let Σ1 = Z2(q), Σ2 = Z2(d

2qd) and Σ3 = Z2(dqd
2). The fixed-point subspace Fix(Σi) =

{(ρ1, ρ2, ρ3) ∈ R3 : ρi = 0}, i = 1, 2, 3, is invariant by rotation i.
In the flow of X3, the equilibria p±i−1, i = 1, 2, 3, lie in Fix(Σi+1) ∩ Fix(Σi+2) and the

heteroclinic trajectories connecting the equilibria p±i−1 and p±i lie in Fix(Σi+2), (mod 3). These,
together with assertion (b) in proposition 14, prove the existence of the heteroclinic cycle Σ in
assertion (C2).

More specifically, the equilibria p±i−1, i = 1, 2, 3, lift by rotation i to a periodic trajectory ci−1,
which remains invariant by the other two rotations. The periodic trajectory ci, i = 0, 1, 2 has
equations

x22i+1 + x22i+2 = r2

and

x2i+3 = x2i+4 = x2i+5 = x2i+6 = 0 (mod 6).

By assertion (f) in proposition 14, the periodic trajectories ci, i = 0, 1, 2, are hyperbolic.
The heteroclinic trajectories connecting equilibria p±i−1 and p±i , i = 1, 2, 3, lift by rotation i

to a pair of two-dimensional connections from the periodic trajectory ci−1 to the equilibria p±i .
Then by rotation i+1, they lift to a three-dimensional connection from the periodic trajectories
ci−1 to ci which remains invariant by rotation i + 2. The three-dimensional connection of the
periodic trajectories ci−1 and ci has equations

x22i+1 + x22i+2 + x22i+3 + x22i+4 = r2

and

x2i+5 = x2i+6 = 0 (mod 6).
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The asymptotic stability of the heteroclinic network in S2
r and assertion (c) in proposition 14

imply the asymptotic stability of the heteroclinic cycle Σ in S5
r .

Assertion (C4) follows from the existence of the eight unstable foci on S2
r , that lie outside

Fix(Z2(q)) ∪ Fix(Z2(d
2qd)) ∪ Fix(Z2(dqd

2)) and that their coordinates are
(
±
√
− λ

3α
,±
√
− λ

3α
,±
√
− λ

3α

)
.

Thus, by rotation 1, they lift to four periodic trajectories, which lift to a pair of two-dimensional
tori by rotation 2 and to a three-dimensional torus by rotation 3. Since the equilibria are
repelling and due to assertion (e) in proposition 14 the torus is repelling.

By (e) and (f) in proposition 14 and assertions (d) and (e) in theorem 15 we obtain (C3). �

Figure 10 corresponds to the time series of a trajectory in a neighbourhood of the asymptoti-
cally stable heteroclinic cycle in the flow of X6. As in Melbourne [22], the trajectory starts near
the periodic trajectory c2, spending some time nearby and jumps to the next periodic trajectory
in the cycle, c0, staying there for a longer period of time. This kind of motion continues around
the heteroclinic cycle before returning to the periodic trajectory c2. The asymptotic stability of
the heteroclinic cycle implies that the sequence of times spent near the nodes is monotonically
increasing.

Perturbation and transverse intersection of manifolds - numerical simulation. The
vector field X6 is Z3 × SO(2)3-equivariant. The three-dimensional heteroclinic connections
in Σ correspond to the intersection of the invariant sphere S5

r with the fixed-point subspaces
of the rotational symmetries. Moreover, on the the invariant sphere S5

r they correspond to
the nontransverse intersection of the invariant manifolds of the periodic trajectories. We now
perturb X6 keeping S5

r invariant while forcing those invariant manifolds to intersect transversely
on one-dimensional heteroclinic connections between the periodic trajectories.

The perturbing term we consider is:

P (x1, x2, x3, x4, x5, x6) =




x4x5x6
−x3x4x5
x1x2x6
−x1x5x6
x2x3x4
−x1x2x3




and thus the perturbed vector field is Xp
6 = X6 + εP , with ε small. Note that this perturbation

is Z3-equivariant. The perturbation keeps the invariance of the planes defined by

x3 = x4 = x5 = x6 = 0, x1 = x2 = x5 = x6 = 0

and

x1 = x2 = x3 = x4 = 0

and is tangent to the invariant sphere; thus the invariant sphere and the three periodic trajecto-
ries are invariant by the perturbed flow. However, the perturbation breaks the invariance of the
hyperplanes defined by x1 = x2 = 0, x3 = x4 = 0 and x5 = x6 = 0 that contain the heteroclinic
connections and so the connections are perturbed.

Although we do not prove analytically that the invariant manifolds of consecutive periodic
trajectories intersect transverselly, this will generically be the case. Here, we intend to present
some evidences of that, namely chaotic behaviour. High sensibility to initial conditions is empha-
sized in figures 11, 12 and 13. Figures 11 and 12 show the abrupt xi-variation of two trajectories
having started very close. Figure 12 claims also the existence of chaotic cycling. The simulations
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Figure 10. Time series corresponding to a solution near the asymptotically
stable heteroclinic cycle in the flow of the vector field X6, with λ = 1, α =
−0.33333333, β = −0.5, γ = −0.16666667 and δ = −0.05. The initial condition
is (−1.0083,−0.0927,−0.1043,−0.0695, 0.0695, 0.1037).

in figures 11 and 12 show evidence of instant chaos near the perturbed heteroclinic cycle due to
the explosion of suspended horseshoes and homoclinic classes.

Bifurcating to chaos. As we know from the previous sections, for ε 6= 0, there is a infinite
number of heteroclinic and homoclinic connections between any two periodic trajectories and
the dynamics near the heteroclinic network is very complex. As we have seen using symbolic
dynamics, the set of homo and heteroclinic connections near the perturbed cycle is dense in
the set of nonwandering trajectories of the cycle. As ε → 0, the infinity of connections tend to
the two dimensional connections between consecutive periodic trajectories that exist for ε = 0,
and the remaining cycle becomes asymptotically stable, attracting all trajectories in a small
neighbourhood.

This phenomenon is a consequence of the symmetry breaking and the route to the chaos
corresponds to a curious interaction between symmetry breaking, robust switching and chaotic
cycling. This dynamical phenomenon is even more interesting because of the emergence of
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chaotic cycling (after perturbation) do not depend on the magnitude of the multipliers of the
periodic trajectories. It depends only on the geometry of the flow near the cycle. The magnitude
of the multipliers is only crucial to study the stability of the unperturbed cycle.

Lyapunov exponents. One of the most efficient tools for the study of chaotic dynamical
systems is the computation of the Lyapunov Exponents. Roughly speaking, they measure the
stability and instability of trajectories under perturbation. For Xp

6 and λ = 1, α = −0.33333333,
β = −0.5, γ = −0.16666667 and δ = −0.05, one of the Lyapunov Exponents is 0.00055 > 0. By
Oseledets’ Theorem, this means that there exists x and v ∈ TxS5 such that

||DxF
n(v)|| > 1,

where F is the first return map near the heteroclinic cycle. Thus, v grows exponentially at a rate
0, 00055 in the future and contract exponentially at the same rate in the past. In our setting,
it shows that P corresponds to a unstable perturbation, illustrating that the distant future is
practically inaccessible and may only be described in average, in probabilistic and ergodic terms.
Since, on a large scale, the evolution resembles a random process, the symbolic dynamics used
in section 5.3 will be a very helpful tool to tackle the complete characterization of this network.
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Figure 11. Time series for two trajectories with close initial condition for the
flow corresponding to the vector field X6 + εP , with λ = 1, α = −0.33333333,
β = −0.5, γ = −0.16666667, δ = −0.05 and ε = 1 (the same trajectories as in
figure 12). Left: the initial condition is (−1.089, 1.715,−0.5,−0.5, 0.406,−0.5);
Right: the initial condition is (−1.090, 1.715,−0.5,−0.5, 0.407,−0.5). These time
series illustrate the cycling of finite order.

Appendix A. Estimates of contraction rates on strips

Lemma 17. If U is a vertical strip of width d across Rin,j and m ≥ 1 , then Pj(m,U) is a
vertical strip across Rin,j+1 of width D ≤ µmd, where

µm = εCje
−2πCj(m−1).

If W is a vertical strip of width d across Rout,j and m ≥ 1 , then Qj(m,W ) is a vertical strip
across Rout,j−1 of width D ≤ νmd, where

νm = εEje
−2πEjm.

Proof. We only prove the assertion about Pj(m,U) since the proof for Qj(m,W ) is quite similar,

with appropriate adaptations. By corollary 7, if U is a vertical strip across Rin,j then Û =
φcj (U ∩ Imj ) is a horizontal strip across Rout,j , which is mapped by Ψj→j+1 into a vertical

strip across Rin,j+1. For these estimates we make the simplifying assumption that Ψj→j+1 is
a rotation of π/2 around (A, 1) followed by a translation mapping (A, 1) to (B, 0). Without
this assumption the estimates hold with all the µm multiplied by a suitable constant. Thus, the

width D that we want to estimate is the height of Û = φcj (U ∩Imj ). This height is the lenght of

a segment connecting two points with the same angular coordinate (see figure 14). Let (ϕ1, r1)
and (ϕ1, r1 +D) be these points and denote their pre-image under φcj by (θ1, z1) and (θ2, z2),
respectively, with θ1, θ2 ∈ [0, 2π].
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Figure 12. Time series for two trajectories with close initial condition for the
flow corresponding to the vector field X6 + εP , with λ = 1, α = −0.33333333,
β = −0.5, γ = −0.16666667, δ = −0.05 and ε = 1 (the same trajectories as in
figure 11). For each coordinate, we plot two time series, one with initial condi-
tion (−1.089, 1.715,−0.5,−0.5, 0.406,−0.5) and the other with initial condition
(−1.090, 1.715,−0.5,−0.5, 0.407,−0.5). Note that the two time series are differ-
ent, illustrating the high sensitivity to initial conditions.

From the expression (3) for φcj given in section 3, it follows that since the angular coordinates
of φcj (θ1, z1) and φcj (θ2, z2) are equal, then:

θ1 −
1

Ej
ln
(z1
ε

)
= θ2 −

1

Ej
ln
(z2
ε

)

which is equivalent to:

z2 = z1e
Ej(θ2−θ1).
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Figure 13. Projection in the (x1, x2), (x1, x3), (x1, x4), (x1, x5)
and (x1, x6) planes of the trajectory with initial condition
(−1.089, 1.715,−0.500,−0.500, 0.406,−0.5) for the flow corresponding to the
vector field X6+ εP , with λ = 1, α = −0.33333333, β = −0.5, γ = −0.16666667,
δ = −0.05 and ε = 1.
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Figure 14. By corollary 7, for m ∈ N the set Û = φcj

(
U ∩ Imj

)
is a horizontal

strip across the width of Hout
cj and thus Û ∩Rout,j is a horizontal strip.

Since φcj (θ1, z1) and φcj (θ2, z2) lie in the same vertical segment of lenght D, this means that:

1 + ε
(z2
ε

)Cj
Ej = 1 + ε

(z1
ε

)Cj
Ej +D.

and therefore

(6)
D

ε
=
(z1
ε

)Cj
Ej

(
eCj(θ2−θ1) − 1

)
.

Since (θ1, z1) and (θ2, z2) lie inside the strip Imj , we have:

2πm ≤ θ1 −
1

Ej
ln
(z1
ε

)
≤ 2π(m+ 1)

and thus it follows that:

Ej(−2π(m+ 1) + θ1) ≤ ln
(z1
ε

)
≤ Ej(−2πm+ θ1)

giving rise to:

(7) e−2π(m+1)Ejeθ1Ej ≤ z1
ε
≤ e−2πmEjeθ1Ej .

From the second inequality of (7), we may conclude that:

(8)
z1
ε
≤ e−2πmEjeθ1Ej ≤ e−2πmEje2πEj = e−2πEj(m−1)

Substituting (8) into (6), and taking into account that θ2 − θ1 ≤ d (since the width of U is
d), we show that

D

ε
≤ e−2πCj(m−1)

(
eCj(θ2−θ1) − 1

)
≤ e−2πCj(m−1)

(
Cjd+ |o(d2)|

)

with a positive remainder |o(d2)| and hence D ≤ εCjde
−2πCj(m−1).

�



CHAOTIC DOUBLE CYCLING 31

References

[1] L. Abramov, On the entropy of a flow (Russian), Dokl. Akad. Nauk. SSSR 128, 873–875, 1959
[2] M. A. D. Aguiar. Vector fields with heteroclinic networks, Phd thesis, Departamento de Matemática Aplicada,
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Appendix 1 – Center Manifolds for Heteroclinic Cycles

We review briefly some results that have been used in section 7 - Cycling in higher

dimensions of article 2. We use notations and results from Homburg [35], Shaskov and

Turaev [68] and Shilnikov et al [75] adapted to our purposes.

Let cj be a hyperbolic invariant saddle, associated to the flow of ẋ = f(x). The set of

its Floquet exponents, for each j ∈ {1, . . . , k} is given by

{λjr, 0, γjs}r∈{1,...,ns},s∈{1,...,nu}

where

λjns
< . . . < λj1 < 0 < γj1 < . . . < γjnu

,

and nj
s (respectively: nj

u) is the number (with multiplicities) of eigenvalues whose mod-

ule is less (respectively: greater) than 1, for the jacobian matrix associated to the first

return map πj. We call the characteristic Floquet exponents λj1 < 0 and γj1 > 0 leading

characteristic Floquet exponents.

Definition [35]: Let V be an open subset of M . A continuous foliation F is a disjoint

decomposition of V into k-dimensional embedded submanifolds (the leaves), such that V
is covered by C0 charts

φ : Dk ×Dn−k → V
and φ(Dk × {x}) ⊂ Fx, where Fx is the leaf of F through x.

The foliation is Ck if the map x 7→ TxFx is Ck.

Hereafter, we follow Shilnikov et al [75]. Suppose that Σ = 〈c1, . . . , ck〉 is a hetero-

clinic cycle in an n-dimensional manifold whose nodes are hyperbolic non-trivial periodic

trajectories. All heteroclinic connections are one-dimensional.

Trichotomy Condition There exists a tern (kc,ms,mu) ∈ N×N2
0 such that for each

node cj of Σ, there exists βu
j > 0 and −βs

j < 0, such that:

• the real part of kc characteristic exponents belongs to (−βs
j , β

u
j );

• exactly mu characteristic exponents have real part greater than βu
j and ms char-

acteristic exponents have real part less than −βs
j .

77
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The characteristic exponents that lie on the interval (−βs
j , β

u
j ) are called the center

part of the spectrum. The main restriction of the Trichotomy Condition is that the number

of characteristic exponents that belong to each part of the spectrum does not depend on

the nodes. The real numbers βu
j > 0 and −βs

j < 0 may be different for different nodes

in Σ. In the specific case of a periodic trajectory cj, we know that 0 is a characteristic

exponent.

The Floquet exponents less than −βs
j are called strong stable characteristic exponents

and the subspace generated by them will be called the strong stable subspace (we denote

it by Ess). Analogously, the Floquet exponents greater than βu
j are called strong unstable

characteristic exponents and the subspace generated by them will be called the strong

unstable subspace (denoted by Euu). The subspaces Ess and Euu are tangent (at each

point of cj) to the unique manifold containing all trajectories approaching exponentially

to cj in positive and negative times, respectively.

Besides the (ns+1)-dimensional stable and (nu+1)-dimensional unstable manifolds of

a periodic trajectory cj, there exists a local (non unique) center unstable manifold W cu
loc(cj)

tangent to the subspace Ec
p⊕Euu

p (at each point p of cj) and center stable manifold W cs
loc(cj)

tangent to the subspace Ess
p ⊕Ec

p (at each point p of cj). The extension of these manifolds

exists and it will be denoted by W cu(cj) and W cs(cj) and their dimension is k +mu and

k + ms, respectively. In general, these manifolds are not unique. The manifold W cu(cj)

contains all trajectories which stay near cj in negative time. The dual property holds for

W cs(cj). It is clear that, for each j, [cj → cj+1] ⊂ W cu(cj) ∩W cs(cj+1).

Along W cu(cj), there exists a mu-dimensional strong unstable foliation Fuu where the

corresponding leaves of Fuu include W uu
loc (cj) which are tangent to Euu, at each point

p ∈ cj. Similarly, along W cs(cj) there exists a ms-dimensional strong stable foliation F ss

where the corresponding leaves include W ss
loc(cj) which are tangent to Ess

p . Here, we are

considering both foliations at least C1.

Now, we state a generic condition about the intersection of leaves through the hetero-

clinic connections. This condition avoids degenerated cases like the orbit flip, inclination

flip, bellows and the homoclinic butterfly (see Homburg et al [38] for details).

Transversality Condition At each point p of each heteroclinic connection [cj →
cj+1]:

• W cu(cj) is transverse to a leaf of the strong stable foliation F ss and

• W cs(cj+1) is transverse to a leaf of the strong unstable foliation Fuu.
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The condition above only makes sense if F ss corresponds to the strong stable foliation

associated to cj+1 and Fuu corresponds to the strong unstable foliation associated to cj.

It is worth noting that although the manifolds W cu(cj) and W cs(cj) are not unique, the

Transversality Condition is well defined since the tangent spaces are unique. Now, we

state the Center Manifold for Heteroclinic Cycles, adapted to our case:

Theorem (Shilnikov et al [75]) If a differential equation has a heteroclinic cycle

Σ = 〈c1, . . . , ck〉 such that the trichotomy and the transversality conditions hold, then in

a small neighbourhood VΣ of Σ there is a smooth kc-dimensional flow-invariant manifold

W c(Σ) which contains Σ, and which is tangent to the center unstable invariant subspace of

cj and to the center stable invariant subspace of cj+1 if and only if any leaf of W uu
loc (cj)and

W ss
loc(cj+1) intersects Σ at not more than one point. Moreover, all trajectories that stay in

VΣ for positive and negative times belong to the invariant manifold W c(Σ).

The manifold W c(Σ) in the theorem above is called the center manifold associated

to Σ. For our purposes, the important statement of the result is that we may restrict

the flow to a flow-invariant manifold that contains Σ and has dimension smaller than the

initial state space.

Note that in the case k = 1 (homoclinic cycle), the center manifold may be either

difeomorphic to a cylinder or to a Moebius band (see Homburg and Sandstede [38]).
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Abstract

Modelling chaotic and intermittent behaviour, namely the excursions and reversals of
geomagnetic field, is a big problem far from being solved. Some scientists believe that
structurally stable heteroclinic networks associated to invariant saddles are the mathematical
object responsible for the aperiodic reversals. In this paper, invoking the notion of switching
near a network of rotating nodes, we present analytical evidences that the mathematical
model given by Melbourne, Proctor and Rucklidge [23] is relevant for the study of reversals.
We also present numerical plots of solutions of the model, all of them consistent with the
behaviour of the geomagnetic field documented by several paleomagnetic studies.

1 Introduction

Roughly speaking, the history of the geomagnetic field can be described as a strong axial dipole
(see Figure 1(a)). However, several paleomagnetic studies show that the Earth’s magnetic field
flips from time to time, with the poles reversing sign. Altough it is known that the mean time
between geo-reversals in the past is about 2 × 105 years as documented in Stefani et al [31],
we cannot predict their occurrence as they have not happened at defined intervals of times. In
spite of the ongoing discussion about this issue, several physicists believe in the existence of an
internal cause which is responsible for the dynamical behaviour for the geomagnetic field.

The geodynamo model (constructed in the context of magnetohydrodynamics equations) is
the only plausible model describing the mechanism by which the Earth generates and maintains
a magnetic field, under the action of the velocity field. This velocity is due to the twisting fluid
motions within the Earth’s core. The geodynamo model has been known for a long time but it
still constitutes a difficult problem far from being solved.

Following Krupa [17], aperiodic reversals of the geomagnetic field may be generated by
models whose flows involve the existence of heteroclinic cycles and networks between invariant
saddles, see also the paper of Chossat and Armbruster [5].

Armbruster et al [4] proposed a dynamo model considering convection in a spherical shell
without rotation where symmetric heteroclinic cycles appear in the associated flow. Later, in
2003, Chossat and Armbruster [5] gave a rigorous proof of the existence of structurally stable
heteroclinic cycles involving dipolar magnetic fields generated by convection in a spherical shell
for a non-rotating sphere. Their results have been confirmed numerically. More recently, in
Podvigina [24], reversals may be seen as a interaction of two distinct attractors, apparently
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Figure 1: (a): Scheme of the Earth’s magnetic field, approximated as a magnetic axial dipole.
Note that the locus of points with the same intensity of magnetic field is a closed curve; MN -
Magnetic North; GN - Geographical North; (b): Scheme of the lave flow layers; the magnetic
alignment preserved after cooling records reversion of the geomagnetic field. Each layer main-
tains the original magnetic field at its time of cooling. Scientists claimed that the poles have
shifted throughout the history.

via heteroclinic connections due to the intersection of stable and unstable manifolds of periodic
orbits. The interactions depend on the Reynolds number.

In 2001, Melbourne, Proctor and Rucklidge [23] suggested a model involving a heteroclinic
cycle in which the associated geometry resembled the Earth’s magnetic field reversals. Using
the induction equation and supposing that the flow sustaining the dynamo was equivariant
under the continuous Lie group whose action is isomorphic to SO(2) ⊕ Z2 ⊕ Z2, they wrote
the magnetic field as the coupling of dynamically quadrupolar and dipolar symmetric models
(see Gubbins et al [10] for details about the symmetric modes). The amplitude of these modes
(y1, y2, x3, x4) can be seen as coordinates of a continuous dynamical system whose flow contains
an asymptotically stable heteroclinic network associated to two pairs of saddle-foci and a non
trivial closed trajectory with real Floquet multipliers, embedded in a four dimensional spherical
shell.

Due to the symmetry, trajectories whose initial condition lies outside the invariant subspaces
will approach one of the cycles in the heteroclinic network. The fixed point subspaces work as
a barrier and the time spent near consecutive saddles increases geometrically with each visit.
The regime of geo-reversals is one of the reasons why the constructed model was unsatisfactory.
This fact led the authors in [23] to consider breaking all the symmetries of the velocity field to
kick the system away from the invariant saddles and to generate random reversals with a finite
mean period.

In the symmetry breaking context, Kirk and Rucklidge [15] analised a type of codimension
three bifurcation and concluded that when all the symmetries are broken, the heteroclinic net-
work is destroyed and orbits may switch, ie, they may make traversals near more than one of
the original cycles, giving a satisfactory model for the numerical evidences of intermittency of
the geomagnetic field. This is what the authors call switching (note that in their case, the
heteroclinic network is broken).

Recently, Aguiar et al [3] defined and proved a strong form of switching near generic hete-
roclinic networks of rotating nodes charaterized by the following two properties:

• the invariant saddles of the network are either periodic solutions or saddle foci;

2



• all connections that take place in 2-dimensional invariant manifolds occur as transverse
intersections.

Roughly speaking, switching is characterized by the following property: close to the het-
eroclinic network there are trajectories that visit neighbourhoods of the saddles following any
prescribed admissible set of heteroclinic connections of the network (heteroclinic path). If the set
of connections to be followed is finite, we say that the network has finite switching; if it is infinite,
we say that the network has persistent switching. More recently, Homburg and Knobloch [14]
gave an equivalent definition of forward switching for a heteroclinic network, using the notion
of connectivity matrix (which characterizes the admissible sequences) and symbolic dynamics.
Basically, the proof of switching is achieved by showing in a section transverse to the flow, the
existence of initial conditions of trajectories which visit neighbourhoods of any admissible se-
quence of nodes of the network. While in [15] it is not evident that switching is not a transient
phenomenon, in [3] it is proved that this behaviour is persistent (ie, switching holds for any
infinite sequence of heteroclinic paths).

The perturbed dynamo model presented in [23] has an invariant plane whose invariance is
not broken and it has not been studied rigorously yet. In particular, the considered perturbation
does not break the heteroclinic network. The retention of this flow-invariant set has some effects
on the switching properties. This is the interesting bridge between the work in [3] and that of
[23].

There are several examples in which some authors doing numerics, deduce general properties
of networks, namely its stability. However, in some packages of numerical simulations, a trajec-
tory tending to a robust heteroclinic cycle will continue to approach the cycle until the numerical
error is greater than the distance between the solution and the invariant subspace. Then, the
program assumes that the solutions has been captured. In particular, Postlehwaite [25] found
open sets of trajectories approaching a cycle during an extended period of time, before moving
to another cycle. This stresses that doing numerics is different from doing an analytical proof.
The present paper confirms the suggested behaviour from the simulations in [23]; more precisely
we show analytically that the switching behaviour is not only a transient phenomenon.

The main goal of this paper is to enframe the model of Melbourne, Proctor and Rucklidge
[23] and its numerics, in the context of Aguiar et al [1, 2, 3], and Rodrigues et al [27], to
conclude analytically that all the properties for infinite switching hold. We show that the
amplitude equations of the model in [23] has a heteroclinic network associated to a periodic
solution and four equilibria, embedded in an flow-invariant 3-dimensional manifold. Near the
heteroclinic network of the perturbed flow, there are trajectories making excursions around the
whole network in an irregular way. Besides the interest of this system from the physical point of
view, since it is closely related to the magnetohidrodynamic problem (see for instance Podvigina
[24]), it is important as an example once it describes very interesting dynamics for a vector field
which unfolds from a fully symmetric differential equation.

Framework of the paper
This paper is organized as follows. Section 2 sets up the construction of the heteroclinic model
given by Melbourne et al [23] as a convection dynamo problem. Using the equivariance of
the system under a Lie group Θ, section 3 gives an analytical description of the associated Θ-
equivariant Birkhoff normal form of degree 3 and we discuss the geometry of the flow of the
corresponding lift. Section 4 contains a proof of switching near the networks which appears
near the perturbation of the system constructed in section 3. This phenomenon enables the
occurrence of intermittency. Section 5 is a short explanation of the physics underlying the
system, in the context of geo-reversals. After the analysis of time series and plots associated to
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the model, we include in section 6 a discussion and a conclusion about the results.

2 Construction and Description of the Model

The system in Melbourne et al [23] models the evolution of a magnetic field B in the pre-
relativistic setting, through the equation (2.1), obtained combining Maxwell’s equations and
Ohm’s Law, and the equation (2.2). The later means that B is a preserving volume vector field.
Here Rm = K

η is the dimensionless magnetic Reynolds number, η gives the magnetic diffusivity
and K is a positive real number.

∂B

∂t
= Rm∇× (v ×B) +∇2B (2.1)

divB = 0. (2.2)

Since (2.1) is linear in B, it is known that solutions of (2.1) with different symmetries are
independent (see Gubbins [10]). Based on the idea of McFadden et al [21], who proposed that
reversals involve an interaction between dipolar and quadrupolar modes, Melbourne et al [23]
assumed that solutions of (2.1) may be written as a linear combination of the symmetric modes
De, Qa, Da and Qe (notation of Holme [13]), where:

• Da is a dipolar solution of (2.1) antisymmetric with respect to the equatorial plane and
symmetric with respect to rotations by angle π around the polar axis;

• Qa is a quadrupolar solution of (2.1) symmetric with respect to the equatorial plane and
symmetric with respect to rotations by angle π around the polar axis;

• De is a dipolar solution of (2.1) symmetric with respect to the equatorial plane and anti-
symmetric with respect to rotations by angle π around the polar axis;

• Qe is a quadrupolar solution of (2.1) antisymmetric with respect to the equatorial plane
and antisymmetric with respect to rotations by angle π around the polar axis.

Since equatorial quadrupole solutions Qe have not been found (see Gubbins [10]), we may
write the magnetic field B(r, t), in real coordinates, as follows:

B(r, t) = y1(t)D
1
e(r) + y2(t)D

2
e(r) + x2(t)Qa(r) + x3(t)Da(r), (2.3)

where r = (||(y1, y2)||, x2, x3) andDe = (D1
e , D

2
e) is an oscillatory mode. Note that the symmetric

modes may be seen as vector fields in R3 where r is a general position in the phase space. We are
interested in the geometry of (y1, y2, x2, x3), the coefficients of the symmetric modes (hereafter
called the amplitude of the symmetric modes).

3 Truncated Birkhoff Normal Form of Degree 3

We concentrate our attention in the dynamics of the amplitude equations of B(r, t). The model
constructed in [23] has the particularity that the velocity of the flow which generates the dynamo
action is equivariant under the action of compact Lie group Γ = SO(2) ⊕ Z2 ⊕ Z2. Previous
models, for instance that of Chossat et al [6] and Chossat et al [7], have been constructed in the
context of the spherical Bénard problem, using O(3) and SO(3)-equivariance. In these models,
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the Earth’s rotation speed is omitted because it is much less than the velocity of the convection
inside the core. In [23], the authors do not assume this restriction. This is why they used the
SO(2)-symmetry instead of SO(3).

In R4, assuming the usual representation of SO(2) in the first two coordinates and the usual
representation of Z2 ⊕ Z2 generated by ζ:

ζ(y1, y2, x2, x3) = (y1, y2,−x2,−x3),

the truncated Birkhoff normal form of degree 3 in real coordinates, acting as organizing center,
is given by:





ẏ1 = y1(µ1 − (y21 + y22) +A12x
2
2 +A13x

2
3)− ω1y2

ẏ2 = y2(µ1 − (y21 + y22) +A12x
2
2 +A13x

2
3) + ω1y1

ẋ2 = x2(µ2 +A21(y
2
1 + y22)− x22 +A23x

2
3)

ẋ3 = x3(µ3 +A31(y
2
1 + y22) +A32x

2
2 − x23).

(3.4)

The procedure of reduction to the normal form is rather straightforward involving step by
step elimination of the non resonant terms. Following Aguiar et al [2] and Rodrigues et al [27],
the vector field associated to system (3.4) can be seen as the lifting by rotation with respect to
the pair (x1, ω1) of the vector field X3 where

X3(x1, x2, x3) =




x1(µ1 − x21 +A12x
2
2 +A13x

2
3),

x2(µ2 +A21x
2
1 − x22 +A23x

2
3),

x3(µ3 +A31x
2
1 +A32x

2
2 − x23)


 . (3.5)

Passing from (3.4) to (3.5) can be understood as a standard technique of phase-amplitude
equations: (3.5) corresponds to the amplitude equations. We refer the technique lifting by ro-
tation presented in the papers of Aguiar et al [2] and Rodrigues et al [27], once their results
about lifted vector fields will be relevant for our further conclusions.

If follows from straightforward computations that the vector field X3 is equivariant under
the action of the compact Lie group Θ = 〈γ1, γ2, γ3〉 where

γ1(x1, x2, x3) = (−x1, x2, x3), γ2(x1, x2, x3) = (x1,−x2, x3) and γ3(x1, x2, x3) = (x1, x2,−x3),

whose action is isomorphic to the usual action of Z2 ⊕ Z2 ⊕ Z2 in R3. This implies that the
coordinate planes and axes are flow invariant; they correspond to FixZ2(γi) and Fix(Z2(γi)⊕
Z2(γj)), respectively (i 6= j ∈ {1, 2, 3}).

For µ1, µ2, µ3 ∈ R+ and Aij ∈ R−, i 6= j ∈ {1, 2, 3}, making some computations, we can
conclude about the existence of a unique 2-dimensional attracting and flow-invariant ellipsoid
S2 centered at the origin, embedded as a topological manifold in R3. Here, the term attracting
means that every solution with nonzero initial condition is asymptotic to the ellipsoid in forward
time.

With respect to the dynamics of Ẋ = X3(X), X ∈ R3, since λ1, λ2, λ3 > 0 are the eigenvalues
of DX3 at the origin O, it follows that this equilibrium point is repelling. The intersection of
S2 with the coordinate axes Oxi (i = 1, 2, 3) corresponds to the set of six equilibria of saddle
type A = {±P1,±P2,±P3} (here resonances are omitted).

Assuming that:

µ1 +A13µ3 > 0, µ2 +A21µ1 > 0 and µ3 +A32µ2 > 0
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S2

Figure 2: The network Σ2 can be seen as the union of eight heteroclinic cycles (related by
symmetry), each one lying in the boundary of the intersection between S2 and each octant. The
network Σ2 is the Θ-orbit of the cycle depicted on the first octant.

and
µ1 +A12µ2 < 0, µ2 +A23µ3 < 0 and µ3 +A31µ1 < 0,

then, associated to the set A, there exists a heteroclinic network Σ2. This network is the union
of eight heteroclinic cycles (related by the symmetry group Θ), each one lying in the boundary
of the intersection between S2 and each octant (see figure 2).

Moreover, we are considering that the product of the absolute value of the contracting eigen-
values at the equilibria is greater that the product of the expanding eigenvalues. This implies
that the heteroclinic network is asymptotically stable - there exists an open neighbourhood V
of the network such that every trajectory starting in V is forward asymptotic to the network
(see Krupa and Melbourne [18] and Dos Reis [26]).

In the restriction to the first octant of the attracting sphere S2, the invariant manifolds of
the saddles are given by:

1. W s(+P1) = S2 ∩ {(x1, x2, x3) ∈ (R+)3 : x3 = 0 ∧ x1 > 0};

2. W s(+P2) = S2 ∩ {(x1, x2, x3) ∈ (R+)3 : x1 = 0 ∧ x3 > 0};

3. W s(+P3) = S2 ∩ {(x1, x2, x3) ∈ (R+)3 : x2 = 0 ∧ x2 > 0}.

This network is very similar to that of Dos Reis [26], who observed that it is possible to have
robust cycles of non-transverse saddle-connections for a Z3

2-equivariant vector field. This kind
of networks has also been considered by Guckenheimer and Holmes [11].

Due to the Z2(γ1)-equivariance, the vector field X3 is lifted by the rotation associated to
the pair (x1, ω1), to the SO(2)⊕ Z2 ⊕ Z2-equivariant vector field Ẋ = X4(X) where X4 is the
vector field defined in (3.4).

Using the notation of Rodrigues et al [27] and according to the proposition 15 of [27],
the asymptotically stable heteroclinic network Σ2 ⊂ S2 gives rise to an asymptotically stable
heteroclinic network Σ3 ⊂ S3, associated to a relative equilibrium c, with c = L(±P1), with
real Floquet multipliers and the set of four equilibria B = {i3(±P2), i3(±P3)} (two by two Z2-
symmetric). The Floquet multipliers are precisely the eigenvalues whose eigendirections are
transverse to the rotation. Here, it is important to note that c lies in the plane Fix(Z2 ⊕ Z2)
defined by x2 = x3 = 0 and that the one-dimensional heteroclinic connections from i3(±P2) to
i3(±P3) lie in the plane Fix(SO(2)) defined by the equations y1 = y2 = 0 (see figure 3).
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Figure 3: Representation of the two planes Fix(SO(2)) (horizontal) and Fix(Z2⊕Z2) (vertical),
in which the invariant saddles associated to Σ3 lie. In Fix(SO(2)), the non trivial closed
trajectory c is a sink; in Fix(Z2 ⊕ Z2), we observe the non robust heteroclinic connections of
the network which do not involve c. Note that R4 = Fix(SO(2))⊕ Fix(Z2 ⊕ Z2).

Any one-dimensional heteroclinic connection lying inside Fix(Z2(γ1)) lifts to a one-dimensional
heteroclinic connection and the other become two-dimensional. To be more precise, in the re-
striction to S3 ⊂ R4, each heteroclinic connection involving c has dimension 2 and the others
have dimension 1. All the intersections between invariant manifolds of consecutive nodes are
very special: the manifolds coincide.

In the case of [23], all heteroclinic connections involving the periodic solution are two dimen-
sional and the others involving the saddle-foci are one dimensional. After the lift by rotation, the
map DX4, at an equilibrium i3(±Pi) i = 2, 3, has four eigenvalues. The eigenvalue of DX3(Pi)
whose associated eigenvector has the same direction as the rotation gives rise to two complex
non-real eigenvalues: the real part is equal to that of the original linearization at each equilib-
rium and the imaginary part is equal to the speed of rotation (ω1 6= 0); the other eigenvalues
and the corresponding eigendirection (transverse to the lift) remain. This is a general property
for the eigenvalues about the equilibria for liftings of vector fields.

The heteroclinic network Σ3 can be decomposed into four cycles. Due to the symmetry, tra-
jectories whose initial condition starts outside the invariant subspaces will approach in positive
time one of the cycles. As we have already mentioned, the hyperplanes of equations x2 = 0
and x3 = 0 prevent switching and the time spent near either each equilibrium or the periodic
solution increases geometrically. The limit of the ratio between consecutive times of flight inside
the neighbourhoods of the saddles is related to the ratio between the real part of the eigenvalues
at the corresponding saddles.

4 Analysis of the Perturbed Vector Field in R4

As it stands, the model given in the above section is rather unrealistic because it does not explain
the reversals of the geomagnetic field. This is why it was necessary to break the equivariance of
the velocity field in a way to preserve the network, allowing random itineraries around it. The
perturbation may be explained by the fact that the Earth does not have exact rotational and
reflectional symmetries (due to the inhomogeneities of the convection of the fluid motions inside
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the Earth’s core). Melbourne et al [23] considered the following system perturbation of X4:





ẏ1 = y1(µ1 − (y21 + y22) +A12x
2
2 +A13x

2
3)− ω1y2+

+ε1y1(y
4
1 − 10y21y

2
2 + 5y42) + ε2x2(y

4
1 + 2y21y

2
2 + y42) + ε3y1x2x

3
3

ẏ2 = y2(µ1 − (y21 + y22) +A12x
2
2 +A13x

2
3) + ω1y1+

+ε1y1(−5y41 + 10y21y
2
2 − y42) + ε3y2x2x

3
3

ẋ2 = x2(µ2 +A21(y
2
1 + y22)− x22 +A23x

2
3)

+ε1y1(y
2
1 − 3y22)x

2
2 + ε2y

5
1 + ε3x

5
3

ẋ3 = x3(µ3 +A31(y
2
1 + y22) +A32x

2
2 − x23)

+ε1y1(3y
2
1 − y22)x2x3 + ε2y

3
1x2x3 + ε3x

5
2

(4.6)

Observe that the vector field associated to (4.6) is equivariant under the action of −Id, the
antipodal symmetry. Since the nodes of Σ3 are hyperbolic, they persist under small perturba-
tions. In this section, we denote by Xε the hyperbolic continuation of the invariant saddle X
under the perturbation ε = (ε1, ε2, ε3) . Due to the fact that the perturbation terms are not
tangent to S3, instead of an invariant three-dimensional sphere, we can only assure that the
flow has an invariant spherical shell S3

ε . The perturbation is done in such a way that the plane
defined by the equations y1 = y2 = 0 is not broken. This means that the non-robust heteroclinic
connections lying in Fix(SO(2)) from i3(±P2)

ε to i3(±P3)
ε persist. This is the main difference

between the present analysis and the findings of Kirk and Rucklidge [15]. In their paper, the
perturbation that breaks the rotational and the reflectional equivariance does not preserve the
one-dimensional connections in the heteroclinic network.

Since i3(±P2)
ε and cε are hyperbolic, dimW u(i3(±P2)

ε) = 2 and dimW s(cε) = 3, then for a
non-empty open set of parameters (ε1, ε2, ε3), the invariant manifolds meet transversely and their
intersection consists of a finite number of trajectories. The same holds for the other intersections
involving the saddle cε. Hence, generically the perturbation considered by Melbourne et al [23]
does not destroy the heteroclinic network, which we denote by Σε

3.
Using the center manifold theorem for heteroclinic cycles studied by Shaskov et al [29], in the

context of homoclinic loops, and by Shilnikov et al [30], provided that the radial eigenvalue is
the most contractive at all saddles, generically it is possible to reduce the interesting dynamical
behaviour to a three-dimensional manifold M3 containing the network Σε

3. More precisely, we
require that:

−2µ1 < µ1 +A12µ2 < 0, −2µ2 < µ2 +A23µ3 < 0 and − 2µ3 < µ3 +A31µ1 < 0

to assure the trichotomy condition (meaning that the radial component must correspond to the
strong stable manifold).

Restricted to the center manifold M3, the heteroclinic network Σε
3 is of the type studied by

Aguiar et al [3]. More precisely, the invariant saddles of the network are either periodic solutions
with non zero real Floquet exponents and hyperbolic saddle-foci, and all connections that take
place in 2-dimensional invariant manifolds occur as tranverse intersections. Thus, it satisfies all
the hypothesis of [3] and we have:

Theorem 1 Near Σε
3 ∩M3, there exists:

(a) a set of initial conditions with positive Lebesgue measure (on a section transverse to the
network) exhibiting finite switching of any order;

(b) infinite switching which may be realized by infinitely many initial conditions.
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Figure 4: Cylindrical neighbourhoods around the rotating nodes of the network. (a): a segment
of initial conditions lying across the stable manifold of i3(±P2) is mapped, by the local map near
i3(±P2), into a spiral accumulating on its unstable manifold and thus on the stable manifold
of i3(±P3); (b): a spiral of initial conditions on the top of the neighbourhood of i3(±P3) is
mapped, by the local map, into a helix accumulating on the unstable manifold of i3(±P3),
which crosses transversely the stable manifold of c infinitely many times; (c): a segment of
initial conditions lying across the stable manifold of c is mapped into a spiral accumulating
on its unstable manifold. Each piece of spiral is a new segment across the stable manifold of
i3(±P2). In (c), it is also possible to observe the first step of the construction of the Cantor set
on the wall of the cylinder.
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Proof: We adapt the proof of Aguiar et al [1] and Aguiar et al [3] to our purposes. We
suggest that the reader follows the proof observing figure 4.

(a) Since the vector field is smooth, using Samovol [28], the vector field may be linearised around
each equilibrium point, up to a set of measure zero (resonances). Hence it is possible to
obtain cylindrical neighbourhoods near each invariant saddle (hollow cylinder in the case
of the non trivial closed trajectory). The boundary of each cylindrical neighbourhood
forms an isolating block : the flow is transverse to the cylinder walls, top and bottom. We
study the discrete time dinamics obtained by looking at points on the isolating block.

The initial conditions which shadow a given finite heteroclinic path are obtained by a
recursive construction.

Near the saddle-foci i3(±P2), the flow goes in, at the cylinder walls, and it goes out at the
top and bottom. Near i3(±P3), the flow goes in, at the cylinder top and bottom and it
goes out at the wall. Inside the cylinder the vector field is linear, so the transition from the
wall to top/bottom and top/bottom to the wall is well understood. The transition map
from one isolating block to the next is, to first order, either a linear map or a rotation.
The study of the local map near rotating nodes is given in sections 5 and 6 of Aguiar et
al [3].

Any segment of initial conditions lying across the stable manifold of i3(±P2) is wrapped
around the isolating block. By λ-lemma it accumulates as a spiral on the unstable manifold
of i3(±P2) and then on the stable manifold of the next saddle, i3(±P3) (see figure 4(a)).

This spiral of initial conditions on the top/bottom of the neighbourhood around i3(±P3)
is mapped, by the local map near i3(±P3), into points lying on a helix accumulating on
its unstable manifold, which crosses transversely the stable manifold of c infinitely many
times (see figure 4(b)).

This is an important point in which the equilibria must be saddle-foci. The complex
eigenvalues force the spreading of solutions around all the unstable manifold of i3(±P3),
allowing visits to all possible connections starting at i3(±P3) (see figure 5 (a)). The
transversality enables the existence of solutions that follow heteroclinic connections on the
two different connect components of M3\W s(c), the upper and the lower part on the wall
of the hollow cylinder (see figure 5 (b)).

Any curve of initial conditions lying across the stable manifold of c winds around the
isolating block and accumulates, as a spiral, on its unstable manifold following all the
possible heteroclinic connections starting at c. Any heteoroclinic connection is followed by
a piece of spiral and it is mapped, under the transition map, into a new segment across
the stable manifold of i3(±P2) (see figure 4(c)), giving rise to a new segment across the
stable manifold of i3(±P3).

The composition of consecutive local and transition functions, maps the original segment of
initial conditions lying across the stable manifold of i3(±P2) into infinitely many segments
with the same property. Thus, it is possible to construct recursively a nested sequence of
intervals accumulating on the stable manifold of i3(±P2) that follow sequences of hetero-
clinic connections and thus which exhibit finite switching.

Allowing some thickness on the segments, instead of a nested sequence of intervals, we
construct a nested sequence of rectangles (with positive Lebesgue measure 1) of initial
conditions which shadow a given finite heteroclinic path.

1The heteroclinic network is embedded in R4.
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Figure 5: The mechanism for switching is related with the existence of a pair of complex eigenval-
ues in the linearisation of the vector field at a node and the transversal intersections of invariant
manifolds. (a): Switching at the saddle-focus because of the spreading originated by the com-
plex non real eigenvalues; (b): switching at the closed trajectory because of the transversality;
here we find solutions following each connected component of M3\W s(c).

(b) The existence of infinite switching follows from the fact that the infinite intersection of a
nested sequence of compact sets is non-empty. In particular, for each sequence of nested
compacts, there is at least a point realizing any given infinite heteroclinic path.

The two main ingredients of the previous proof are the transversality and the existence of
rotating nodes which forces the spreading of solutions along the unstable manifolds of the node
and then along the stable manifold of the next node (see figure 5).

Remark 1 A heteroclinic path on the network can be realized by trajectories in W u(c) since
the local unstable manifold of c meets the wall of i3(±P2) at a segment by transversality. In
particular, there are infinitely many transverse homoclinic connections associated to c.

The existence of switching near Σε
3 ∩M3 implies that trajectories will make repeated passes

near the whole network, which may be seen as a consequence of the hyperbolic suspensed
horseshoe meeting each cross section in a Cantor set, with the same shape as the whole network
(the first iteration of the Cantor set is depicted in figure 4(c)). The sequence of heights associated
to a sequence of rectangles accumulating on the network is decreasing. For details, please see
Aguiar et al [1] and Aguiar et al [3].
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Next result is the core of this paper: it says that the intermittency of the flow associated to
perturbation referred in Melbourne et al [23] is closely linked with the reversals.

Corollary 2 The geomagnetic field B changes its polarity.

Proof: From Theorem 1 we can conclude the existence of persistent switching near Σε
3, ie

close the network, there are trajectories that visit the neighbourhoods of the saddles following
all the heteroclinic connections of the network in any given order. These trajectories correspond
to the evolution of the amplitude equations of (2.3). In particular, since the coefficient of the
axial dipole, x3, changes its sign then the vector field B changes its polarity.

Theorem 1(b) also says that switching is realized by infinitely many initial conditions. The
difference of the dynamics between two of these initial conditions is related with the number of
revolutions inside each fixed neighbourhood with respect to a Poincaré section. The arguments
of Rodrigues et al [27] used for non trivial periodic solutions can be slightly adapted for our
case and thus we may conclude the existence of a transitive set of initial conditions with the
same shape as Σε

3, whose trajectories follow the network forwards and backwards and that is
conjugate to a Markov shift over a finite alphabet. This set lies arbitrarily close the heteroclinic
network Σε

3.
A more rigorous analysis has revealed other interesting chaotic behaviour near the hetero-

clinic network such as infinitely many homoclinic classes associated to the relative equilibrium cε,
suspended hyperbolic horseshoes with positive topological entropy, strange and wild attractors
(Labouriau and Rodrigues [19]).

Remark 2 The noise (ε1, ε2, ε3) in (4.6) is responsible for driving the dynamics far from the
equilibria; nevertheless its magnitude is irrelevant for the existence of intermittency. The dif-
ferent parameters εi control the degree to which the symmetries (one rotational and two reflec-
tional) are broken. The three different symmetry-breaking terms are required for the existence of
switching.

5 Switching in the context of the Geodynamo Problem
and Other Consequences

The existence of switching near a general heteroclinic network implies that infinite pseudo-orbits
with infinitely many discontinuities may be shadowed. In the context of this problem, switching
near Σε

3 proved in theorem 1 implies that there are aperiodic itineraries past the various cycles in
the network. Therefore the amplitude coefficients may assume any value in the center manifold
M3 (and more importantly any sign), implying that the magnetic fieldB may change orientation.
Theorem 1 implies that the considered model explains the irregular (in fact, chaotic) occurrence
of reversals of the Earth’s magnetic field (their occurrence has a non-uniform distribution). A
close analysis of the equation (2.3) confirms that the occurrence of reversals requires cooperative
interactions between the symmetric modes.

A magnetic reversal is generally of short duration compared with the intervals of time between
reversals, during which the field remains in either the actual or the reversed polarity state.
This is due to the transition between the dipole moments, which is much faster than the time
trajectories spend near the nodes. This fact is consistent with other equations modelling the
reversals (see for instance Kono [16] or Podvigina [24]).
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Due to the chaotic behaviour induced by the presence of suspended horseshoes near the
network, we may conclude that there is no satisfactory way to predict the duration of any given
polarity. Beyond the existence of geomagnetic reversals, our analysis explains the intermittent
behaviour between the symmetric modes and then the existence of excursions (changing of
symmetric modes without changing the orientation of the magnetic field).

With our analysis, why are able to understand why the history of the geomagnetic field can
be described as a strong axial dipole. This is due essentially to the fact that the contracting
eigenvalue at the equilibria i3(±P2) (amplitude of the axial quadripole) is much greater than
the expanding eigenvalue at the equilibria i3(±P3) (amplitude of the axial dipole). This relation
remains under the perturbation.

According to the model presented in Melbourne et al [23], there is an implicit order between
the symmetric modes during reversals. During the process of georeversals, equation (2.3) and
time series analysis suggest that the geomagnetic field visits the equatorial dipole and the axial
quadrupole and, at the end of the reversal, each pair of poles joins into a single pair near the
opposite geographical pole. We also emphasize the pronounced asymmetry of the geomagnetic
field during the reversals and the excursions. The strength of the geomagnetic field decreases
drastically during these phenomena.

Although our goal is not doing numerics, we present some time series in figure 6 and the
projections of a particular trajectory in figure 7 which are consistent with the analysis of the
model of Melbourne, Proctor and Rucklidge [23]. The initial condition and the parameters are
the same in both simulations. Figures 6 and 7 have been obtained using the dynamical systems
package DSTOOL (see Guckenheimer et al [12])

Remark 3 From direct measurements of Earth’s dipole moment, it appears to be decaying lin-
early with time since the first measurements, at a rate of 5% per century. Recently, some
scientists interpreted this decaying as a start of a reversal. Linear regressions suggest that the
axial dipole moment would vanish in about 4000 (McPherron [20]).

6 Discussion and Conclusion

Geomagnetic reversals are one of the main interesting points of the geomagnetism, one of the
most challenging phenomena in geophysics. Although the details of the reversal process are not
completely understood, the occurrence of reversals is well documented by studying the layered
of iron-rich lava rocks, for example. Here, through theorem 1 and corollary 2, we proved that the
mathematical model given by Melbourne, Proctor and Rucklidge [23] is relevant for the study of
magnetohidrodynamics and that this model predicts and explains intermittent behaviour of the
geomagnetic field and geo-reversals. The lengths of time intervals of constant polarity and the
short duration of each reversal are consistent with those of the Earth. Also, the model explains
why the geomagnetic field is predominantly axial dipolar.

As in Kirk and Rucklidge [15], we start with a heteroclinic network with reflectional and
rotational symmetry. However, in contrast to their work, we study switching in a perturbation
that does not break the network. The presence of the non-robust heteroclinic connection has
important effects: for example, we can prove the existence of infinite switching. With the
analysis of [15], since the connections [i3(±P2) → i3(±P3)] are off-centered at the top/bottom
of the cylindrical neighbourhood near i3(±P3), they are only able to conclude the existence of
initial conditions following finite heteroclinic paths on the network.

Besides the interest from the physical point of view, the study of this model is important
in the setting of dynamical systems because it describes the behaviour of a flow associated to
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Figure 6: Time series for one trajectory for the flow associated to the differential equation
(4.6), with µ1 = 0.3, µ2 = 0.2, µ3 = 0.3, A12 = A21 = −0.33333, A13 = A31 = −0.5, A23 =
A32 = −0.16667, ω1 = 1, ε1 = 0.12, ε2 = 0.1 and ε3 = 0.001. The initial condition is
(−0.5000, 0.0116,−0.1623,−0.2781). Caption: (a): Reversion (the vector field B change its
sign); (b): Excursion (the geometry of the flow associated to B varies without changing the
sign); (c): the axial dipole symmetric mode is the predominant situation.
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Figure 7: Projection in the (y1, y2), (x3, x4), (y1, x3)and (y1, x4)-planes of the trajectory with
initial condition (−0.5000, 0.0116,−0.1623,−0.2781) (the same as in the time series shown in
figure 6) for the flow corresponding to the vector field (4.6) (same parameters as before). Caption:
(a): periodic solution; (b): equilibria; (c): non robust heteroclinic orbit from i3(P2) to i3(P3).
The interval range for all the variables is [−3.5, 3.5].

a explicit vector field unfolding the symmetry breaking of an equivariant organizing center. In
the fully non-equivariant case at first glance the return map is almost intractable. Here we are
able to predict some qualitative features of the dynamics by assuming that X4 is very close to
Xε

4 . This is an important advantage of studying systems with some symmetry.
The ongoing discussion about the dynamics near the heteroclinic network of rotating nodes

is the identification of what kind of transitive set unfolds from the attracting network. Near
Σε
3, there is a persistent set which is the homoclinic class of the periodic solution cε. The

complete description of this singular hyperbolic set is an open question related to the J. Palis
Conjecture. This answer could be used to conclude the robusteness of the shadowing property
and the realization of all links and knots as periodic solutions.
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Abstract

We construct explicitly a vector field on a three-dimensional sphere S3, with an attractor
Λ containing two hyperbolic equilibria, a non-trivial hyperbolic basic set and heteroclinic
trajectories connecting transverselly the two equilibria. The vector field is the restriction
to S3 of a polynomial vector field in R4 and unfolds of a heteroclinic network between two
symmetric saddle-foci. Moreover, generic perturbations of this vector field will still have an
attractor containing a hyperbolic basic set.

1 Introduction

A flow in a compact three-dimensional mananifold is structurally stable in the C1 topology if
and only if the flow is uniformly hyperbolic and all invariant manifolds meet transversely, as was
proved in 1997, by Hayashi [25]. After the proof, the research has been centered in the study of
the features of the flows which are not C1 – structurally stable.

Arroyo et al [9] proved that any C1 – vector field defined on a compact three-dimensional
manifold may be approximated by a system of differential equations whose flow exhibits one of
the following phenomena:

• uniform hyperbolicity;

• a heteroclinic cycle associated to, at least, one equilibrium;

∗The research of the two authors at Centro de Matemática da Universidade do Porto (CMUP) had financial
support from Fundação para a Ciência e a Tecnologia (FCT), Portugal. Research funded by the European
Regional Development Funding FEDER through the programme COMPETE and by the Portuguese Government
through the FCT – Fundação para a Ciência e a Tecnologia under the project PEst-C/MAT/UI0144/2011. A.A.P.
Rodrigues was supported by the grant SFRH/BD/28936/2006 of FCT.
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• a homoclinic tangency of the invariant manifolds of the periodic solutions.

In this article, we construct an explicit example of a C∞ – vector field on the unitary sphere
S3 that is approximated by differential equations exhibiting the first two behaviours and a
non-trivial basic set. We conjecture that nearby differential equations also display the third
behaviour, as well as heteroclinic tangencies of invariant manifolds of the equilibria.

Few explicit examples of vector fields whose flows contain transitive1 but non-hyperbolic
sets have been studied: the most famous example is the expanding butterfly proposed by E.
Lorenz (1963) [30] as an approximation of the evolution equation of the atmospheric dynamics
(for σ = 10, r = 28 and b ≈ 2.667):





ẋ = σ(y − x)
ẏ = rx− y − xz
ż = xy − bz

. (1.1)

The eigenvalues of the linearization of the vector field (1.1) at the origin are λ1, λ2, λ3 ∈ R\{0}
and satisfy:

λ2 < λ3 < 0 < λ1 and λ1 + λ3 > 0. (1.2)

In order to understand the Lorenz differential equations, geometric models have been constructed
independently by Afraimovich et al [1] in 1977 and Guckenheimer and Williams [24] two years
later. The construction of these models have been based on the properties suggested by numerics.
It suggested many others and an extended number of papers have been written on these piecewise
smooth vector fields.

Consider a C1 – robust attractor Λ - one that remains after any sufficiently small C1 –
pertubation of the vector field. Morales et al [38] proved that if such an attractor contains
equilibria whose linearization has only real eigenvalues, then Λ must be partially hyperbolic with
volume expanding directions.

The relevant notion for the general theory of robust transitive sets is the dominated splitting.
A compact flow-invariant set Λ is partially hyperbolic if there is an invariant splitting TΛ =
Es ⊕ Ec for which there are K,λ ∈ R+ such that for ∀t > 0, ∀x ∈ Λ:

• ||∂xφt|Es
x
|| ≤ Ke−λt;

• ||∂xφt|Es
x
||.||∂xφt|Ec

φt(x)
|| ≤ Ke−λt.

The direction Ec of λ is volume expanding if ∀t > 0, ∀x ∈ Λ, det|∂xφt|Ec
x| ≥ Keλt. The classical

Lorenz model satisfies these conditions. The above result of Morales et al [38] unified the theory
of hyperbolic dynamics and Lorenz-like flows. A good explanation about this subject may be
found in chapter 3 of Araújo and Paćıfico [8].

In this paper, a persistent behaviour is a dynamical phenomenon that occurs with positive
probability on generic parametrized families through a initial flow. Clearly, having a robust
attractor is persistent.

In 1993, Rovella [41] presented a persistent non-robust singular attractor in R3 that resemble
the classical Lorenz attractor. The author started with the following variation of the geometrical
Lorenz model with respect to the eigenvalues at the origin:

λ2 < λ3 < 0 < λ1 and λ1 + λ3 < 0 (1.3)

1It contains at least one dense trajectory.
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and obtained vector fields exhibiting transitive non-hyperbolic attractors which are persistent.
Rovella proved that, for an open and dense set of perturbations, the initial attractor Λ breaks up
into the following: one or two periodic solutions, a hyperbolic set, the equilibrium and wandering
trajectories linking them. Bonatti et al [14] relate this phenomenon with an interaction between
Hénon-like dynamics for flows and the presence of an equilibrium.

The construction of the Rovella attractor [41] is similar to the geometric Lorenz model.
Some authors constructed Lorenz-like examples through bifurcations from heteroclinic cycles
and networks: for instance, Afraimovich et al [2] describe a codimension 1 bifurcation leading
from Morse-Smale flows to Lorenz-like attractors; Morales [37] constructed a singular attractor
from a hyperbolic flow, through a saddle-node bifurcation. All of these are similar to the
expanding Lorenz attractor, for which condition (1.2) hold, as opposed to the contracting case.

Nowadays, particular attention is being given to the study of the dynamics near heteroclinic
networks with complex behaviour, namely the construction of explicit vector fields whose flows
has a specific type of sets and for which it is possible to give an analytical proof of the properties
that guarantee the existence of complex behaviour (see for instance Aguiar et al [4, 5, 6], Kirk
and Rucklidge [29], Melbourne [35], Rodrigues et al [40]).

Here we present a smooth vector field on S3 whose flow has a heteroclinic cycle with two
equilibria, non-robust under generic perturbations but almost persistent in the definition of
Rovella [41]. This is what we will call a contracting Lorenz-like attractor.

1.1 Organizing Center and a Framework of the Paper

A useful tool for the understanding of the dynamics associated to systems of differential equations
is the determination of organizing centres as well as bifurcations they may exhibit (an example
has been given in Fernandes-Sánchez et al [17]). In the present article, we construct an example
of a polynomial vector field whose organising center has a heteroclinic network which originates
a wide range of phenomena around it. More specifically, we construct an attractor set such that
in generic two parameter families

ẋ = f(x, λ1, λ2) with f(∗, 0) ≡ f,

there is a set of positive Lebesgue measure containing (λ1, λ2) = (0, 0) for which an attractor
remains (not necessarily robustly transitive).

Throughout this paper, by heteroclinic cycle we mean a set of finitely many disjoint hy-
perbolic equilibria pj (also called nodes), j ∈ {1, . . . , k} and heteroclinic trajectories γj , j ∈
{1, . . . ,m} such that:

lim
t→+∞

γj(t) = pj+1 = lim
t→−∞

γj+1(t),

with the understanding that γm+1 = γ1 and pk+1 = p1. We also allow n-dimensional connec-
tions between two nodes pi and pj where n > 1, which can be considered as a set of solutions
biasymptotic from pi to pj , in negative and positive time, respectively. These heteroclinic con-
nections are what Ashwin and Chossat [11] call continua of connections. A heteroclinic network
is a connected component of the group orbit of a heteroclinic cycle. In particular, for any pair
of saddles in the network, there is a sequence of heteroclinic connections that links them (see
Ashwin and Field [11] for a general definition).

We start with a structurally and asymptotically stable network associated to two saddle-
foci v and w. The original system has two symmetries (rotational SO(2) and reflectional Z2)
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acting independently in a flow-invariant and attracting three-dimensional sphere S3. Restricted
to S3, the two connections from v to w are one-dimensional and the connection from w to v
is two-dimensional. A description of the flow associated to the organising center is given in
section 3. In sections 4 and 5 we add the simplest possible terms that break the symmetries in
specific ways. All the perturbations preserve the invariance and attraction of the sphere. The
differential equations as well the perturbations were derived from Aguiar [3] and Aguiar et al
[4].

In section 4, we consider a perturbation that breaks part of the SO(2)-symmetry and the
reflection Z2, splitting the two-dimensional connection into a pair of one-dimensional ones, giving
rise to two Bykov cycles (also called by T -points because it corresponds to a point on the space of
parameters where such cycles appears). In this paper, a Bykov cycle is a heteroclinic cycle with
two saddle-foci of different types, in which the one-dimensional invariant manifolds coincide and
the two dimensional invariant manifolds have an isolated transversal intersection. The Bykov
cycles have been found in many applications of interest, ranging from the electronic oscillators
[7] to magnetoconvection [42]. Such structure also appears in the flow of the Lorenz equations
(for σ = 10, r ≈ 30.475 and b ≈ 2.623) - see Glendinning [18] for details.

Analytical proof of transverse intersection of two invariant manifolds is usually difficult but
can be achieved in our example. In section 4 we give the analytical proof that the manifolds
W u(v) and W s(w) meet transversely. We will make use of the Melnikov method presented in
section 2, extended to heteroclinic connections.

In sections 5, we present another perturbation of the organising center which forces that the
attracting heteroclinic cycles are broken but some attracting structures remain near it. Our
results and conjectures are illustrated by numerical simulations, which have been obtained using
the dynamical systems package DSTOOL (see Guckenheimer et al [23]).

2 Melnikov Method Revisited

Melnikov [36] studied a method to find the transverse intersection of the the invariant manifolds
for a time periodic perturbation of a homoclinic cycle. The pioneer idea of Melnikov is to make
use of the globally computable solutions of the unperturbed system the computation of perturbed
solutions. This section contains a short description of the theory developed by Melnikov [36],
Chow et al [16] and Bertozzi [12] applied to saddle-connections. For a detailed proof for the
homoclinic case, see Guckenheimer and Holmes [22] (section 4.5).

If X ∈ R2, t ∈ R and 0 < ε << 1, consider the planar system:

Ẋ = f(X) + εg(X, t) (2.4)

such that:

• there exists T > 0 such that g(X, t) = g(X, t+ T ) for all t ie g is T -periodic;

• for ε = 0, the flow has a heteroclinic connection Γ0 associated to two hyperbolic points p0
and p1;

• the unstable manifold of p0 coincides with the stable manifold of p1.

Associated to the system (2.4), taking S1 ∼= R/T , we define the suspended system:

Ẋ = f(X) + εg(X, θ), θ̇ = 1, (X, θ) ∈ R2 × S1. (2.5)
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With the above assumptions, p0 × S1 and p1 × S1 are hyperbolic periodic solutions for the
suspended flow, whose invariant manifolds Γ0×S1 coincide. Since the limit cycles are hyperbolic,
their hyperbolic continuation is well defined for ε 6= 0; hereafter we denote them by pε0 ×S1 and
pε1 ×S1. Under general conditions (without symmetry for example), the heteroclinic connection
Γ0 × S1 is not preserved and for a non-empty open set in the parameter space, the invariant
manifolds meet transversely. Their intersection consists of a finite number of trajectories.

By parameterizing the solutions of the equations and restricting to a transverse cross section
Σ, the idea of the proof of Melkinov is to define a real map which measures the infinitesimal
splitting of the stable and unstable manifolds on Σ for the perturbed system. This map is known
as the Melnikov function and it is given by:

M(t0) =

∫ +∞

−∞
f(q0(t)) ∧ g(q0(t), t+ t0). exp

(∫ t

0
trDf(q0(s))ds

)
dt, (2.6)

where q0(t) is the parametrization of the solution of the unperturbed system (2.4) starting at
t0 = 0 on Γ0. Recall that the wedge product in R2 of two vectors (u1, u2) and (v1, v2) is simply
given by u1v2 − u2v1. It should be clear that if f is a hamiltonian system, then trDf(q0(t)) = 0
and then the Melnikov function becomes much simpler.

The main result we will use is the following:

Theorem 1 (Bertozzi [12], Melnikov [36]) Under the above conditions, and for ε > 0 suf-
ficiently small, if M(t0) has simple zeros, then W u(pε0) and W

s(pε1) intersect transversely.

This result is important because it allows to prove the existence of transverse homo and
heteroclinic connections. The presence of this kind of transversality implies the presence of
Smale’s horseshoes and thus the existence of chaos. This method provides a lower bound for
where chaotic behaviour can occur.

3 Construction of the Organising Center

We start with the differential equation in R4 given by:

ẋ1 = x1(1− r2)− α1x1x4 + α2x1x
2
4 − x2

ẋ2 = x2(1− r2)− α1x2x4 + α2x2x
2
4 + x1

ẋ3 = x3(1− r2) + α1x3x4 + α2x3x
2
4

ẋ4 = x4(1− r2)− α1(x
2
3 − x21 − x22)− α2x4(x

2
1 + x22 + x23)

(3.7)

where
r2 = x21 + x22 + x23 + x24, α1, α2 < 0, α2

2 < 8α2
1 and |α2| < |α1| .

This equation was studied by Aguiar et al [4]. We give here a brief description of their results.
The vector field X4 associated to the equation (3.7) is equivariant under the action of the
compact Lie group SO(2)⊕ Z2(γ2) where ψθ ∈ SO(2) acts as:

ψθ(x1, x2, x3, x4) = (x1 cos(θ)− x2 sin(θ), x1 sin(θ) + x2 cos(θ), x3, x4)

and γ2 ∈ Z2(γ2) acts as:
γ2(x1, x2, x3, x4) = (x1, x2,−x3, x4).

The unitary sphere, denoted by S3, is globally attracting in R4\{0} (this means that every
trajectory with nonzero initial condition is asymptotic to S3 in forward time). From now on, we
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Figure 1: Projection in the (x3, x4), (x1, x2) and (x1, x4)-planes of the trajectory with initial
condition (−0.5000,−0.1390,−0.8807, 0.3013) for the flow corresponding to the equation (3.7),
with α1 = 1 and α2 = −0.1.

restrict our study to this attracting three dimensional sphere where (3.7) has an asymptotically
stable heteroclinic network Σ involving two hyperbolic saddle-foci given by:

v = (0, 0, 0,+1) and w = (0, 0, 0,−1)

The network is asymptotically stable by the criteria of Krupa and Melbourne [31, 32]. The equi-
librium v (resp: w) has one-dimensional unstable (resp: stable) manifold and two-dimensional
stable (resp: unstable) manifold. The one-dimensional heteroclinic connections from v to w lie
inside the invariant circle Fix(SO(2)) ∩ S3 and the two-dimensional connection from w to v
lies inside the invariant two-sphere Fix(Z2) ∩ S3. Note that all the intersections involving the
invariant manifolds of v and w are very special: they coincide.

The network Σ can be decomposed into two cycles. Due to the symmetry, trajectories whose
initial condition starts outside the invariant fixed point subspaces will approach in positive time
one of the cycles. The fixed point hyperplanes prevent random visits to the two cycles and the
time spent near each equilibrium increases geometrically. Figure 1 and the time series of figure
2 show the behaviour of a trajectory starting near Σ. Figure 1(a) and the time series of figure
2(b) emphasise that the trajectory is attracted to one of the two cycles. Observing the time
series of figure 2 illustrates the increasing times spent near the equilibria.

4 Breaking the two-dimensional heteroclinic connection

In this section, we are considering a small perturbation of the vector field (3.7) that breaks the
symmetry SO(2)⊕ Z2(γ2) but is still equivariant under the action of γ1 := ψπ ∈ SO(2).

Theorem 2 Consider the perturbation of (3.7) given by:

Ẋ = X4(X) + λ1(0, 0, x1x2x4,−x1x2x3) = X5(X,λ1) (4.8)

that has symmetry group Z2(γ1) and for which S3 is flow-invariant and globally attracting. For
small λ1 6= 0 the restriction of X5 to S3 has a heteroclinic network involving the two equilibria
v and w with the following properties:

1. the two equilibria v and w lie in Fix(Z2(γ1)) ∩ S3 and are hyperbolic saddle-foci;
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x4

x1

x3

Figure 2: Time series for the trajectory with initial condition
(−0.5000,−0.1390,−0.8807, 0.3013) for the flow corresponding to the equation (3.7), with
α1 = 1 and α2 = −0.1.

2. there are two one-dimensional heteroclinic connections from v to w inside Fix(Z2(γ1)) ∩
S3;

3. the two-dimensional invariant manifolds of v and w intersect transversely along one-
dimensional connections from w to v.

Moreover the connections from v to w persist under small perturbations that preserve the sym-
metry.

Proof: Clearly the perturbation term breaks all the symmetries of X4(X) except γ1. Since
this perturbation is tangent to S3, it preserves its flow-invariance and its global attraction.
It is also immediate that v and w are still the only equilibria of (4.8) and that γ1(v) = v,
γ1(w) = w. A direct calculation shows that the perturbation does not change the eigenvalues
of the linearisation at the equilibria, so they are still saddle-foci.

The circle Fix(Z2(γ1)) ∩ S3 is still flow-invariant and there are no other equilibria, thus it
still consists of the two equilibria v and w and the two connections from v to w. The plane
Fix(Z2(γ1)) will remain invariant under any perturbation that preserves the symmetry. Since
on this plane v is a saddle and w is a sink, the connection persists under small perturbations.

Breaking the Z2(γ2)-equivariance is necessary for the existence of transverse intersection of
the manifolds W u(w) and W s(v). Nevertheless, the manifolds could intersect non transversely.
The transversality of the intersection of the two-dimensional manifolds is proved in Theorem 3
below, using the Melnikov method presented in section 2.

Theorem 3 If λ1 6= 0, the two dimensional invariant manifolds of the equilibria w and v
intersect transversely along one-dimensional orbits.
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Proof: In spherical coordinates

x1 = r sinφ sin θ cosϕ
x2 = r sinφ sin θ sinϕ
x3 = r cosφ sin θ
x4 = r cos θ

equations (3.7) can be written as:

ṙ = r(1− r2)

θ̇ = α1r sin θ cos(2φ) +
α2
2 r

2 sin(2θ) + λ1r
2 sin2(φ) sin2(θ) cos(φ) sin(2ϕ)

φ̇ = −α1r cos(θ) sin(2φ)− λ1r2

4 sin3(φ) sin(2θ) sin(2ϕ)
ϕ̇ = 1

(4.9)

From the equation ϕ̇ = 1, we get ϕ(t) = t, t ∈ R and (4.9) is reduced to a three-dimensional
non-autonomous differential equation. Since we are restricting our study to S3, the first equation
may be omitted and replaced by r = 1. Thus, we have the following two-dimensional system of
non autonomous differential equations:

θ̇ = α1 sin θ cos(2φ) +
α2
2 sin(2θ) + λ1

2 sin2(φ) sin2(θ) cos(φ) sin(2t)

φ̇ = −α1 cos(θ) sin(2φ)− λ1
4 sin3(φ) sin(2θ) sin(2t)

The above system of differential equations has the form:

θ̇ = f1(θ, φ) + λ1g1(θ, φ, t)

φ̇ = f2(θ, φ) + λ1g2(θ, φ, t)

where
f1(θ, φ) = α1 sin θ cos(2φ) +

α2
2 sin(2θ)

f2(θ, φ) = −α1 cos(θ) sin(2φ)
g1(θ, φ, t) =

1
2 sin

2(φ) sin2(θ) cos(φ) sin(2t)
g2(θ, φ, t) = −1

4 sin
3(φ) sin(2θ) sin(2t)

The maps g1 and g2 are periodic in t of period π. For the Melnikov function M(t0) defined
in (2.6) we write f = (f1, f2) and g = (g1, g2). The parametrization q0(t) of the connection
[w → v] in the unperturbed system, λ1 = 0, is defined by φ = π

2 + kπ, k ∈ {0, 1}. Thus, in the
unperturbed system, the connections [w → v] are parametrized by:

q10(t) =
(
θ(t),

π

2

)
and q20(t) =

(
θ(t),

3π

2

)
.

Therefore, for k ∈ {0, 1}, we have:

f1(q
i
0(t)) = (−1)kα1 sin(θ(t)) +

α2
2 sin(2θ(t))

f2(q
i
0(t)) = 0

g1(q
i
0(t), t+ t0) = 0

g2(q
i
0(t), t+ t0) = (−1)k+1 1

4 sin(2θ(t)) sin(2(t+ t0))

We will show in lemma 4 below that the integral M(t0) converges and in lemma 5 that the roots
of M(t0) are simple, thus completing the proof of theorem 3.

In order to prove Lemma 4, we use the following result:
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Lemma 4 The integral M(t0) converges.

Proof: The exterior product in the definition of the Melnikov function M(t0) is bounded
since it is given by:

f(qi0(t)) ∧ g(qi0(t), t+ t0) =
=

[
−α1 sin(θ(t)) + (−1)k+1 α2

2 sin(2θ(t))
]
1
4 sin(2θ(t)) sin(2(t+ t0))

and
trDf(q0(s)) = α1 cos(θ(s)) + α2 cos(2θ(s)). (4.10)

Since it has been shown in Aguiar et al [4] (lemma 16), that for any r > 0, the integral
∫ +∞

−∞
exp

(
−
∫ t

0
α2r cos(θ(s)) + α3r

2 cos(2θ(s))ds

)
dt

converges, the convergence of M(t0) follows.

Lemma 5 The Melnikov integral M(t0) has simple roots.

Proof: Using the expressions (4.10) and the expression of the sin of the sum, we may write
M(t0) in the form:

M(t0) = cos(2t0)

∫ +∞

−∞
[sin(2t)]E(t)dt+ sin(2t0)

∫ +∞

−∞
[cos(2t)]E(t)dt.

where

E(t) =
[
−α1 sin(θ(t)) + (−1)k+1 α2

2 sin(2θ(t))
] [

1
4 sin(2θ(t))

]
exp (−trDf(q0(s))ds)

Suppose that t0 is a non-simple zero of M(t0). Since t0 is a zero, we have:

cos(2t0)

∫ +∞

−∞
[sin(2t)]E(t)dt+ sin(2t0)

∫ +∞

−∞
[cos(2t)]E(t)dt = 0, (4.11)

or equivalently:

tan(2t0) = −
∫ +∞
−∞ [sin(2t)]E(t)dt

∫ +∞
−∞ [cos(2t)]E(t)dt

Since t0 is non-simple, differentiating (4.11) with respect to t0 we must have:

− sin(2t0)

∫ +∞

−∞
[sin(2t)]E(t)dt+ cos(2t0)

∫ +∞

−∞
[cos(2t)]E(t)dt = 0,

and thus we have

tan(2t0) =

∫ +∞
−∞ [cos(2t)]E(t)dt
∫ +∞
−∞ [sin(2t)]E(t)dt

,

and this is a contradiction. It remains to show that M(t0) has a zero. For this, write

ρe−iζ =

∫ +∞

−∞
e−2itE(t)dt whence M(t0) = ρRe

(
ei(2t0−ζ)

)
.

Thus M(t0) has zeros at t0 =
1
4 (π + 2ζ + 2nπ), n ∈ Z.

Using the results and methods of Aguiar et al [5] and Aguiar et al [6], it follows from Theorem 2:
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Theorem 6 For any small λ1 6= 0 the vector field X5(X,λ1) is Z2(γ1)-equivariant and has an
attractor Λ ⊂ S3 containing the following:

1. two saddle-foci;

2. a heteroclinic network involving the saddle-foci with transverse intersection of the two-
dimensional invariant manifolds;

3. a suspended horseshoe H containing the heteroclinic network on its closure.

The attractor is robust under C1-small perturbations that preserve the Z2(γ1)-equivariance and if
Σ is a transverse section to the suspended horseshoe, the first return map of H to Σ is hyperbolic
at all points where the horseshoe is well defined. Moreover, there is switching on the network,
i.e., every sequence of connections in the network is shadowed by nearby trajectories. Under
generic perturbations the attractor is not robust but is persistent in the C1 topology.

The C1 robusteness is assured by Hirsch et al [26]. We illustrate the chaotic behaviour in
the projeted phase portraits of figure 3 and in the time series of figure 4 corresponding to a
trajectory that stays near the heteroclinic network. The figures also illustrate switching: the
trajectory follows a sequence of heteroclinic connections in a random order.

Note that under generic perturbations the attractor of Theorem 6 persists but it changes its
nature, since the non-transverse connections in the network disappear. The invariant sphere re-
mains, since it is normally hyperbolic, as well as the transverse connection. On a one-parameter
family of such perturbations, the vector field X5(X,λ1) corresponds to a Bykov cycle. A sys-
tematic study of the dynamics near this type of heteroclinic network is being done in Labouriau
and Rodrigues [33], but at least we have the following:

Theorem 7 There is a neighbourhood of the vector field X5(X,λ1) in the C1 topology consisting
of vector fields having an attracting invariant manifold diffeomorphic to S3 where the flow has
an attractor containing the following:

1. two saddle-foci connected by transverse intersections of their two-dimensional invariant
manifolds;

2. a contracting Lorenz-like attractor.

Moreover, in this neighbourhood there is a codimension 2 set of vector fields satisfying 1.– 2.– 3.
of Theorem 6. For this vector field, there is an attractor that is not robust but it persistent.

5 Breaking the one-dimensional heteroclinic connections

In this section, we consider another perturbation of system (3.7):

Ẋ = X4(X) + λ2(x
2
3x4, 0,−x1x3x4, 0) = X6(X) (5.12)

This perturbation breaks the SO(2) equivariance completely but the vector field is still
equivariant under the action of γ2. The heteroclinic cycle Σ is destroyed. When small symmetry-
breaking terms destroy the non-robust heteroclinic connections, there will still be an attractor
lying close to the original cycle. A good explanation using pipes has been given by Melbourne
[34] and more recently by Golubitsky and Stewart [20] (section 8.3). Figures 5 and 6 suggest
the existence of a single attracting periodic solution in each connected component S3\[w → v]
of the phase space. Its period tends to +∞ when λ2 → 0.
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Figure 3: Projection in the (x3, x4), (x1, x3) and (x1, x4)-planes of the trajectory with initial
condition (−0.5000,−0.1390,−0.8807, 0.3013) for the flow corresponding to the equation (4.8),
with α1 = 1 and α2 = −0.1.

x3


x4

x1


x2

Figure 4: Time series for the trajectory with initial condition
(−0.5000,−0.1390,−0.8807, 0.3013) for the flow corresponding to the equation (4.8), with
α1 = 1 and α2 = −0.1.
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x1

x2

x2

x3

x3

x4

ghost

Figure 5: Projection in the (x1, x2), (x2, x3) and (x3, x4)-planes of the trajectory with initial
condition (−0.5000,−0.1390,−0.8807, 0.3013) for the flow corresponding to the equation (5.12),
with R = 1, α1 = 1, α2 = 1, α3 = −0.1 and α4 = 1. The dotted line on the (x3, x4)-plane
indicates the position of the original cycle.

6 Discussion - Further Work

Starting with a Z2(γ1)⊕ Z2(γ2) vector field, it would be interesting to study the dynamics un-
folds from it. It is known that breaking the two symmetries, the cycle is destroyed, giving rise
to Shilnikov homoclinic orbits in the unfolding. We may also ask whether it is possible to find
a curve in the bifurcation diagram (λ1, λ2) in which the homoclinic orbits occur.

Since the equilibria involved in the Bykov cycle are saddle-foci, then spiral curves of homo-
clinic cycles associated to the two equilibria emerge from the Bykov cycle in the parameter space.
These structures organize a complex network of structures of bifurcations of periodic solutions.
The unfolding diagram in the vicinity of a heteroclinic cycles has been already analysed, when
one equilibrium is a real saddle (three real eigenvalues) and the other two are saddle-focus, by
Glendinning and Sparrow [18, 19] and by Bykov [15] (the later author also considered the case
saddle-saddle).
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x1


x4

Figure 6: Time series for the trajectory with initial condition
(−0.5000,−0.1390,−0.8807, 0.3013) for the flow corresponding to the equation (5.12),
with R = 1, α1 = 1, α2 = 1, α3 = −0.1 and α4 = 1.
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[8] V. Araújo, M. J. Paćıfico, Three dimensional Flows, Ergebnisse der Mathematik und ihrer
Grenzgebiete, Vol. 53, Springer, Berlin, Heidelberg, 2010

[9] A. Arroyo, F. Rodriguez-Hertz, Homoclinic bifurcations and uniform hyperbolicity for three-
dimensional flows, Ann. Inst. H. Poincaré Anal. Non Linéaire, No. 20, 805–841, 2003
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Abstract

We characterise the nonwandering points of the dynamics of generic perturbations of a
class of (Z2⊕Z2)–equivariant systems in the neighbourhood of a heteroclinic cycle containing
two saddle foci of different type. In the cycle, only one of the heteroclinic connections
is structurally stable. By gradually breaking the symmetry we get a wide range of well
known and rich behaviour, namely the appearance of an attracting periodic trajectory, other
heteroclinic trajectories, homoclinic orbits, n-pulses, horseshoes and cascades of bifurcations
of periodic trajectories near an unstable homoclinicity. We also show that, generically, the
coexistence of homoclinic orbits is a phenomenon of codimension 2.

1 Introduction

Symmetry has an important role in the analysis of the behaviour of some nonlinear physical
systems. For instance, reflection symmetries (or Z2– symmetries) are relevant to a wide range
of experiments in physics. These systems are idealised as having perfect symmetry, leading to
the existence of invariant vector subspaces and thus to the robustness of heteroclinic cycles with
respect to equivariant perturbations.

Some effects of small symmetry-breaking have already been studied by several authors and
aspects related to the question of how much of the dynamics persists under the inclusion of
small noise have also been considered, but details vary greatly between the different examples.
For instance, Kirk and Rucklidge [28] consider small symmetry breaking for a system with
an asymptotically stable heteroclinic network, Chossat [10] investigates the effect of symmetry
breaking near a symmetric homoclinic cycle and Melbourne [35] analyses small perturbations
near a system whose dynamics contains a heteroclinic cycle between three symmetric periodic
trajectories.

In symmetric dynamics, spontaneous symmetry-breaking bifurcations occur when a state
possessing high symmetry loses stability, giving rise to states with less symmetry (Krupa [29,
30]). Guckenheimer and Holmes [21] showed that robust heteroclinic cycles could arise naturally
due to a low codimension symmetry-breaking bifurcation. Lauterbach and Roberts [34] proved
that forced symmetry breaking, that is, slightly perturbing the equations so that some of the
symmetries are broken, can naturally lead to the occurrence of robust heteroclinic cycles.

Another type of behaviour (bifurcation) occurs when the cycle is broken due to forced sym-
metry breaking. Typically the cycle is replaced by an invariant set contained in a small tubular
neighbourhood of the cycle. The dynamics on the invariant set may be periodic, quasiperiodic
or chaotic.

In this paper, we study how much the dynamics observed in a (Z2⊕Z2)–symmetric system in
S3 persists under symmetry–breaking perturbations and we characterize the set of non wandering
points. Our results appeal to generic properties of the system and are valid for any (Z2 ⊕ Z2)–
equivariant system satisfying these properties. This analysis was partially motivated by a system
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constructed by Aguiar [2], whose flow contains a heteroclinic network connecting two saddle-
foci of different types, where one heteroclinic connection is one dimensional and the other is
two dimensional and both lie in different fixed point subspaces. Our work also forms part of
a program addressing the systematic study of the dynamics near networks of equilibria, whose
linearisation has a pair of conjugated and non real eigenvalues (this is what we call rotating
equilibria) initialized by Bykov [7] in the eighties.

We consider f , a smooth two-parameter family of vector fields on Rn with flow given by the
unique solution x(t) = ϕ(t, x0) ∈ Rn of

ẋ = f(x, λ1, λ2) x(0) = x0, (1.1)

where λ1 and λ2 are real parameters.
Given two hyperbolic equilibria A and B, an m-dimensional heteroclinic connection from

A to B, denoted [A → B], is an m-dimensional connected flow-invariant manifold contained in
W u(A) ∩W s(B). There may be more than one connection from A to B.

Let S ={Aj : j ∈ {1, . . . , k}} be a finite ordered set of hyperbolic equilibria. We say that
there is a heteroclinic cycle associated to S if

∀j ∈ {1, . . . , k},W u(Aj) ∩W s(Aj+1) 6= ∅ (mod k).

If k = 1 we say that there is a homoclinic cycle associated to A1. In other words, there is
a connection whose trajectories tend to A1 in both backward and forward time. A heteroclinic
network is a finite connected union of heteroclinic cycles.

Heteroclinic networks appear frequently in the context of symmetry. Given a compact Lie
group Γ acting linearly on Rn, a vector field f is Γ−equivariant if for all γ ∈ Γ and x ∈ Rn,
we have f(γx) = γf(x). In this case γ ∈ Γ is said to be a symmetry of f and all elements of
the subgroup 〈γ〉 generated by γ are also symmetries of f . We refer the reader to Golubitsky,
Stewart and Schaeffer [18] for more information on differential equations with symmetry.

The Γ-orbit of x0 ∈ Rn is the set Γ(x0) = {γx0, γ ∈ Γ} that is invariant under the flow of
Γ-equivariant vector fields f . In particular, if x0 is an equilibrium of (1.1), so are the elements
in its Γ-orbit.

The isotropy subgroup of x0 ∈ Rn is Γx0 = {γ ∈ Γ, γx0 = x0}. For an isotropy subgroup
Σ of Γ, its fixed-point subspace is

Fix(Σ) = {x ∈ Rn : ∀γ ∈ Σ, γx = x}.

If f is Γ-equivariant and Σ is a isotropy subgroup, then Fix(Γ) is a flow-invariant vector space.
This is the reason for the persistence of heteroclinic networks in symmetric flows: connections
taking place inside a flow-invariant subspace may be robust to perturbations that preserve this
subspace, even though they may be destroyed by more general perturbations.

2 Statement of Results

2.1 Description of the problem

The starting point of the analysis is a differential equation on the unit sphere S3 ⊂ R4

ẋ = f0(x) (2.2)

where f0 : S
3 → TS3 is a smooth vector field with the following properties:
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(P1) the organising centre f0 is equivariant under the action of Γ = Z2 ⊕ Z2 on S3 induced by
the action on R4 of

γ1(x1, x2, x3, x4) = (−x1,−x2, x3, x4)

and
γ2(x1, x2, x3, x4) = (x1, x2,−x3, x4).

From now on, for a subgroup ∆ of Γ, we denote by Fix(Γ) the sphere

{x ∈ S3 : δx = x, ∀δ ∈ ∆}.

In particular,
Fix(Γ) = {(0, 0, 0, 1) ≡ v, (0, 0, 0,−1) ≡ w} .

(P2) the equilibria v andw in Fix(Γ) are hyperbolic saddle-foci where the eigenvalues of df0|x=X

are:

• −Cv ± αvi and Ev with αv 6= 0, Cv > Ev > 0 for X = v

• Ew ± αwi and −Cw with αw 6= 0, Cw > Ew > 0 for X = w.

(P3) within Fix(〈γ1〉) the only equilibria are v and w, a source and a sink, respectively. It
follows that there are two heteroclinic trajectories (〈γ2〉-symmetric) from v to w (see case
(a) of figure 1) that we denote by [w → v].

(P4) within Fix(〈γ2〉) the only equilibria are v and w, a sink and a source, respectively. Thus,
there is a two-dimensional heteroclinic connection from w to v (see case (b) of figure 1).
This connection together with the equilibria is the two-sphere Fix(〈γ2〉).

Our object of study is a germ at (λ1, λ2) = (0, 0) of a two-parameter family of vector fields of
f(., λ1, λ2) that unfolds the symmetry breaking of the organizing center f0(x, 0, 0). We denote
by f any of the vector fields

x 7→ f(x, λ1, λ2),

when the choice of λ1 and λ2 is clear from the context. The parameters λ1 and λ2 control the
type of symmetry breaking. Specifically, if λ1 6= 0, we are perturbing the Z2 ⊕ Z2-equivariant
vector field by breaking the symmetry γ2 and preserving γ1. Analogously, if λ2 6= 0, we destroy
the equivariance under γ1 and preserve γ2. Throughout this article, we are assuming that these
parameters act independently.

Since v and w are hyperbolic equilibria, then for each λ1 and λ2 close to 0, the vector field
f still has two equilibria with eigenvalues satisfying (P2). When there is no loss of generality
we ignore their dependence on λ1 and λ2. In particular, the dimensions of the local stable and
unstable manifolds of v and w do not change, but generically the heteroclinic connections may
be destroyed, since the fixed point subsets are no longer flow-invariant. More precisely, we are
assuming:

(P5) Depending on the values of λ1 and λ2, the vector field f has the following symmetries:

Parameters Symmetries preserved Symmetries broken

λ1 = λ2 = 0 Z2 ⊕ Z2 none

λ1 6= 0 and λ2 = 0 〈γ1〉 〈γ2〉
λ1 = 0 and λ2 6= 0 〈γ2〉 〈γ1〉
λ1 6= 0 and λ2 6= 0 Identity Z2 ⊕ Z2
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Figure 1: Heteroclinic connections for the organising center f0. (a): from properties (P1)–(P3),
the invariant circle Fix(〈γ1〉) consists of the two equilibria v and w and two trajectories connect-
ing them. (b): the invariant sphere Fix(〈γ2〉) forms a two-dimensional connection [v → w] by
property (P4). The arrows represent the coordinate system in which the heteroclinic connections
lie.

The following property states that the invariant manifolds W u(w) and W s(v) meet trans-
versely. Generically, the intersection of the manifolds consists of a finite number of trajec-
tories.

(P6) [Transversality] For λ1 6= 0, the two dimensional manifolds W u(w) and W s(v) intersect
transverselly at a finite number of trajectories.

(P7) [Non degeneracy] For λ2 6= 0, the heteroclinic connections [v → w] are broken.

Note that (P1)–(P4) are satisfied on a C1-open subset of smooth Γ-equivariant vector fields
on S3 and that (P5)–(P7) hold for a C1 open subset of two parameter families of vector fields
unfolding a Γ equivariant differential equation on the sphere. Our results are still valid on
any manifold C1-diffeomorphic to S3 if instead of (P2) we assume that f0 commutes with two
involutions γ1 and γ2 that fix, respectively, a circle and a two-sphere, that only meet at {v,w}.

2.2 Organising centre

When λ1 = λ2 = 0, there is a heteroclinic network (that we denote by Σ), in S3, associated to
the two saddle-foci v and w . The network Σ is the union of two heteroclinic cycles related by
the γ2 symmetry.

In order to describe the dynamics near Σ when the symmetry is broken, we start breaking
part of the symmetry, as outlined in the following table:

Parameters dim([v → w]) dim([w → v]) Section

λ1 = λ2 = 0 1 2 2.2

λ1 6= 0 and λ2 = 0 1 1 4 and 2.3

λ1 = 0 and λ2 6= 0 Not defined 2 5 and 2.4

λ1 6= 0 and λ2 6= 0 Not defined 1 6 and 2.5
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Figure 2: Bykov cycle: heteroclinic cycle associated to two saddle-foci of different types, in which
the one-dimensional invariant manifolds coincide and the two dimensional invariant manifolds
have a transverse intersection.

The heteroclinic connections in the network are contained in fixed point subspaces such that
the hypothesis (H1) of Krupa & Melbourne [31] is satisfied. Since the inequality CvCw > EvEw

holds, the Krupa and Melbourne stability criterion ([31]) may be applied to Σ and we have:

Proposition 1 Under conditions (P1)–(P4) the heteroclinic network Σ associated to v and w
is asymptotically stable.

The previous result means that there exists an open neighbourhood VΣ of the network Σ
such that every trajectory starting in VΣ is forward asymptotic to the network. Due to the
〈γ2〉-equivariance, trajectories whose initial condition starts outside the invariant subspaces will
approach in positive time one of the cycles. The fixed point hyperplanes prevent jumps between
the two cycles; in particular, random visits to both cycles require breaking the symmetry (and
thus the breaking of the invariant subspaces). The time spent near each equilibrium increases
geometrically. The ratio of this geometrical series is related to the eigenvalues of df0(x, 0, 0) at
the equilibria.

2.3 Breaking the two-dimensional connection

When (P6) holds with λ2 = 0 and λ1 6= 0 the network Σ⋆ consists of two copies of the simplest
heteroclinic cycle between two saddle-foci, where one heteroclinic connection is structurally
stable and the other is not. This cycle, called a Bykov cycle, has been first studied in the
eighties by Bykov [7] and by Glendinning and Sparrow [17]. A Bykov cycle is a cycle with two
saddle-foci of different types, in which the one-dimensional invariant manifolds coincide and the
two dimensional invariant manifolds have a transversal intersection (see figure 2). It arises as a
bifurcation of codimension 2. In the Z2-symmetric context Bykov cycles are generic.

Recently, there has been a renewal of interest in this type of heteroclinic bifurcation in
different contexts (see, for instance, Ibañez and Rodriguez [25] Homburg and Natiello [24] and
Sánchez et al [42]). Heteroclinic bifurcations of this type have been reported to arise on models
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of Josephson junctions [8] and Michelson system [9]. Our approach is similar to that of Lamb et
al [33], although they study Z2–reversible systems and we study the 〈γ1〉-equivariant case and
then break the symmetry.

2.3.1 Same orientation around the equilibria

There are two different possibilities for the geometry of the flow around Σ, depending on the
direction trajectories turn around the connection [v → w]. First we consider the case where each
trajectory when close to v turns in the same direction as when close to w. A simpler formulation
of this will be given in subsection 3.1 below, after we have established some notation, but for
the moment we are assuming:

(P8a) There are open neighbourhoods V and W of v and w, respectively, such that, for any
trajectory going from V to W , the direction of its turning around the connection [v → w]
is the same in V and in W .

This is the situation in the reversible case studied by Lamb et al [33], where the anti-
symmetry is a rotation by π. The condition would not hold if the anti-symmetry were a reflection.

In a more general setting the dynamics around heteroclinic cycles has been studied by Aguiar
et al [5]. The main result is that, close to what remains of the network Σ after perturbation,
there are trajectories that visit neighbourhoods of the saddles following all the heteroclinic
connections in any given order. This is the concept of heteroclinic switching; the next paragraph
gives a set-up of switching near a heteroclinic network (for more details, see Aguiar et al [5]).
Recently, Homburg and Knobloch [23] gave an equivalent definition of switching for a heteroclinic
network, using the notion of connectivity matrix (which characterizes the admissible sequences)
and symbolic dynamics.

For a heteroclinic network Σ with node set A, a path of order k, on Σ is a finite sequence
sk = (cj)j∈{1,...,k} of connections cj = [Aj → Bj ] in Σ such that Aj , Bj ∈ A and Bj = Aj+1 i.e.
cj = [Aj → Aj+1]. For an infinite path, take any j ∈ N.

Let NΣ be a neighbourhood of the network Σ and let UA be a neighbourhood of each node A
in Σ. For each heteroclinic connection in Σ, consider a point p on it and a small neighbourhood
V of p. The neighbourhoods of the nodes should be pairwise disjoint, as well for those of points
in connections. Given neighbourhoods as above, the point q, or its trajectory ϕ(t), follows the
finite path sk = (cj)j∈{1,...,k} of order k, if there exist two monotonically increasing sequences of
times (ti)i∈{1,...,k+1} and (zi)i∈{1,...,k} such that for all i ∈ {1, . . . , k}, we have ti < zi < ti+1 and:

• ϕ(t) ⊂ NΣ for all t ∈ (t1, tk+1);

• ϕ(ti) ∈ UAi and ϕ(zi) ∈ Vi and

• for all t ∈ (zi, zi+1), ϕ(t) does not visit the neighbourhood of any other node except that
of Ai+1.

There is finite switching near Σ if for each finite path there is a trajectory that follows it.
Analogously, we define infinite switching near Σ by requiring that each infinite path is followed
by a trajectory. In other words, for any given sequence of heteroclinic connections (cj)j∈N such
that the ω-limit of any point in cj coincide with the α-limit of any points in cj+1, there exists at
least one trajectory that remains very close to the network and follows the sequence (see figure
3).
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Figure 3: Trajectory shadowing two heteroclinic connections.

Proposition 2 If a vector field f0 satisfies (P1)–(P4) and (P8a), then the following properties
are satisfied by all vector fields in an open neighbourhood of f0 in the space of 〈γ1〉-equivariant
vector fields of class C2 on S3:

1. the only heteroclinic connections from v to w are the original ones;

2. there are no homoclinic connections;

3. there is infinite switching;

4. the finite switching may be realised by an n-pulse heteroclinic connection [w → v];

5. there exists an increasing nested chain of a suspended uniformly hyperbolic compact sets
(Gi)i∈N topologically conjugate to a full shift over a finite number of symbols, which accu-
mulates on the cycle (see figure 4).

In the restriction to an uniformly hyperbolic invariant compact set (in a cross section) whose
existence is assured by item 5 of proposition 2, the dynamics is conjugated to a full shift over
a finite alphabet. In particular, since the ceiling function associated to the suspension of any
horseshoe is bounded above and below (in the compact set), it follows that the topological
entropy of the corresponding flow is positive (see Abramov [1]). This means that there is a
positive exponential growth rate for the number of orbits, for the first return map, distinguishable
with fine but finite precision (see Katok [26]).

The nested chain of horseshoes is illustrated in figure 4: a vertical rectangle in the wall of
V , later called H in

v , first returns to the wall as several rectangles transverse to the original one.
If the height of the rectangle is increased by moving its lower boundary closer to W s(v), then
the number of returning rectangles (legs of the horseshoe) increases; continuing the rectangle all
the way down to W s(v) creates infinitely many legs.

A challenge in topological dynamics is to decide whether periodic solutions can be separated
by homotopies, or not. Roughly speaking, a link is a collection of disjoint one-spheres in S3. A
knot is a link with one connected component. Two links L1 ⊂ S3 and L2 ⊂ S3 are equivalent
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Figure 4: The presence of a transverse intersection creates a nested chain of uniformly hyperbolic
horseshoes, which is accumulating on the cycle. Observe that horizontal strips si and their first
return images by Ψw,v ◦ Φw ◦Ψv,w ◦ Φv intersect in a transverse way.

if there exists an isotopy {Ht}t∈[0,1] of S3 such that H0 = IdS3 and H1(L1) = L2. We may use
the following the result:

Theorem 3 (Franks and Williams [13], 1985) If Φt is a Cr flow on R3 or S3 such that
either:

• r > 1 and Φt has a hyperbolic periodic orbit with a transverse homoclinic point, or

• r > 2 and Φt has a compact invariant set with positive topological entropy,

then among the closed orbits there are infinitely many distinct knot types.

It follows that among all the closed orbits which appear in the nested chain of horseshoes,
there are many distinct inequivalent knot types. In particular, we may conclude that:

Corollary 4 If f a vector field f0 satisfies (P1)–(P4) and (P8a), then there are closed orbits
linked to each of the cycles in Σ⋆ exhibiting infinitely many knot types.

The previous result shows that among all the periodic solutions, there are many distinct
inequivalent knot types. Nevertheless, we do not know if these horseshoes induce all link types.
For example, neither the standard horseshoe (with two strips) nor its second iterate induces all
types of links. The third iterate of the Smale horseshoe induces all link types - see Kin [27].
Based on the paper of Hirasawa and Kin [22], we solved affirmatively the problem using the
concepts of generalised horseshoes and twist signature.
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Corollary 5 If f a vector field f0 satisfies (P1)–(P4) and (P8a), then there are closed orbits
linked to each of the cycles in Σ⋆ inducing all link types.

We address the proof of corollary 5 in section 4. Observe that for each n-pulse heteroclinic
connection from w to v, we may define a new n-heteroclinic cycle and thus a subsidiary Bykov
cycle. Hence, these new cycles have the same structure in their unfolding as the original cycles.

In the context of a heteroclinic cycle associated to non trivial periodic solutions, Rodrigues
et al [40] describe the phenomenon of chaotic cycling: there are trajectories that follow the cycle
making any prescribed number of turns near the periodic solutions, for any given bi-infinite
sequence of turns. The rigorous definition of this concept requires an open neighourhood of Σ,
VΣ, a set of neighbourhoods of the saddles (isolating blocks) and a set of Poincaré sections near
each limit cycle (counting sections). Given these sets, it is possible to code with an infinite
word over a finite alphabet each trajectory that remains inside VΣ for all time. Each repetition
of a letter corresponds to a new turn inside the neighbourhood of the limit cycle; an infinite
repetition (resp.: periodic word) corresponds to a trajectory lying in a invariant manifold (resp.:
periodic solution).

Coding trajectories that remain for all time in the neighbourhood of Σ is beyond the scope of
this paper, but we point out that this techique may be naturally applied to a heteroclinic cycle of
saddle foci. Each repetition of a letter corresponds to a new turn inside the neighbourhood of v
or w around the local one-dimensional invariant manifold. More precisely, it is possible to find a
cross section to the heteroclinic connection [v → w] such that the set of initial trajectories that
lie entirely in a fixed small neighbourhood may admit a complete description in the language of
symbolic dynamics - in positive (resp.: negative) time, the trajectory is coded according to the
number of turns inside the neighbourhood of w (resp.: v) around W s

loc(w) (resp.: W u
loc(v)).

2.3.2 Different orientation around equilibria

When (P8a) does not hold and (P1)–(P4) do, we have:

(P8b) There are open neighbourhoods V and W of v and w, respectively, such that, for any
trajectory going from V to W the direction of its turning around the connection [v → w]
in V is the opposite of that in W .

Consider a trajectory that starts at the boundary ∂V , goes inside V where it turns several
times around [v → w], then goes out of V , goes into W where it makes several turns again before
arriving at ∂W . If (P8b) holds then it is possible to find such a trajectory with the property,
that if one joins its starting point in ∂V to its end point in ∂W , one obtains a closed curve that
is not linked to any of the cycles in Σ. This is in contrast to the situation where (P8b) holds,
where trajectories that make a sufficiently large number of turns inside V and then move into
W will necessarily yield a curve linked to one of the cycles.

In the context of a diffeomorphism containing homoclinic points, Newhouse [38] introduced
the term wild hyperbolic set for uniformly hyperbolic sets whose invariant manifolds have a
tangency. Extending the term to the case of heteroclinic tangencies, the main result of this
section is the existence of a wild hyperbolic set near Σ under an open condition. Based on
Bykov [7], we may conclude that:

Theorem 6 There is an open set of vector fields f0 satisfying (P1)–(P4) and (P8b) such that
arbitrarily close to f0, there is a 〈γ1〉-equivariant vector field on S3 whose flow has the coexistence
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of transversality and tangencies between the two dimensional invariant manifolds W u(w) and
W s(v).

Note that this would be the case of reversible equations where the anti-symmetry is a reflection.
To the best of our knowledge, neither this situation nor the general non-reversible case has been
studied.

For f0 in the open set where Theorem 6 holds (in the C2–topology), the first return map to a
cross section, there exists a map exhibiting at least one homoclinic tangency. Using Newhouse’s
theory [37, 38], we can conclude the existence of a residual set U of vector fields exhibiting
persistent heteroclinic tangencies (besides the transverse ones) and this implies the existence of
non-uniformly hyperbolic dynamics which, in principle, cannot be separated from the topological
horseshoes which appear near the transverse connection.

Although each individual homoclinic tangency may be eliminated either by a small pertur-
bation or by adding noise to the system, small perturbations do not allow to remove homoclinic
tangencies completely. Since we are assuming that the initial cycle is asymptotically stable,
the first return map is area-contracting, and thus for all the vector fields in U , there are in-
finitely many periodic attractors (see Newhouse [38]) - this is what some authors call Newhouse
phenomena.

Consider now a vector field f0 outside the open set where Theorem 6 holds for which (P1)–
(P4) are satisfied and (P8a) does not . In this case, only transverse heteroclinic connections are
observed in 〈γ2〉-equivariant perturbations. Near these connections, dynamics of horseshoe type
occurs (as in item 5 of proposition 2). The hyperbolicity of the Cantor set arising near the cycle
is still assured and the set of trajectories that lie entirely in a fixed small neighbourhood may
admit a complete description in the language of symbolic dynamics.

2.4 Breaking the one-dimensional connection

When (P7) holds, with λ1 = 0 and λ2 6= 0, the heteroclinic cycles that existed in the fully sym-
metric case generically disappear. Since by (P5) we do not preserve the invariance of Fix(〈γ2〉),
we break the asymptotically stable heteroclinic network Σ but near the ghost of the original
attractor there will still exist some attracting structure.

Generically each cycle is replaced by an asymptotically stable closed trajectory that lies near
the original (attracting) heteroclinic cycle. One possibility would be to generate a multi-pulse
heteroclinic connection from v to w, that goes several times around close to where the original
heteroclinic connection was, in a sense that will be made precise in Section 5. This is ruled out
by the next result, proved in Section 5.

Theorem 7 If a vector field f0 satisfies (P1)–(P4), then the following properties are satisfied
by all vector fields in an open neighbourhood of f0 in the space of 〈γ2〉-equivariant vector fields
of class C2 on S3:

1. there are no multi-pulse heteroclinic connections from v to w;

2. near each of the two cycles present in the Z2 ⊕ Z2-symmetric equation, the perturbed
equations have a non trivial asymptotically stable periodic solution.

In our context, Theorem 7 may be rephrased as follows: consider a generic 〈γ2〉-equivariant
one-parameter perturbation f(x, λ2) of the Z2⊕Z2-symmetric organising centre f0 that satisfies
(P7). Then, for each small λ2 6= 0 there is a pair of symmetry-related non trivial asymptotically
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stable periodic solutions to ẋ = f(x, λ2). As λ2 tends to 0 the closed trajectories approach the
two cycles in Σ and their period tends to +∞. In local coordinates (such as will be assured
by Samovol’s Theorem, see Section 3 below), the limit cycle of the stable periodic trajetory
winds increasingly around the local stable manifold of w and the time of flight inside fixed
neighbourhoods of v and of w tends to +∞.

2.5 Breaking the two connections

In this section we prove that breaking the Bykov cycle involving v and w may give rise to
homoclinic orbits involving saddle-focus in the unfolding. These homoclinic cycles are usually
called Shilnikov homoclinic orbits because the systematic study of the dynamics near them
began with L. P. Shilnikov in 1965 (see Shilnikov [44]). The homoclinic orbits associated to
a saddle-focus is one of the main sources of chaotic dynamics in three-dimensional flows. In
several applications these homoclinicities play an important role.

First of all, note that under perturbation the generalized horseshoes (Gi)i∈N which occur
near the Bykov cycle in proposition 2 survive for finitely many N . For each N , GN is uniformly
hyperbolic but

⋃
i∈NGi is not.

2.5.1 Dynamics near Shilnikov Homoclinic Orbits

This subsection summarises some well known results about the dynamics near homoclinic orbits
associated to a hyperbolic equilibrium p0 in a three-dimensional manifold. All results will be
applied in the present work. We are assuming that dimW s(p0) = 2 = dimW u(p0) + 1. For
more details details, see the books Shilnikov et al [46]. A good recent approach has been given
by Glendinning & Sparrow [16] and Wiggins [47].

In three dimensional flows, it is well known that the appearance of a Shilnikov homoclinic
orbit may lead to a wide range of periodic and aperiodic motions. If p0 is an equilibrium of (2.2)
such that:

• the eigenvalues of df , at p0, are λ
s+ iω and λu, where −λs 6= λu are positive numbers and

ω 6= 0;

• (non-linear condition) there is a homoclinic trajectory Γ connecting p0 to itself,

then Γ is said a Shilnikov homoclinic connection of p0. It is easy to see that p0 possesses a local
two-dimensional stable manifold and a local one-dimensional unstable manifold which intersect
non-transversely. If−λs < λu, we say that the homoclinic orbit Γ satisfies the Shilnikov condition
(see Gaspard [14]). If Γ is a Shilnikov homoclinic connection to an equilibrium p0 of the flow of
(2.2) such that Γ:

1. satisfies the Shilnikov condition, then there exists a countable infinity of suspended Smale
horseshoes (accumulating on the homoclinic cycle) in any small cylindrical neighbourhood
of Γ. When the vector field is perturbed to break the homoclinic connection, finitely many
of these horseshoes remain and there appear persistent strange attractors [36]. For each
N ∈ N, N -homoclinic orbits exist for infinitely many parameter values.

2. does not satisfy the Shilnikov condition and −λs 6= λu, then the homoclinic orbit is an
attractor. Under small C1– perturbations, there is one stable periodic orbit in a neigh-
bourhood of the homoclinic orbit.

Reverting the time, dual results may be obtained for homoclinic orbits involving a saddle-focus
p0 such that dimW u(p0) = 2 = dimW s(p0) + 1.
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Figure 5: Bifurcation Diagrams. (a) In the bifurcation diagram (λ1, λ2), there are infinitely many
tongues of attracting periodic trajectories accumulating on the line λ2 = 0. These periodic
trajectories are bifurcating from the attracting homoclinic orbit of v; (b) In the bifurcation
diagram (λ1, λ2), near each homoclinic orbit of w, there are infinitely many non-uniformly
hyperbolic horseshoes which are destroyed under small perturbations. The curves for which we
observe the existence homoclinic orbits of w are accumulating on the line λ2 = 0.

2.5.2 Homoclinic orbits near the network

In general, the existence of a homoclinic orbit is not a robust property. Here, we prove that the
homoclinic orbits of v and w occur along lines in the two parameter space. There are two main
theorems in this section: the first one characterizes the dynamics near the homoclinic orbits
associated to v and the other states the similar results for w. Both follow from the analysis of
the bifurcation diagram depicted in figure 5.

Theorem 8 Consider a vector field f0 satisfying (P1)–(P4) and (P8a). A generic symmetry-
breaking family fλ1,λ2 unfolding f0 satisfies (P5)–(P7) and its dynamics, for λ1 6= 0 and for
λ2 6= 0 sufficiently small satisfies:

1. for each λ1 > 0, there exists a sequence of positive numbers λk
2(v) such that if λ2 = λk

2(v)
there exists an attracting homoclinic orbit associated to v;

2. the homoclinic orbits which exist for λ2 = λk
2(v) and for λ2 = λk+2

2 (v) are distinguished
by the number of revolutions inside W around W s

loc(w);

3. for each λ1 > 0, either for λk
2(v) < λ2 < λk+1

2 (v) or for λk+1
2 (v) < λ2 < λk+2

2 (v), there
exists an attracting periodic solution near the locus of the homoclinic orbit;

13



4. in the bifurcation diagram, the tongues for which there are no attracting limit cycles (as-
sociated to bifurcations of homoclinic orbits of v) are alternated;

5. when λ2 → 0, the homoclinic orbits of v accumulate on the heteroclinic connection [v →
w].

Note that λk
2(v) depends on λ1. We omit this dependence to simplify the notation. From

a simple analysis of the bifurcation diagram, it follows that along a vertical line (λ1 = λ0
1(v)),

a stable limit cycle is born from a simple homoclinic loop for λ2 = λk
2(λ

0
1); along the path, the

limit cycle decreases its period and increases once again until it reaches λ2 = λk+1
2 (λ0

1) where
the stable periodic solution becomes once again a homoclinic orbit of v.

We have the following result concerning homoclinicities of w:

Theorem 9 Consider a vector field f0 satisfying (P1)–(P4) and (P8a). A generic symmetry-
breaking family fλ1,λ2 unfolding f0 satisfies (P5)–(P7) and its dynamics, for λ1 6= 0 and for
λ2 6= 0 sufficiently small satisfies:

1. for each λ1 > 0, there exists a sequence of positive numbers λk
2, (w) such that if λ2 = λk

2(w)
there exists a homoclinic orbit associated to w;

2. the homoclinic orbits which exist for λ2 = λk
2(w) and for λ2 = λk+2

2 (w) are distinguished
by the number of revolutions inside V around W u

loc(v);

3. if λ2 = λk
2(w) there exists a horseshoe with an infinite number of periodic orbits;

4. when λ2 → 0, the sequence of homoclinic orbits of w accumulates on the cycle.

In the bifurcation diagram, when we follow along a vertical line (λ1 = λ0
1(w)), we observe

period-doubling cascade bifurcations that destabilize and restabilize the periodic orbits leadind
to the full horseshoe which exists near the homoclinic orbit of w (see Glendinning and Sparrow
[16] and Yorke and Alligood [49]). We also see the existence of a sequence of real numbers si
such that for λ2 = si there is a double pulse homoclinic orbit exhibiting the same behaviour as
the main homoclinic orbit. This double pulse follows the primary homoclinic cycle twice. We
observe n-pulse homoclinic orbits (n > 2).

For dissipative systems, the process of creation and destruction of horseshoes can be accom-
panied by unfoldings of homoclinic tangencies to hyperbolic periodic solutions. The co-existence
of different types of behaviour in the flow has been investigated by many authors (see, for ex-
ample, Glendinning, Abshagen & Mullin [15], Xiao-Feng & Rui-hai[48] and Bykov [7]). In the
present paper, from the analysis of the bifurcation diagrams, we may conclude that:

Corollary 10 For any family of differential equations satisfying (P1)–(P5) and (P8a) the co-
existence of the homoclinic trajectories of v and w is a phenomenon of codimension 2 1.

Note that the coexistence of homoclinic trajectories is not a true bifurcation since this trajec-
tories occur in different regions of the phase space.

1They occur at isolated points in parameter space, accumulating at the origin.

14



3 Local Dynamics near the saddles

In this section, we establish local coordinates near the saddle-foci v and w and define some
notation that will be used in the rest of the paper. The starting point is an application of
Samovol’s Theorem [41] to linearise the flow around the equilibria and to introduce cylindrical
coordinates around each saddle-focus. These are used to define neighbourhoods with boundary
transverse to the linearised flow. For each saddle, we obtain the expression of the local map that
sends points in the boundary where the flow goes in, into points in the boundary where the flows
goes out. Finally, we establish a convention for the transition maps from one neighbourhood to
the other.

Note that when we refer to the stable/unstable manifold of an equilibrium point, we mean
the local stable/unstable manifold of that equilibrium.

3.1 Linearisation near the equilibria

By Samovol’s Theorem [41] (see also section 6.4 Part I of Anosov et al [6] and Ren & Yang [39]),
around the saddle-foci, the vector field f is C1-conjugated to its linear part, since there are no
resonances of order 1. In cylindrical coordinates (ρ, θ, z) the linearisations at v and w take the
form, respectively: 




ρ̇ = −Cvρ

θ̇ = αv

ż = Evz





ρ̇ = Ewρ

θ̇ = αw

ż = −Cwz.

(3.3)

We consider cylindrical neighbourhoods of v and w in S3 of radius ε > 0 and height 2ε that
we denote by V and W , respectively. Their boundaries consist of three components (see figure
6):

• The cylinder wall parametrized by x ∈ R (mod 2π) and |y| ≤ ε with the usual cover
(x, y) 7→ (ε, x, y) = (ρ, θ, z). Here x represents the angular coordinate and y is the height
of the cylinder.

• Two disks, the top and the bottom of the cylinder. We take polar coverings of these disks:
(r, ϕ) 7→ (r, ϕ, jε) = (ρ, θ, z) where j ∈ {−,+}, 0 ≤ r ≤ ε and ϕ ∈ R (mod 2π).

On these cross sections, we define the return maps to study the dynamics near the cycle.

Remark 1 Property (P8a) concerning the direction of turning around the connection [v → w],
may be interpreted in terms of the sign of αv and αw: property (P8a) holds when they have the
same signs; (P8b) holds when they have opposite signs.

3.2 Coordinates near v

The cylinder wall is denoted by H in
v . Trajectories starting at interior points of H in

v go into V in
positive time and H in

v ∩W s(v) is parametrized by y = 0. The set of points in H in
v with positive

(resp. negative) second coordinate is denoted by H in,+
v (resp. H in,−

v ).
The top and the bottom of the cylinder are denoted, respectively, Hout,+

v and Hout,−
v . Tra-

jectories starting at interior points of Hout,+
v and Hout,−

v go inside the cylinder in negative time.
After linearization W u(v) is the z-axis, intersecting Hout,+

v at the origin of coordinates of
Hout,+

v . Trajectories starting at H in,j
v , j ∈ {+,−} leave V at Hout,j

v .
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Figure 6: Neighbourhoods of the saddle-foci. (a) Once the flow goes in the cylinder V trans-
versely across the wall H in

v \W s(v), it leaves transversely across the top or the bottom Hout
v ; (b)

Once the flow goes in the cylinder w transversely across the top or the bottom H in
w \W s(w), it

leaves transversely across the wall Hout
w . Inside both cylinders, the vector field is linearized.

3.3 Coordinates near w

After linearization, W s(w) is the z -axis, intersecting the top and bottom of the cylinder at the
origin of its coordinates. We denote by H in,j

w , j ∈ {−,+}, its two components. Trajectories
starting at interior points of H in,±

w go into W in positive time.
Trajectories starting at interior points of the cylinder wall Hout

w go into W in negative
time. The set of points in Hout

w whose second coordinate is positive (resp. negative) is denoted
Hout,+

w (resp. Hout,−
w ) and Hout

w ∩W u(w) is parametrized by y = 0. Trajectories that start at
H in,j

w \W s(w), j ∈ {+,−} leave the cylindrical neighbourhood at Hout,j
w .

3.4 Local map near v

The local map Φv : H in,+
v → Hout,+

v near v is given by

Φv(x, y) = (c1y
δv ,−gv ln y + x+ c2) = (r, φ) (3.4)

where δv is the saddle index of v,

δv =
Cv

Ev
> 1, c1 = ε1−δv > 0, gv =

αv

Ev
and c2 = gv ln(ε).

The expression for the local map from H in,−
v to Hout,−

v we obtain for y < 0, φv(x, y) =
φv(x,−y).
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3.5 Local map near w

The local map Φw : H in,+
w \W s(w) → Hout,+

w near w is given by:

Φw(r, ϕ) = (c3 − gw ln r + ϕ, c4r
δw) = (x, y) ,

where δw is the saddle index of w,

δw =
Cw

Ew
> 1, gw =

αw

Ew
, c3 = gw ln ε and c4 = ε1−δw > 0.

The same expression holds for the local map from H in,−
w \W s(w) to Hout,−

w .

3.6 Geometry near the saddle-foci v and w

The notation and constructions of previous subsections are now used to study the geometry
associated to the local dynamics around each saddle-foci.

Definition 1 1. A segment β on H in
v or Hout

w is a smooth regular parametrized curve of
the type β : [0, 1] → H in

v or β : [0, 1] → Hout
w that meets W s

loc(v) or W
u
loc(w) transversely at

the point β(1) only and such that, writing β(s) = (x(s), y(s)), both x and y are monotonic
functions of s.

2. A spiral on Hout
v or H in

w around a point p is a curve α : [0, 1) → Hout
v or α : [0, 1) → H in

w

satisfying lim
s→1−

α(s) = p and such that, if α(s) = (α1(s), α2(s)) are its expressions in polar

coordinates (ρ, θ) around p, then α1 and α2 are monotonic, with lims→1− |α2(s)| = +∞.

3. Let a, b ∈ R such that a < b and let Hout
w be a surface parametrized by a covering (θ, h) ∈

R × [a, b] where θ is periodic. A helix on Hout
w accumulating on the circle h = h0 is a

curve γ : [0, 1) → H such that its coordinates (θ(s), h(s)) are monotonic functions of s
with lims→1− h(s) = h0 abd lims→1− |θ(s)| = +∞.

At the item 2 of the previous definition, p will be the intersection of the one dimensional local
stable/unstable manifold of v or w with the considered cross section. At the item 3, the curve
is the intersection of the two dimensional local unstable manifold of w with the cross section
Hout

w . Observing figure 7, the definitions become clear. The next lemma summarises some basic
technical results about the geometry near the saddle-foci. The proof may be found in section 6
of Aguiar et al [5] - this is why it will be omitted.

Lemma 11 1. For j ∈ {+,−}, a segment β on H in,j
v is mapped by φv into a spiral on Hout,j

v

around W u(v);

2. For j ∈ {+,−}, a segment β on Hout,j
w is mapped by φ−1

w into a spiral on H in,j
w around

W s(w);

3. For j ∈ {+,−}, a spiral on H in,j
w around W s(w) is mapped by φw into a helix on Hout,j

w

accumulating on the circle Hout
w ∩W u(w).

17






W  (v)s

W   (v)u


H   in,+

H   in,-
v

v

H   
out,+
v

v




W  (w)
u

W   (w)s


H   in,+

H   in,-
w

H   
out,-

w

w

H   
out,+
w

w

H   
out,-
v




W  (w)u

W   (w)s


H   out,+

H   out,-
w

w

H   
in,+
w

w

H   
in,-
w

(c)
(a)

(b)




β 0

1

β0

1

Figure 7: Smooth structures referred in lemma 11. (a): a segment β on H in,j
v is mapped by φv

into a spiral on Hout,j
v around W u(v); (b): a segment β on Hout,j

w is mapped by φ−1
w into a spiral

on H in,j
w around W s(w); (c): a spiral on H in,j

w around W s(w) is mapped by φw into a helix on
Hout,j

w accumulating on the circle Hout
w ∩W u(w).

3.7 Transition Maps

In the rest of this paper, we study the Poincaré first return map on the boundaries defined in
this section. Consider the transition maps

Ψv,w : Hout,j
v −→ H in,j

w j = +,− and Ψw,v : Hout
w −→ H in

v .

For λ1 = 0, the map Ψw,v may be taken to be the identity. For λ1 6= 0, the map can be seen
as a rotation by an angle α(λ1) with α(0) = 0. Without loss of generality, we use α = π

2 , that
simplifies the expressions used.

For λ2 = 0 one of the connections [w → v] goes from Hout,+
v to H in,+

w . For λ2 = 0, the linear
part of the map Ψv,w may be represented (in rectangular coordinates) as the composition of a
rotation of the coordinate axes and a change of scales. As in Bykov [7], after a rotation and a
uniform rescaling of the coordinates, we may assume without loss of generality that for λ2 6= 0,
Ψv,w is given by the map T (x, y) + L(x, y), where:

T (x, y) =

(
λ2

0

)
and L(x, y) =

(
a 0
0 1

a

)
a ∈ R+\{1}

Note that the map Ψv,w is given in rectangular coordinates. To compose this map with Φv, it
is required to change the coordinates. We address this issue later in section 5. We summarise
the above information in the table below:

Parameters Symmetries preserved Ψv,w Ψw,v

λ1 = λ2 = 0 γ1, γ2 L Identity

λ1 6= 0 and λ2 = 0 γ1 L Rotation

λ1 = 0 and λ2 6= 0 γ2 T ◦ L Identity

λ1 6= 0 and λ2 6= 0 Identity T ◦ L Rotation

With this choice of local coordinates the maps Φv and Φw do not depend on λ1, λ2. The
transition map Ψw,v may be taken to depend on λ1 but not on λ2 and is written as Ψw,v(x, y, λ1).
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Figure 8: The transition map from v to w. We set that the transition map from v to w may
be approximated by a diagonal map.

The other transition map Ψv,w may be taken to depend on λ2 but not on λ1 and is written as
Ψv,w(r, ϕ, λ2).

4 Transverse Intersection of 2-dimensional manifolds

In this section, when we break the Z2(γ1) equivariance, using property (P6), we are assuming
that the heteroclinic connection between w and v becomes transverse and one-dimensional. We
still have a heteroclinic network of a different nature, which will be denoted by Σ⋆.

4.1 Same orientaton around equilibria (P8a)

4.1.1 Proof of Proposition 2

Items 1 and 2 of proposition 2 follows from the three facts:

• the equilibria are hyperbolic;

• the fixed point subspace that contains the two connections [v → w] remains invariant;

• dim W u(v) = 1 and W u(v) ⊂ Fix 〈γ1〉.
Item 3 is a direct consequence of the main result about finite and infinite switching of Aguiar
et al [5]. Item 4 follows straightforwardly from the referred paper picking the segment β as
W u(w).

In order to prove item 5, we start with some terminology about horizontal and vertical strips.
Given a rectangular regionR inH in

v or inHout
w parametrized by a rectangle R = [w1, w2]×[z1, z2],

a horizontal strip in R will be parametrized by:

H = {(x, y) : x ∈ [w1, w2], y ∈ [u1(x), u2(x)]},

where
u1, u2 : [w1, w2] → [z1, z2]

are Lipschitz functions such that u1(x) < u2(x). The horizontal boundaries of the strip are
the lines parametrized by the graphs of the ui, the vertical boundaries are the lines {wi} ×
[u1(wi), u2(wi)] and its heigth is

h = max
x∈[w1,w2]

(u2(x)− u1(x)) .
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When both u1(x) and u2(x) are constant functions we call H a horizontal rectangle across R. A
vertical strip across R, its width and a vertical rectangle have similar definitions, with the roles
of x and y reversed.

Item 5 follows from the construction of the Cantor sets presented in Aguiar et al [3] – if
Rv ⊂ H in

v is a rectangle containing [w → v] ∩ H in
v on its border, the initial conditions that

returns to H in
v are contained in a sequence of horizontal strips accumulating on the stable

manifold of v, whose heights tend to zero. Each one of these horizontal strips lying on the
rectangle Rv ⊂ H in

v , is mapped by Φw ◦Ψv,w ◦Φv into a horizontal strip across Hout
w . By (P6),

they are mapped by Ψv,w into vertical strips across Rw crossing transversely the original. This
gives rise to a nested chain of uniformly hyperbolic horseshoes, accumulating on the heteroclinic
connection, each one with positive topological entropy [13]. An illustration of the way these
horseshoes are appearing is given in figure 4.

4.1.2 Proof of Corollary 5

The proof of Corollary 5 is connected with the geometry of the horseshoe Gn which arises near
the cycle (see item 5 of proposition 2). Each horizontal strip in H in

v is mapped by the first
return map into a vertical strip. This vertical strip intersects transverselly n times the original
horizontal strip. As in Hirasawa et al [22], denoting the consecutive intersection points by
p1, . . . , pn, we are able to construct the twist signature of the horseshoe associated to Gn: is a
finite sequence of integers (ai)i∈{1,...,n} satisfying the following conditions:

• a1 = 0;

• ai = ai−1 +1 if the oriented segment [pi−1, pi] goes around the counterclockwise direction;

• ai = ai−1 − 1 if the oriented segment [pi−1, pi] goes around the clockwise direction.

We will use the following result of Hirasawa and Kin [22] [adapted]:

Theorem 12 Let G a generalized horseshoe map with twist signature (a1, a2, . . . , an) . Then G
induces all link types if and only if one of the following is satisfied:

• each ai ≥ 0 and max{ai} ≥ 3.

• each ai ≤ 0 and max{ai} ≥ −3.

For n > 2, the generalised horseshoe Gn induces all links because the admissible signatures
are of the type (0, 1, 2, 3, . . . , n) or (0,−1,−2,−3, . . . ,−n) (the intersection of the horseshoes is
clear in the arrows in figure 9).

4.2 Opposite Orientation around equilibria (P8b)

In this section, we give a more precise formulation of Theorem 6 and prove it. Consider the
conditions

αv > 0 and
1

2

√
η2

1 + η2

[
1

a2
− a2

]
> g−1

w + η−1


a2

1−
√

1
1+η2

2
+

1

a2

1 +
√

1
1+η2

2


 (4.5)

and
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Figure 9: Pleated Diagram associated to Gn, the spine of the generalized horseshoe: given two
oriented horizontal and vertical boundaries in Rv, h and v respectively, the pleated diagram
associated to the horseshoe is the union of the oriented arcs v ∪Ψw,v ◦ Φw ◦Ψv,w ◦ Φv(h) (see
definition 2.11 of Hirasawa and Kin [22]).

αv < 0 and − 1

2

√
η2

1 + η2

[
1

a2
− a2

]
< g−1

w + η−1


a2

1−
√

1
1+η2

2
+

1

a2

1 +
√

1
1+η2

2


 . (4.6)

where η = αv
Cv

and a > 1 is the parameter appearing in the transition map Ψv,w. Clearly, the

set of vector fields that satisfy (P1)–(P4) and (P8b) and either (4.5) or (4.6) is open in the C2–
topology. For these vector fields, given a neighbourhood U in H in

v of p ∈ W u(w)∩W s(v)∩H in
v ,

let ξ be the connected component of W u(w)∩H in
v containing p, with a choice of orientation on

this curve. Then Φw ◦ Ψv,w ◦ Φv(ξ) defines an oriented curve in Hout
w . This curve changes the

direction of its turning around the cylinder wall Hout
w at points where it has vertical tangent.

Definition 2 We say that the vector field has the dense reversals property if for any neighbour-
hood U of p the projection into W u

loc(w) of the points where Φw ◦ Ψv,w ◦ Φv(ξ) has a vertical
tangent is dense in W u

loc(w).

Proposition 13 In a generic one parameter family fλ1 of smooth 〈γ1〉-equivariant vector fields
on S3 satisfying (P1)–(P4), (P8b) and either (4.5) or (4.6), with C2 dependence of parameter
λ1, all the vector fields fλ1 have the dense reversals property, except for a countable set of values
of λ1.

Proof: Without loss of generality, we are assuming thatW u(w)∩H in
v is a segment parametrized

by (s, λ1s) with 0 < s << 1. The image of W u(w) ∩H in
v by the local map near v, Φv, is given

by:
Φv(s, λ1s) = (c⋆1s

δv , s− gv ln s+ c⋆2) = (r, ϕ), (4.7)

where c⋆1 and c⋆2 depend on λ1. By lemma 11 of section 3.6, this curve is a spiral accumulating on
W u

loc(v) ∩Hout
v . Transforming the polar coordinates of Φv(s, λ1s) into rectangular coordinates,

it yields: {
x = r cos(ϕ)
y = r sin(ϕ)

(4.8)

Since we are considering that the transition map Ψv,w from Hout
v to H in

w may be approximated
by the linear map Ψv,w(x, y) =

(
ax, 1ay

)
, with a > 1 (see figure 8). Note that if the argument
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of L(x, y) lies in the interval
(
kπ
2 , (k+1)π

2

)
, then the argument of Ψv,w(x, y) lies in the same

interval. This, we may write Ψv,w ◦ Φv(s, λ1s) in polar coordinates as





R =
√
a2r2 cos2(ϕ) + 1

a2
r2 sin2(ϕ)

Φ = arctan
(

1
a2

tan(ϕ)
)

if ϕ ∈
(−π

2 , π2
)

Φ = arccotan
(
a2cotan(ϕ)

)
if ϕ ∈ (0, π)

Φ = arctan
(

1
a2

tan(ϕ)
)
+ π if ϕ ∈

(
π
2 ,

3π
2

)

Φ = arccotan
(
a2cotan(ϕ)

)
+ π if ϕ ∈ (π, 2π)

(4.9)

Note that the radial component may be written as:

R = r

√
a2 cos2(ϕ) +

1

a2
sin2(ϕ).

Using the expression of the local map near w, Φw, it follows that Φw ◦Ψv,w ◦ Φv(s, λ1s) is
given by: 




x = c3 − gw ln
(
r
√
a2 cos2(ϕ) + 1

a2
sin2(ϕ)

)
+ Φ

y = c4r
δw

(
a2 cos2(ϕ) + 1

a2
sin2(ϕ)

) δw
2

(4.10)

Of course, x and y depend on r and ϕ, which depend on s. The curve (x(s), y(s)) will not
correspond to a helix onHout

w because the angular angular component x(s) may not be monotonic
although the height tends to zero. The angular coordinate xw(s) of Φw ◦Ψv,w ◦Φv(s, λ1s) may
be written as:

c3 − gw ln r − gw
2

ln

(
a2 cos2(ϕ) +

1

a2
sin2(ϕ)

)
+ Φ

where (r, ϕ) are given in (4.7). First of all, we would like to find the zeros of its derivative. Gener-
ically, they will correspond to the points where the curve (x(s), y(s)) changes the orientation on
the wall. Let

C(ϕ) = a2 cos2(ϕ) +
1

a2
sin2(ϕ).

The derivative of xw(s) does not depend on the choice of branch in (4.9) and is given by:

dxw
ds

(s) =
1

s

[
−gwδv +

gvgw
2

(
1

a2
− a2

)
sin(2ϕ)

C(ϕ)
− gv

C(ϕ)

]
+ (4.11)

+
1

C(ϕ)

[−gvgw
2

[
1

a2
− a2

]
sin(2ϕ) + 1

]
.

We show in Lemma 15 below that this derivative is zero at two sequences sn with

lim
n→∞

sn = 0 and xw(sn) ≈
gwδvnπ

gv
+ c⋆3, (4.12)

where c⋆3 depends continuously on λ1, on a and on the eigenvalues of the linearization of the
vector field at v and w.

Lemma 14 Let k and t be continuous maps defined on R+
0 such that:

1. there is a sequence sj such that k(s) changes sign at sj and limj∈N sj = 0;
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Figure 10: On the cross section Hout
w (on left), we see the curve reversing the orientation of its

angular coordinate.
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2. if a and b are two zeros of k, then there exists xa,b ∈ (a, b) such that |k(xa,b)| > |t(xa,b)|.

Then there is a sequence σj such that limj→∞ σj = 0, of points where f(s) = k(s)
s + t(s) changes

sign, satisfying
s2j+2 < σj < s2j .

Proof: First of all, note that if s > 0 then:

sign(f) = sign

(
k(s)

s
+ t(s)

)
= sign(k(s) + s.t(s)). (4.13)

Since k has infinitely many changes of sign near zero, then there exists infinitely many terns
(a, b, c), such that:

• 0 < a < b < c;

• k(a) = k(b) = k(c) = 0;

• ∀s ∈ (a, b), k(s) > 0;

• ∀s ∈ (b, c), k(s) < 0.

From the hypothesis (2), we know that there exists xa,b ∈ (a, b) and xb,c ∈ (b, c) such that
|k(xa,b)| > |t(xa,b)| and −k(xb,c) > |t(xb,c)|. Using equality (4.13), this means that sign(f)
changes in (a, c). From the existence of infinitely many terns (a, b, c) as above, then f has in-
finitely many changes of sign. The existence of infinitely many zeros of f follows by its continuity
in R+

0 .

Lemma 15 Under the hypothesis of proposition 13, there are two sequences (sn)n such that
sn > 0, limn→∞ sn = 0 and

dxw
ds

(sn) = 0 with xw(sn) ≈
gwδvnπ

gv
+ c⋆3,

where c⋆3 is a constant that, for each sequence (sn)n, depends on λ1, on the eigenvalues of the
linearization of the vector field around v and w and on the transition map Ψv,w.

Proof: Using lemma 14, to show that the equation dxw
ds (s) = 0 has infinitely many zeros is

equivalent to prove that the equation

sin(2ϕ) =
gv + gwδvC(ϕ)
gvgw
2

(
1
a2

− a2
) (4.14)

has infinitely many solutions. The equation (4.14) is equivalent to:

1

2
sin(2ϕ)

[
1

a2
− a2

]
=

Ew

αw
+

Cv

αv
C(ϕ). (4.15)

Note that the solutions of dxw
ds (s) = 0 and those of equation (4.15) are arbitrarily close, when s

is close to zero. We want to write these solutions as functions of s of lemma 16, ie, we want to
solve (for s) the equations:

−gv ln(sn) + sn + c⋆2 = φ1 + nπ and − gv ln(sn) + sn + c⋆2 = φ2 + nπ.
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Taking into account that s ≈ 0, then we may write:

sn(φ1) ≈ exp

[
φ1 + nπ − c⋆2

−gv

]
and sn(φ2) ≈ exp

[
φ2 + nπ − c⋆2

−gv

]
.

The expression of xw evaluated at sn(φ1) ≡ sn is given by:

xw(sn) = c3−gw ln(c⋆1s
δv
n )− gw

2
ln(a2 cos2(ϕ⋆

n(φ1))+
1

a2
sin2(ϕ⋆

n(φ1)))+arctan

(
1

a2
tan(ϕ⋆

n(φ1))

)

Recalling that ϕ⋆
n(φ1) = φ1+nπ, C(ϕ) and tan are π-periodic and using the expression of sn(φ1),

it follows that the only term in xw(sn) that depends on n is −gw ln(c⋆1s
δv
n (φ1)). Grouping the

terms that do not depend on n into a constant c⋆3 ∈ R, we get:

xw(sn) =
gwδvnπ

gv
+ c⋆3.

Lemma 16 Under the hypothesis of Proposition 13, the equation

1

2
sin(2ϕ)

[
1

a2
− a2

]
=

Ew

αw
+

Cv

αv
C(ϕ)

has two solutions φ1, φ2 ∈ [0, π].

Proof: We are going to study the maps which appear in the two members of equation (4.15),
whose graphs are depicted in figure 12:

g1(ϕ) =
1

2
sin(2ϕ)

[
1

a2
− a2

]
and g2(ϕ) = g−1

w +
Cv

αv
C(ϕ).

Note that since a > 1, then
[
1
a2

− a2
]
< 0. Also note that if αv > 0 (resp.: αv < 0), the equation

has solutions if ϕ ∈
[
π
2 ,

3π
4

]
+ kπ (resp.: ϕ ∈

[
π
4 ,

π
2

]
+ kπ), k ∈ Z (see figure 12).

The graphs of g1 and g2 have a tangency if they have the same derivative (necessary condition
but not sufficient). The equality g′1(ϕ) = g′2(ϕ) is equivalent to:

cos(2ϕ)

[
1

a2
− a2

]
=

Cv

αv

[
1

a2
− a2

]
sin(2ϕ)

and then it follows immediately that tan(2ϕ) = η where η = αv
Cv

. Denote by ϕ∗
n the solutions

of the equation g′1(ϕ) = g′2(ϕ) where the graphs g1 and g2 have the same slope. Now, we want
to compute the image of g1(ϕ

∗) and g2(ϕ
∗) and impose that g1(ϕ

∗) > g2(ϕ
∗) if αv > 0 and

g1(ϕ
∗) < g(ϕ∗) if αv < 0. Using trigonometric identities and the fact that tan(2ϕ⋆) = η, it

follows that

cos2(2ϕ⋆) =
1

1 + η2
and sin2(2ϕ⋆) =

η2

1 + η2

and

cos2(ϕ⋆) =
1− cos(2ϕ)

2
and sin2(ϕ⋆) =

1 + cos(2ϕ)

2
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Figure 11: Graph of 1
s

[
−gwδv + gvgw

2

(
1
a2

− a2
) sin(2ϕ)

C(ϕ) − gv
C(ϕ)

]
as a function of s, under the

condition that equation (4.15) has solutions.

If αv > 0 then both αw and gw are negative by (P8b) and

g1(ϕ
∗) =

1

2

√
η2

1 + η2

[
1

a2
− a2

]
> g−1

w + η−1


a2

1−
√

1
1+η2

2
+

1

a2

1 +
√

1
1+η2

2


 = g2(ϕ

∗),

then the graphs g1 and g intersect transverselly at a pair of points, meaning that xw(s) changes
the orientation. Analogously, if αv < 0 then both αw and gw are negative and

g1(ϕ
∗) = −1

2

√
η2

1 + η2

[
1

a2
− a2

]
< g−1

w + η−1


a2

1−
√

1
1+η2

2
+

1

a2

1 +
√

1
1+η2

2


 = g2(ϕ

∗),

then the graphs g1 and g2 intersect transverselly into a pair of points. Since g1 ang g2 are
π-periodic, the solutions of the equation g1(ϕ) = g2(ϕ) (when they exist) are of the form

ϕn(φ1) := φ1 + nπ and ϕn(φ2) := φ2 + nπ,

with n ∈ Z.

Note that if (P8a) holds then for αv > 0, we have g1(ϕ
∗) < 0 and g2(ϕ

∗) > 0, soW u
loc(w)∩H in

v

is mapped by Φw ◦Ψv,w ◦Φv into a helix in Hout
w , since the curve Φw ◦Ψv,w ◦Φv(s, λ1s) never

has a vertical tangency. Similarly, if αv > 0 and (P8a) holds, then for g1(ϕ
∗) > 0 and g2(ϕ

∗) < 0
the same conclusion holds.

5 Proof of Theorem 7: existence of periodic trajectories

In this section, we treat the case λ1 = 0 and λ2 6= 0, when the two-dimensional manifolds W u(w)
and W s(v) coincide. We prove theorem 7 - the existence of a non-trivial closed trajectory - by
finding a fixed point of the Poincaré first return map R in H in

w .
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Figure 12: Plots of g1 and g2 referred in lemma 16. (a)-(c): αv > 0;(d)-(f): αv < 0. If g1 and g2
intersect as in figures (a) and (d), the homoclinic tangencies appear as in figures (g) and (h). If
g1 and g2 have a tangency as in (b) and (e) we observe a topological crossing (i). If g1 and g2 do
not intersect as in (c) and (f), then all invariant manifolds W u(w) and W s(v) meet transversely
as depicted in figure (j).
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5.1 Poincaré Map

Since λ1 = 0, then Ψw,v is the identity. The symmetry γ2 is preserved and thus the two half-
spheres in S3\Fix(〈γ2〉) are flow-invariant with symmetric dynamics. We look at one of them,
where for λ2 = 0 the connection goes from Hout,+

v to H in,+
w , omitting the redundant + signs to

lighten the notation. Consider the map:

R∗ = Φv ◦Ψw,v ◦ Φw : H in
w \W u

loc(w) −→ Hout
v

that in polar coordinates is given by

R∗(r, ϕ) =
(
c5r

δ, c6 + ϕ− c7 ln(r)
)
= (ρ, θ) (5.16)

where

c5 = c1c
δv
4 = ε1−δ, δ = δvδw c6 = −gv ln(c4) + c2 + c3 c7 = gvδw + gw

and, due to (P2), we have:

δ = δvδw =
CvCw

EvEw
> 1. (5.17)

It is worth noting that:
c7 = gvδw + gw > 0.

In Cartesian coordinates, we have R∗(r, ϕ) = (ρ cos θ, ρ sin θ) = (x, y).
The Poincaré first return map is λ2-dependent and given by R(r, ϕ) = Ψw,v(R∗(r, ϕ), λ2),

where Ψw,v : Hout
v −→ H in

w is given by Ψw,v(x, y) = (x+ λ2, y).

5.2 There are no multi-pulse heteroclinic connections [v → w]

In this section, we will prove the first assertion of theorem 7. We start by making its statement
more precise:

Definition 3 Let A ⊂ Vv be a cross-section to the flow meeting W u(v). A one-dimensional
connection [v → w] that meets A at precisely k points is called a k-pulse heteroclinic connection
with respect to A. If k > 1 we call it a multi-pulse heteroclinic connection. A similar definition
holds for a cross-section B ⊂ Vw and for pairs of cross-sections A, B.

We intend to show that generically in a one-parameter unfolding satisfying (P1)–(P5) and
(P7), with λ1 = 0, there are no multi-pulse heteroclinic connections with respect to A = Hout

v .
Then a 2-pulse heteroclinic connection occurs for λ2 = λ∗ whenever R maps Ψv,w(0, 0, λ∗) ∈ H in

w

into the origin of Hout
w . A k-pulse connection arises when Rk (Ψv,w(0, 0, λ∗)) = (0, 0) and

Rj (Ψv,w(0, 0, λ∗)) 6= (0, 0) for 0 < j < k.
Thus, in order to find a value λ∗ where there is a multi-pulse connection one has to solve

the two equations Rk (Ψv,w(0, 0, λ∗)) = (0, 0) for λ∗. Generically the two equations do not have
a common solution.

Note that for two-parameter families, i.e. λ2 ∈ R2, generically there would be isolated
values λk for which there would be k-pulse connections. In order to get branches of multi-pulses
arbitrariliy close to λ2 = 0, one would need three parameters. This codimension 3 behaviour is
beyond the scope of this paper.
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5.3 Existence of a fixed point of the Poincaré map

We start by finding the radial coordinate of the fixed point. For this we consider the maps
g± : (0, ε) −→ R (see figure 13)

g+(r) = r + ε
(r
ε

)δ
g−(r) = r − ε

(r
ε

)δ
.

Since δ > 1 both maps are of class C1 and

dg+

dr
(0) =

dg−

dr
(0) = 1. (5.18)

Lemma 17 If C is a circle of centre (0, 0) and radius r0 in H in
w , with 0 < r0 < ε, then R(C, λ2)

is a circle of centre (λ2, 0) and radius c5r
δ
0 < r0. Moreover:

• if λ2 ∈ (g−(r0), g+(r0)), then R(C, λ2) ∩ C contains exactly two points;

• if either λ2 = g+(r0) or λ2 = g−(r0), then R(C, λ2) is tangent to C and thus R(C, λ2)∩C
contains a single point;

• if λ2 lies outside the interval [g−(r0), g+(r0)], then R(C, λ2) ∩ C is empty.

Proof: Write C in polar coordinates as (r0, ϕ), where ϕ ∈ [0, 2π), r0 ∈ R+
0 is fixed, and let

R∗(r0, ϕ) = (ρ, θ). Then ρ = c5r
δ
0 is constant and θ = ϕ+ c6 − c7 ln(r0) varies in an interval of

length 2π. Hence, R∗(C) is a circle with centre (0, 0) and therefore, R(C, λ2) = Ψw,v ◦R∗(C) is

a circle with centre (λ2, 0) and radius ε
(
r0
ε

)δ
. Since r0 < ε and δ > 1, then this radius is less

that r0.
For λ2 = 0, the two circles C and R(C, λ2) are concentric. For a fixed r0 > 0, as λ2 increases

from zero, R(C, λ2) moves to the right and is contained in H in
w as long as λ2 ≤ ε

(
1−

(
r0
ε

)δ)
.

As R(C, λ2) moves to the right it has first an internal tangency to C at λ2 = g+(r0), then the
two circles meet at exactly two points and at λ2 = g−(r0) they two points come together as C
and R(C, λ2) have an external tangency (figure 13).

Let a(λ2), b(λ2) be the inverses of the maps λ2 = g+(r) and λ2 = g−(r), respectively. Since
g− has a maximum at some point r∗ ∈ (0, ε) with g−(r∗) = λ∗

2, then b(λ2) is defined only for
0 < λ2 < λ∗

2 (see figure 13). For each r ∈ (a(λ2), b(λ2)), in the circle C with centre at the
origin and radius r there are two points whose images by R lie in the same circle. These points
P+(r) and P−(r) are symmetrically placed with respect to the line that contains the centres of
C and of R(C, λ2). In proposition 18 we show that for at least one of these points the angular
coordinate is also fixed by R and that this happens for each λ2 < λ∗

2.

Proposition 18 For any λ2 with 0 < λ2 ≤ λ∗
2 there is a point P ∈ H in

w such that R(P, λ2) = P .

Proof: Consider a fixed λ2 ∈ [0, λ∗
2]. For this proof, we need two systems of polar coordinates

in H in
w : one centered at W s(w)∩H in

w (that we call S1, coordinates (r, θ)) and the other centered
at W u(v) ∩ H in

w (that we will call S2, coordinates (ρ, ϕ)). The angular component of both
systems of coordinates starts at the line through the two centres; for S1 at the half-line that
contains the centre of S2, for S2 at the half-line that does not contain the centre of S1 (see figure
14). Both angular coordinates ϕ and θ are taken in [−π, π] ( R (mod 2π)).
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Figure 13: Thin line: graph of g+(r) = r + ε
(
r
ε

)δ
where the circle C of radius r and the circle

R(C, λ2) have an external tangency; thick line: graph of g−(r) = r−ε
(
r
ε

)δ
where C and R(C, λ2)

have an internal tangency. Inside the wedge-shaped region between the two curves, C meets
R(C, λ2) at two points, outside it C ∩R(C, λ2) = ∅.
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Figure 14: The two coordinate systems S1 and S2.

We begin by measuring the angular component of the two intersection points P+ and P−

of the circles C and R(C, λ2). Let ϕ
+(r) and ϕ−(r) stand for the angular coordinates ϕ+(r) =

ϕ+(P+(r)) and ϕ−(r) = ϕ−(P−(r)), in the reference frame S2. Then the functions

ϕ+ : [a(λ2), b(λ2)] −→ [0, π] ϕ− : [a(λ2), b(λ2)] −→ [−π, 0]

are both monotonic and satisfy

ϕ+(a(λ2)) = π ϕ+(b(λ2)) = 0 ϕ−(a(λ2)) = −π ϕ−(b(λ2)) = 0 . (5.19)

Similarly, θ+(r) = θ+(P+(r)) and θ−(r) = θ−(P−(r)) are measured in the reference frame S1

and define monotonic functions

θ+ : [a(λ2), b(λ2)] −→ [0, π] θ− : [a(λ2), b(λ2)] −→ [−π, 0]

such that
θ+(a(λ2)) = θ+(b(λ2)) = θ−(a(λ2)) = θ−(b(λ2)) = 0 . (5.20)

Finally, denoting by Ψ(r, θ) = c6 + θ − c7 ln r the angular coordinate of R(r, θ) measured in S2,
with θ measured in S1, let Ψ

+, Ψ− : [a(λ2), b(λ2)] −→ R be given by

Ψ+(r) = Ψ(r, θ+(r)) Ψ−(r) = Ψ(r, θ−(r)) .

Again, these are monotonic functions and they satisfy:

Ψ+(a(λ2)) = Ψ−(a(λ2)) and Ψ+(b(λ2)) = Ψ−(b(λ2)) . (5.21)

With this notation, if for some r0 ∈ [a(λ2), b(λ2)] we have ϕ+(r0) = Ψ+(r0) (mod 2π) then
the point with S2 coordinates (r0, ϕ

+(r0)) is a fixed point for R. Similarly, ϕ−(r0) = Ψ−(r0)
(mod 2π) implies that (r0, ϕ

−(r0)) is a fixed point for R.
Note that by (5.19) the union of the graphs of ϕ+ and ϕ− is a connected curve and this

curve divides the strip [a(λ2), b(λ2)]×R in three connected components. The limited component
contains the segment {a(λ2)} × (−π, π); each one of the unlimited components contains one of
the half-lines {b(λ2)} × (0,+∞) and {b(λ2)} × (−∞, 0). If either Ψ+(a(λ2)) = (2k + 1)π or
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Figure 15: For a fixed λ2 < λ∗
2, and for r = a(λ2) = a, the circles C and R(C, λ2) have an

external tangency (left). In this case, the intersection point has angular coordinate θ+ = θ− = 0
in S1 and ϕ+ = π, ϕ− = −π in S2. For r = b(λ2) = b, the circles C and R(C, λ2) have
an internal tangency (right). Here, the intersection point has angular coordinate 0 in both
coordinate systems. At the centre: for r ∈ (a(λ2), b(λ2)), the angular coordinate in S2 of the
upper (lower) intersection point decreases (increases) to 0 as r increases.

Ψ+(b(λ2)) = 2kπ for some k ∈ Z then either (a(λ2), ϕ
+(a(λ2))) or (b(λ2), ϕ

+(b(λ2))), respec-
tively, is fixed by R. When this is not the case, let N be an integer such that Ψ+(a(λ2))+2Nπ ∈
(−π, π), so (a(λ2),Ψ

+(a(λ2)) + 2Nπ) lies in the limited component of the strip. Since

(b(λ2),Ψ
+(b(λ2)) + 2Nπ) = (b(λ2),Ψ

−(b(λ2)) + 2Nπ)

lies in one of the unlimited components, then the graphs of Ψ+ and of Ψ− must cross the union
of the graphs of ϕ+ and ϕ− (see figure 16). If (b(λ2),Ψ

+(b(λ2))+2Nπ) lies in {b(λ2)}×(0,+∞),
then the graph of Ψ+(r))+2Nπ crosses the graph of ϕ+(r), otherwise the graphs of Ψ−(r))+2Nπ
and of ϕ−(r) must cross.

Several periodic trajectories may occur in two ways: first, there may be trajectories that
make more than one loop around the place where the original cycle was, appearing as fixed
points of some higher iterate RN of the Poincaré map R; second, the graphs of Ψ± may cross
the graphs of ϕ± several times (mod 2π), giving rise to several fixed points of the Poincaré map
R. We show next that the second possibility does not take place for small λ2.

Proposition 19 For small λ2 > 0 the Poincaré map has only one fixed point in H in
w .

Proof: For the map Ψ+ defined in the proof of proposition 18, using (5.20), we have

Ψ+(b(λ2))−Ψ+(a(λ2)) = c6+ θj(b(λ2))− c7 ln b(λ2)− c6− θj(a(λ2))+ c7 ln a(λ2) = c7 ln
a(λ2)

b(λ2)
.

Then, since by (5.18),

lim
λ2→0

a(λ2) = lim
λ2→0

b(λ2) = 0 and lim
λ2→0

da

dλ2
(λ2) = lim

λ2→0

db

dλ2
= 1
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Figure 16: When either ϕ+(r) = Ψ+(r) (mod 2π) or ϕ−(r) = Ψ−(r) (mod 2π) there is a fixed
point for the first return map R. Graphs are: thick lines for ϕ±, thin for Ψ±, solid lines for +,
dashed for -, with Ψ+(a(λ2)) ∈ (−π, π). Left: when Ψ+(b(λ2)) > 0 the graphs of ϕ+ and Ψ+

must cross. At the centre, crossing of the graphs of ϕ− and Ψ− when Ψ+(b(λ2)) < 0. Right:
for large λ2 new fixed points appear in pairs as the graphs of Ψ± cross the graphs of ϕ± several
times (mod 2π).
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we get
lim
λ2→0

(
Ψ+(b(λ2))−Ψ+(a(λ2))

)
= 0

even though, since c7 > 0

lim
λ2→0

Ψ+(b(λ2)) = lim
λ2→0

Ψ+(a(λ2)) = ∞ .

It follows that |Ψ+(b(λ2))−Ψ+(a(λ2))| << π for small λ2 > 0 and thus, since Ψ± and ϕ± are
monotonic, there is only one crossing (mod 2π) of either the graphs of Ψ+ and ϕ+ or of the
graphs of Ψ− and ϕ−. Therefore the fixed point of the Poincaré map is unique.

5.4 Stability of the fixed point

Proposition 20 For small λ2 > 0 the periodic solution corresponding to the unique fixed point
of Poincaré map in H in

w of Proposition 19 is asymptotically stable.

Proof: We want to estimate the eigenvalues of the derivative DR(X) of the Poincaré map
R : H in

w −→ H in
w . To do this we write R as a composition of maps

R(X) = P ◦R∗ ◦ h−1(X)

whereR∗ = (ρ(r, ϕ), θ(r, ϕ)) is the expression (5.16) in polar coordinates, h(r, ϕ) = (r cosϕ, r sinϕ)
and P (ρ, θ) = (ρ cos θ + λ2, ρ sin θ). For X ∈ H in

w , X 6= (0, 0) we write h−1(X) = (r(X), ϕ(X)).
From the derivatives

DP (ρ, θ) =




cos θ −ρ sin θ

sin θ ρ cos θ


 DR∗(r, ϕ) =




c5δr
δ−1 0

−c7
r

1




Dh−1(X) =




cosϕ(X) sinϕ(X)

−sinϕ(X)

r(X)

cosϕ(X)

r(X)




it follows that DR(X) does not depend explicitly on λ2. Then, at X = h−1(r, ϕ) we have

detDR(X) = c25δr
2δ−2(X) .

The trace trDR(X), omiting the dependence on X, is given by

trDR(X) =
(
c5δr

δ−1 +
ρ

r

)
(cos θ cosϕ+ sin θ sinϕ) +

c7ρ

r
(sin θ cosϕ− cos θ sinϕ) .

We want to estimate detDR and trDR at points X(λ2) where R(X(λ2)) = X(λ2) for
small λ2 > 0. In polar coordinates we get h−1(X(λ2)) = (r(λ2), ϕ(λ2)) and we know that
limλ2→0 r(λ2) = 0. Then from the expression above, and since by (5.17) we have δ > 1,

lim
λ2→0

detDR(X)(λ2)) = 0 .

For the trace, substituting the value of ρ(r, ϕ) = c5r
δ obtained in (5.16) we get

lim
r→0

ρ(r, ϕ)

r
= lim

r→0
c5r

δ−1 = 0
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since δ > 1. Then at the limit cycle limλ2→0 trDR(X(λ2)) = 0. It follows that the eigenvalues
of DR(X(λ2)) also tend to zero and thus for small λ2 they lie within the disk of radius 1.

6 Proof of theorem 8

In this section, we are assuming that both symmetries Z2(γ1) and Z2(γ2) are broken (ie λ1 6= 0
and λ2 6= 0) and that property (P8a) is satisfied. Without loss of generality, we assume that
the transition map from v to w is just a translation along the horizontal axis. Recall that the
parameter λ2 controls the splitting of the heteroclinic orbit [v → w] and λ1 is the parameter
controling the angle in H in

v of the transverse intersection W u(w) and W s(v).

Near the heteroclinic network Σ⋆ which exists for λ1 6= 0 and λ2 = 0, there exists an
invariant Cantor set topologically equivalent to a full shift with an infinite countable set of
periodic solutions. It corresponds to infinitely many intersections of a vertical rectangle Rv in
H in

v with its image, under the first return map to H in
v . Only a finite number of them will survive,

under a small perturbation (ie, the horseshoes which exist for λ2 = 0 lose infinitely many legs).

If λ1 6= 0 6= λ2, the tips of the spirals Φ−1
w (W s(v)) ∩ H in

w and Ψv,w ◦ Φv(W
u(w)) ∩ H in

w

are separated and generically the center of the first curve does not intersect the second spiral.
Thus, the spirals have only a finite number of intersections. Thus, the number of heteroclinic
connections from v to w is finite.

For λ1 6= 0 6= λ2, besides the existence of uniformly hyperbolic horseshoes, there are homo-
clinic orbits of v and w, whose coexistence we address in the present section. The existence
of these homoclinic loops in a phenomenon which depends on the right combination of the
parameters (λ1, λ2) that shall be discussed here.

We start by a global description of Φ−1
w (W s(v))∩H in

w . The homoclinic connections are then
discussed separately: those in v in section 6.1 and those in w in section 6.2. For λ1 close to
zero, we are assuming that W s(v) intersects the wall Hout

w of the cylinder W in an ellipsis. This
is the expected unfolding from the coincidence of the invariant manifolds of the equilibria (see
figure 17).

We are assuming that W u(w)∩W s(v)∩Hout
w consists of two points P1 and P2 (see figure 17).

Each of these points W s(v) ∩Hout
w defines a segment and each segment may be approximated

by a line of slope ±λ1 parametrized by s (see figure 18) with either s ∈ (0, ε∗) or s ∈ (π− ε∗, π),
respectively, where ε∗ ∈ (0, ε)).

Near P1, the slope is λ1; near P2, the slope is −λ1. When λ1 = 0 the invariant manifolds
coincide; when λ1 6= 0, these two segments appear automatically. For assumption, we have:

lim
s→0+

s1(s) = P1 and lim
s→π−

s2(s) = P2.

By lemma 11, locally the curves Φ−1
w (s1(s)) and Φ−1

w (s2(s)) are disjoint spirals in H in
w accumu-

lating on the point W s
loc(w) ∩H in

w .
Globally, W s(v)∩Hout

w is a closed curve (x(s), y(s)), s ∈ [0, 2π], with two arcs where y(s) is
monotonic (figure 17). Each arc is mapped diffeomorphically by Φ−1

w into a spiral and the two
spirals meet at the image of the maximum of y(s) (see figure 19).
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Figure 17: Both W s(v) ∩ Hout
w and W u(w) ∩ H in

v are closed curves, approximated by ellipses
for small λ1.
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Figure 18: The cylinder Hout
w is shown here opened into a rectangle to emphasize the fact that

locally W s(v) defines two lines on this wall.
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Figure 19: The backwards iterate Φ−1
w (W s(v)) consists of two joined-up spirals in H in

w shown
in red, that divide H in

w in two components, mapped into the upper and lower parts of H in
v . As

λ2 increases from zero, W u(v)∩H in
w moves along the blue line, whose image by Φw describes a

helix in Hout
w . Arrows on W s(v) and on the blue line are just indications of orientation, not of

flow.
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6.1 Homoclinic connections of v - Tongues of Attracting Periodic Trajecto-
ries

Note that we are assuming that αv, αw > 0 since hypothesis (P8a) is satisfied. The primary
homoclinicity of v occurs when the unstable manifold of v has a successful encounter with the
stable manifold of the same equilibrium on H in

w . Here, we will find the values λ2(v) of the
parameter λ2 for which system (2.2) has a homoclinic connection of v. This happens when
λ1 > 0 and either:

λ2(v) =

(
λ1s

c4

) 1
δw

and s− c3 +

(
αw

Cw

)
ln

(
λ1s

c4

)
= 2kπ, k ∈ Z (6.22)

or

λ2(v) =

(
−λ1(s− π)

c4

) 1
δw

and s− c3 +

(
αw

Cw

)
ln

(−λ1(s− π)

c4

)
= 2kπ, k ∈ Z. (6.23)

Using the above equations and the approximated for of W s(v) ∩Hout,+
w , we may write the

parameter λk
1 as function of λ2:

λk
1(λ2) =

c4λ
δw
2

2kπ + c3 − αw
Ew

ln(λ2)
and s ∈ (0, ε⋆) (6.24)

or

λk
1(λ2) =

c4λ
δw
2

π + 2kπ + c3 − αw
Ew

ln(λ2)
and s ∈ (π − ε⋆, π) (6.25)

Both equations (6.24) and (6.25) may be simplified as:

λk
1(λ2) =

c4λ
δw
2

kπ + c3 − αw
Ew

ln(λ2)

where the denominator is either the value of s or of π − s and only has meaning when it lies in
the interval (0, ε∗). For λ2 > 0, define:

k0(λ2) = min

{
k ∈ Z : 2kπ + c3 −

αw

Ew
ln(λ2) > 0

}
.

Lemma 21 1. limλ2→0 k0(λ2) = −∞

2. ∀k > k0,
dλk

1
dλ2

(0) = 0;

Proof:

1. It is immediate from the fact that when λ2 → 0, ln(λ2) → −∞.

2. Observe that:

dλk
1

dλ2
(λ2) =

c4λ
δw−1
2

kπ + c3 − αw
Ew

ln(λ2)
+

c4λ
δw−1
2

αw
Ew(

kπ + c3 − αw
Ew

ln(λ2)
)2 .

When λ2 → 0, the above expression tends to zero.
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Figure 20: Top: solid lines are the curves (λk
1(λ2), λ2) where there is a homoclinic connection to

v, dashed line is the limit s = ε∗ for the linear approximation of W s(v) ∩Hout
w . Bottom: Pairs

of these lines delimitate a tongue where there is a periodic trajectory.

In a neighbourhood of the singular point (λ1, λ2) = (0, 0), the graph of λ1 as function of
λ2 is depicted in figure 20, for different values of k > k0. Recall that s ∈ [0, ε⋆]; in particular,
the end points of the graphs coincide with the intersection of the graphs of λk

1(λ2) with that of

λ1(λ2) =
c4λ

δw
2

ε⋆ (which represents the evolution of the end point of si of the linear approximation

of W s(v) ∩Hout,+
w ). When λ2 → 0+, the equation

kπ + c3 −
αw

Ew
ln(λ2) = 0

has infinitely many solutions (one for each k). In particular:

Lemma 22 For all k sufficiently large, there exists λ⋆
2(k) such that

lim
λ2→λ⋆

2(k)
λk
1(λ2) = +∞

and moreover limk→+∞ λ⋆
2(k) = 0. In other words, the graph of λk

1(λ2) has a vertical asymptote
for λ2 = λ⋆

2(k).

From the bifurcation diagram, it follows that for a fixed λ2, there are finitely many λ1 for
which we observe homoclinic connections of v. We also conclude that for a fixed λ2, there exists
a λ⋆

1, such that for λ1 < λ⋆
1, there are no more homoclinic connections.
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Theorem 23 1. for each λ1 > 0, if λ2 = λk
2(λ1), there exists an attracting homoclinic orbit

associated to v;

2. the homoclinic orbits which exist for λ2 = λk
2(λ1) and for λ2 = λk+2

2 (λ1) are distinguished
by the number of revolutions inside Vw around W s

loc(w);

3. for each λ1 > 0, either for λk
2(λ1) < λ2 < λk+1

2 (λ1) or for λk+1
2 (λ1) < λ2 < λk+2

2 (λ1),
there exists an attracting periodic solution near the locus of the homoclinic orbit;

4. in the bifurcation diagram, the regions for which there are no attracting limit cycles (asso-
ciated to bifurcations of homoclinic orbits of v) are alternate with the regions containing
limit cycles;

5. along a vertical line (λ1 = λ0
1), a stable limit cycle is born from a simple homoclinic loop

for λ2 = λk
2(λ

0
1); away from the path, the limit cycle decreases its period and then increases

again until it reaches λ2 = λk+1
2 (λ0

1) in which the stable periodic solution becomes once
again a homoclinic orbit of v.

We have proved assertions 1 and 2. The other assertions follow from the results of Shilnikov
[44], Glendinning and Sparrow [16] and Shilnikov et al [45, 46].

Corollary 24 In the bifurcation diagram (λ1, λ2), there are infinitely many tongues of attracting
periodic trajectories accumulating on the line λ2 = 0. These periodic trajectories are bifurcating
from the attracting homoclinic orbit of v.

Corollary 25 When λ2 → 0, the homoclinic orbits of v accumulate on the heteroclinic connec-
tion [v → w].

6.2 Homoclinic orbits of w - A cascade of horseshoes is only a participating
part!

Using the same argument as before, we assume the existence of two segments r1 and r2 (parametrized
by s) which correspond to a linear approximation of W u(w) ∩H in

v , in a neighbourhood of the
points W s(v) ∩W u(w) ∩H in

v (Q1 and Q2). The parameter λ1 > 0 is the absolute value of the
slope of r1 and r2; (near Q1, the slope is λ1; near Q2, the slope is -λ1). Their parametrizations
are given by:

r1 : r1(s) = (s, λ1s), for s ∈ [0, ε⋆]

and
r2 : r2(s) = (s,−λ1(s− π)), for s ∈ [π − ε⋆, π].

As before, we have:

Lemma 26 If λ1 6= 0, then φv(r1(s)) and φv(r2(s)) are disjoint logarithmic spirals in Hout
v

accumulating on the point W u
loc(v) ∩Hout

v .

Observing that:

φv(r1(s)) = φv(s, λ1s) = (c1(λ1s)
δv ;−gv ln(λ1s) + s+ c2) = (σ, φ)

and

φv(r2(s)) = φv(s,−λ1(s− π)) = (c1(−λ1(s− π))δv ;−gv ln(−λ1(s− π)) + s+ c2) = (σ, φ),
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the homoclinic orbit associated to w (investigated on H in
w ) exists if and only if either

λ2(w) = c1(λ1s)
δv and s+ c2 −

(
αv

Ev

)
ln (λ1s) = 2kπ, k ∈ Z (6.26)

or

λ2(v) = c1 (−λ1(s− π))δv and s+ c2 −
(
αv

Cv

)
ln (−λ1(s− π)) = 2kπ, k ∈ Z. (6.27)

Using the above equations, we may write the parameter λk
1 as function of λ2 as either:

λk
1(λ2) =

c⋆1λ
1
δv
2

2kπ + c2 − αv
Ev

ln(λ2)
and s ∈ (0, ε⋆)

or

λk
1(λ2) =

c⋆1λ
1
δv
2

π + 2kπ + c2 − αv
Ev

ln(λ2)
and s ∈ (0, ε⋆)

The proof of theorem 9 proceeds as that of Theorem 8, except that the curves (λk
1(λ2), λ2)

are tangent to the λ1-axis. It follows from results of Shilnikov [44] and Glendinning and Sparrow
[16], that a horseshoe bifurcates from each homoclinic connection. In the neighbourhood of these
homoclinic orbits, infinitely many periodic solutions of saddle type occur. These solutions are
contained in suspended horseshoes that accumulate on the homoclinic cycle.
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DYNAMICS NEAR THE PRODUCT OF

PLANAR HETEROCLINIC ATTRACTORS

NIKITA AGARWAL, ALEXANDRE RODRIGUES, MICHAEL FIELD

Abstract. Motivated by problems in equivariant dynamics and connection selection in hete-
roclinic networks, Ashwin and Field investigated the product of planar dynamics where one at
least of the factors was a planar homoclinic attractor. However, they were only able to obtain
partial results in the case of a product of two planar homoclinic attractors. We give general
results for the product of planar homoclinic and heteroclinic attractors. We show that the likely
limit set of the basin of attraction of the product of two planar heteroclinic attractors is always
the unique one-dimensional heteroclinic network which covers the heteroclinic attractors in the
factors. The method we use is general and likely to apply to products of higher dimensional
heteroclinic attractors as well as to situations where the product structure is broken but the
cycles are preserved.

1. Introduction

One way of analyzing the dynamics of coupled dynamical systems is to first understand the
dynamics of product systems (that is, uncoupled systems) and then perturb by adding coupling.
In the case of two uncoupled dynamical systems, the perturbation could be to a skew product
system where the base system weakly forces the second system. Motivated by problems in
equivariant dynamics and coupled systems, Ashwin and Field [4] made a preliminary study of
product dynamics when one of the factors was a (planar) homoclinic attractor. Strong results
were obtained when the other factor was an attracting limit cycle — perhaps not so surprisingly,
the main result (that the product was a minimal Milnor attractor [4, Theorem 1.2]) depended on
non-trivial results from metric number theory. Strong results were also found when the second
factor was a basic hyperbolic set. However, if both factors were planar homoclinic attractors,
results were only obtained for a very restricted model [4, §6, Theorem 6.13].

In this paper we give quite general results about the likely limit sets of products of two-
dimensional homoclinic and heteroclinic attractors. Although we restrict to products of two-
dimensional systems, we believe that the methods we use have much wider applicability both to
higher dimensional systems and to systems which are perturbations of a product.

Before stating our main result and giving examples, we need to recall the definition of the
‘likely limit set’ (details and references are given in the next section). Let M be a compact
manifold, possibly with boundary, with measure ℓ which we assume is locally equivalent to
Lebesgue measure. Suppose that X is a compact indecomposable attractor for the flow Φt :
M →M and that X has basin of attraction B(X) which we assume has strictly positive measure.
It may be the case that ℓ-almost all points in B(X) are forward asymptotic to a proper subset
of X. We capture this idea by defining the likely limit set of B(X) to be the smallest compact
flow invariant subset Z of X with the property that for ℓ-almost all points x ∈ B(X), the omega
limit set ω(x) ⊂ Z.

Research of NA, MF and AR supported in part by NSF Grant DMS-0806321, research of AR supported in
part by Centro de Matemática da Universidade do Porto (CMUP) and Fundação para a Ciência e Tecnologia
(FCT), Portugal, through the programs POCTI and POSI with European Union and national fundings and also
by the grant SFRH/BD/28936/2006 of FCT.
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2 NIKITA AGARWAL, ALEXANDRE RODRIGUES, MICHAEL FIELD

Suppose that Φt is a C
1 flow on the compact surfaceM , possibly with boundary. A heteroclinic

network for the flow φt consists of a closed connected 1-dimensional Φt-invariant subset Σ of
M which is the union of a finite set E(Σ) = E of hyperbolic saddle points and a finite set of
Φt-trajectories connecting equilibria in E such that the graph defined by equilibria (vertices)
and trajectories (edges) is strongly connected (given two equilibria p,q ∈ E , there exists a finite
chain of trajectories in Σ joining p to q). The simplest example of a heteroclinic network is a
homoclinic loop consisting of one equilibrium and one trajectory (see below). We say that the
heteroclinic network Σ is a heteroclinic attractor if the basin of attraction of Σ is a neighbourhood
of Σ in M (below we allow for one-sided attractors, such as a homoclinic loop).

Theorem 1.1. Let M1,M2 be compact surfaces and Σ1 ⊂M1, Σ2 ⊂M2 be heteroclinic attrac-
tors for C2 flows φit :Mi →Mi, i = 1, 2. The likely limit set of B(Σ1 ×Σ2) for the product flow
φ1t × φ2t is the heteroclinic network

(Σ1 × E(Σ2)) ∪ (E(Σ1)× Σ2) ⊂M1 ×M2.
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Figure 1. Homoclinic attractors on surfaces. (a) One sided homoclinic attrac-
tor, (b) figure-of-eight homoclinic attractor, (c) heteroclinic attractor on the
Klein bottle, (d) heteroclinic attractor on projective space

.

In figure 1 we show a number of examples of homoclinic and heteroclinic attractors.
The attracting planar homoclinic loop Σ ⊂ D shown in figure 1(a) is the simplest example of

a planar homoclinic attractor. In this case the single equilibrium point p on the loop is a saddle
point with contraction dominating the expansion. This loop is a one-sided attractor — nothing
is said about the dynamics on the complement of the region D enclosed by the loop. If we take
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two such attracting planar homoclinic loops Σ1 ⊂ D1, Σ2 ⊂ D2, with corresponding equilibria
p1, p2, then it is a consequence of results in [4] that the only possibilities for the likely limit set
of B(Σ1×Σ2) ⊂ D1×D2 are either Σ1×Σ2 or the homoclinic network (Σ1×{p2})∪({p1}×Σ2).
It follows from theorem 1.1 that the second case is the only possibility.

The figure of eight homoclinic attractor Σ shown in figure 1(b) is attracting on both sides
provided that the single equilibrium point p on the loop is a saddle point with contraction
dominating the expansion. We consider the product of two loops of this type or the product
with a one-sided homoclinic attractor of the type shown in figure 1(a). For example, if we take
the product of figure of eight loops Σ1, Σ2, then theorem 1.1 implies that the likely limit set of
B(Σ1 ×Σ2) is always the homoclinic network (Σ1 ×{p2})∪ ({p1}×Σ2). In this case, there is a
richer structure present as if we look at the product of B(Σu

1) (see figure 1) with that part of the
basin of attraction of Σ2 exterior to the loop, then the likely limit set is (Σu

1×{p2})∪({p1}×Σ2).
In figure 1(c,d), we show two simple examples of heteroclinic attractors defined on the Klein

bottle (c) and 2-dimensional real projective space (d). In both figures we identify opposite edges
of the square so that α is identified with ᾱ, β with β̄. The vector field on the Klein bottle has
two saddle point equilibria p,q on the heteroclinic network Σ = Σa ∪ Σb, where in figure 1(c)
we have indicated the unique edge of the heteroclinic cycle Σb (respectively, Σa), which is not
common to Σa (respectively, Σb).

The vector field on projective space also has two saddle point equilibria p,q on the heteroclinic
network Σ = Σa ∪ Σb. In this case the complement of the network has three connected regions.

If we take the product of the heteroclinic attractor Σ1 on the Klein bottle with that the
heteroclinic attractor Σ2 on projective space, then it follows from theorem 1.1 that the likely
limit set of B(Σ1 × Σ2) is the heteroclinic network Σ = (Σ1 × {p2,q2}) ∪ ({p1,q1} × Σ2).

Remarks 1.2. (1) For general attracting heteroclinic networks, we expect the presence of essen-
tially asymptotically stable subnetworks (see Brannath [6] and Melbourne [19]). More precisely,
if Σ is an attracting heteroclinic network associated to a finite number of equilibria with only
real eigenvalues, then the connections associated to the strongest expanding eigenvalues deter-
mine a possibly smaller attractor. If the attractor is a heteroclinic cycle then it is essentially
asymptotically stable (in a neighbourhood of the network, almost all orbits converge to the
cycle). An explicit example of this phenomenon was given by Kirk and Silber [16]. Given an
asymptotically stable heteroclinic network Σ, define the principal out-connection of a saddle to
be the heteroclinic connection corresponding to the most positive expanding eigenvalue of the
linearization at the node. Ashwin and Chossat [5] conjectured the existence of an essentially
asymptotically stable subnetwork Σ⋆ ⊂ Σ containing the principal connections that forms part
of the attractor Σ. A general proof of essential asymptotic stability can be based on the Strong
Lambda Lemma of Deng [8] but this result lies beyond the scope of the present paper. By con-
trast, products of heteroclinic attractors generally lead to heteroclinic networks without proper
essentially asymptotically stable subnetworks. This is irrespective of the relative strength of
eigenvalues at the equilibria. In all of the examples described above, the likely limit sets contain
no proper essentially asymptotically stable heteroclinic cycles.
(2) For a product of planar heteroclinic cycles, the invariant subspaces forced by the product
structure are least codimension two. In the absence of proper essentially asymptotically stable
cycles, it is natural to ask whether switching (in the sense described by Aguiar et al. [2] and
Homburg et al. [13]) can occur. We briefly address the study of this phenomenon at the end of
section 3.

At the suggestion of a referee, we include some heuristic comments about the main result.
Suppose that the planar flows φ1t , φ

2
t have homoclinic attractors Σ1,Σ2 respectively. Consider

a segment γ1 of a trajectory of φ1t , with initial condition x /∈ Σ1, that starts at a ∈ A and
makes one circuit of the loop, arriving back at c (see figure 2). Choose times ta, tb, tc such that
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Figure 2. A product of homoclinic attractors

a = φ1ta(x), b = φ1tb(x), c = φ1tc(x), If we assume the flow is linear on A, then it is easy to show
that tb−ta = O(| log a|) and so tb−ta → ∞ as a→ 0. On the other hand tc−tb will be uniformly
bounded above. If we pick a random time t ∈ [ta, tc], then the probability p that φ1t (x) /∈ A is
(tc − tb)/(tc − ta) and so p → 0 as a → 0. Similar comments hold for circuits γ2 of the second
system. If we assume the events of lying outside A and B are independent, then it follows that
for almost all initial conditions (x, y), ω(x, y) contains no points of (Σ1 r A) × (Σ2 r B). The
required result on the likely limit set would then follow by letting the diameters of A and B
decrease to zero. However, since we are dealing with a deterministic system, we cannot assume
independence of events (though we can expect a ‘decay of correlations’). In practice, what
we have to do is show that for almost all initial conditions (x, y), we can find a future time
T = T (x, y) such that for t ≥ T , either φ1t (x) ∈ A or φ2t (y) ∈ B. This in turn implies that
for almost all initial conditions (x, y), ω(x, y) contains no points of (Σ1 r A) × (Σ2 r B). Our
basic argument depends on obtaining precise estimates on the times t for which we can have
φ1t (x) /∈ A and φ2t (y) /∈ B and then applying the Borel-Cantelli lemma (the part that does
not require independence of events!) The analysis is fairly straightforward if we assume linear
connection maps. However, the general case is tricky and does not follow directly from the
special case. This, in itself, is a caution about making linearity assumptions on connection maps
in heteroclinic networks: the nonlinearities are highly significant. To obtain our general results,
we require flows to be at least C2. Our methods fail completely if the flows are only C1 (or
C1+ε) even if we assume C1 linearizability at the equilibria. Indeed, it is quite possible that our
results do not hold if the flows are only C1.

We describe the contents of the paper by section. In section 2, we review basic definitions
and results on Milnor attractors and the likely limit set. We also establish some conventions
for our subsequent analysis of planar and surface attracting homoclinic and heteroclinic cycles.
In section 3, we establish notational conventions and outline the strategy of the proof of the
main result for the case of the product of two planar attracting homoclinic loops. The key
and new ingredient is the use of the Borel-Cantelli lemma. In section 4 we give the proof
for the product of two planar attracting homoclinic loops subject only to a restriction on the
connection maps — we assume they are linear. In section 5, we show how our methods easily
extend to general products of heteroclinic attractors, including figure eight homoclinic cycles
and attracting heteroclinic cycles. We continue to assume the linearity restriction on connection
maps. In section 6, we remove the linearity assumption on connection maps. The resulting
analysis is delicate, especially in the resonant case where we assume that both heteroclinic



PRODUCT OF PLANAR HETEROCLINIC ATTRACTORS 5

cycles have the same asymptotic attractivity (for a product of homoclinic loops, this amounts
to the ratio of the eigenvalues at the equilibria being equal). We present the details only in the
case of a product of attracting homoclinic loops but the extension of our methods and results
to the general case is clear. At first reading, we would advise (and expect) most readers to omit
the details in section 6. Overall these three sections illustrate how we use our argument based
on the Borel-Cantelli lemma in a technically simple situation (section 4); how we extend to more
general networks (section 5) and finally how we handle the arguments in the technically more
demanding case when we make no simplifying assumptions on connection maps (section 6).

In sections 7 and 8, we show the results of numerical simulations of product systems as well
as consider cases where we break homoclinic connections but preserve the product structure.
We conclude with a brief discussion of possible generalizations and extensions of our results.

2. Preliminaries

2.1. Milnor attractors and the likely limit set. Let M be a differential manifold, possibly
with boundary, and let ℓ denote a measure on M locally equivalent to the Lebesgue measure
on charts (for example, if M is an orientable Riemannian manifold, then ℓ can be the measure
defined by the Riemannian volume form). If Z is a measurable subset of M with ℓ(Z) 6= 0, we
let F(Z) denote the set of measurable subsets Z ′ of Z such that ℓ(Z r Z ′) = 0.

Suppose that Φt :M →M is a C1 flow (or semi-flow) on M . Given x ∈M , let

ω(x) = ∩T>0{Φt(x) | t ≥ T}
denote the ω-limit set of the trajectory through x.

If X is a compact invariant subset ofM , we let B(X) = {x ∈M | ω(x) ⊂ X} denote the basin
of attraction of X. We recall the definitions of a Milnor attractor and minimal Milnor attractor
(for more details we refer to Milnor [20]).

Definition 2.1 (Milnor [20]). A compact invariant subset X of M is a Milnor attractor if

(1) ℓ(B(X)) > 0;
(2) for any proper compact invariant subset Y of X, ℓ(B(X)r B(Y )) > 0.

We say X is a minimal (Milnor) attractor if for all proper compact invariant subsets Y of X,
ℓ(B(Y )) = 0.

Remark 2.2. A Milnor attractor X is minimal iff there is a full measure subset B of B(X) such
that ω(x) = X for all x ∈ B.

Definition 2.3 (cf. Milnor [20]). Let Z ⊂ M be measurable with ℓ(Z) > 0, and Z forward
Φt-invariant. The likely limit set L(Z) of Z is the smallest closed Φt-invariant subset of Z that
contains all ω-limit sets except for a subset of Z of zero measure. That is,

L(Z) = ∩Z′∈F(Z){ω(x) | x ∈ Z ′}.
Remarks 2.4. (1) If Z is relatively compact, then L(Z) is a non-empty, compact Φt-invariant
subset of M .
(2) The definition of the likely limit set applies to measurable subsets Z ⊂ M with ℓ(Z) > 0
that are not necessarily forward Φt-invariant: since the flow is assumed C1, it preserves measure
zero sets and from this it follows straightforwardly that L(Z) = L(∪t≥0Φt(Z)). (Of course, L(Z)
may be empty if ∪t≥0Φt(Z) is not relatively compact.)

We recall two results from [4] about likely limit sets.

Lemma 2.5 (Ashwin & Field [4, Lemma 2.3]). Let Z ⊂ M be measurable with ℓ(Z) > 0, and
Z forward Φt-invariant.

(1) x ∈ L(Z) iff for all ε > 0 and all Z ′ ∈ F(Z) there exists a ∈ Z ′ such that Bε(x)∩ω(a) 6= ∅
(Bε(x) denotes the ε ball about x);
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(2) L(Z) is a minimal Milnor attractor iff for all x ∈ L(Z) and all ε > 0 and all H ⊂ Z
with ℓ(H) > 0, we have

ℓ({a ∈ H | Bε(x) ∩ ω(a) 6= ∅}) > 0.

Theorem 2.6 (cf. Ashwin & Field [4, Theorem 1.1]). LetM1,M2 be compact manifolds, possibly
with boundary and Φt = (φ1t , φ

2
t ) be a product of C1 flows on M1 ×M2. Suppose that Xi ⊂ Mi

are forward φit-invariant measurable subsets of Mi of strictly positive measure, i = 1, 2. Then
L(X1 ×X2) is invariant under the R2 action defined by (φ1t , φ

2
s), t, s ∈ R2.

Proof. It is no loss of generality to assume that the Xi are φ
i
t-invariant subsets of Mi (replace

Xi by ∪t∈Rφit(Xi)). The proof given in [4] for the case Xi =Mi, i = 1, 2, extends trivially to the
case where the Xi ⊂ Mi are φ

i
t-invariant measurable subsets of Mi of strictly positive measure

– the crucial point is that the flows φit preserve sets of measure zero. �
2.2. Planar homoclinic attractors. Suppose that we are given a C2 semi-flow Φt defined on
some region D⋆ of R2 containing the origin. We assume that the origin is a hyperbolic saddle
with associated eigenvalues −µ < 0 < λ and eigen-directions the x- and y-axes of R2 respectively.
We also assume that there is a homoclinic cycle Σ ⊂ D⋆ connecting the origin (see figure 3).

D*
Σ

x−axis

y−axis

(0,0)

D

Figure 3. Attracting homoclinic loop in region D⋆ ⊂ R2. Inside the region
bounded by the homoclinic cycle Σ, trajectories approach the cycle. Outside this
region, trajectories eventually go away from the cycle.

If µ > λ, then it is well known that Σ is a (one-sided) attracting homoclinic cycle. More
precisely, if we let D ⊂ D⋆ be the compact region in R2 with boundary Σ, then there exists an
open neighbourhood N of Σ in D such that for all x ∈ N r Σ, ω(x) = Σ. We may choose N so
that N is forward Φt-invariant with smooth interior boundary ∂N and such that the trajectories
of Φt intersect ∂N transversally (see figure 4 and note that if x /∈ D, then ω(x) 6⊂ Σ).

Given the setup shown in figure 4, N is a subset of the basin of attraction B(Σ) of Σ and, of
course, L(N) = L(B(Σ)) = Σ. In future, we always assume that a homoclinic cycle Σ of this
type is the boundary of a compact region D ⊂ R2 and comes with a choice of neighbourhood N
satisfying the properties described above. We denote by the quadruple (Σ,Φt, D,N).
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Σ
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A

N

Figure 4. Interior neighbourhood N of Σ. Note that N is constructed in such
a way that it is forward flow invariant and trajectories of Φt intersect ∂N trans-
versely.

Remark 2.7. Noting remarks 2.4(2), if A is an open interior neighbourhood of (0, 0) (see figure 4),
then L(A) = Σ.

We may carry out a similar process for an attracting ‘figure of eight’ homoclinic cycle in
the plane or, more generally an attracting planar heteroclinic cycle such as the Guckenheimer-
Holmes cycle [11], [10, §5.2] or the heteroclinic cycles on the Klein bottle and projective space
shown in figure 1.

3. Products of planar attracting homoclinic loops

For the next two sections we assume that (Σi, φ
i
t, Di, Ni), i = 1, 2, are planar attracting

homoclinic loops (‘homoclinic attractors’). Recall that we assume ∂Di = Σi, φ
t
i is a C

2 flow on
Di, and Ni ⊂ B(Σi) is a forward φti-invariant open interior neighbourhood of Σi. We assume
that both homoclinic attractors have a saddle point at (0, 0), and corresponding eigenvalues
−µi < 0 < λi, where ρi = µi/λi > 1, i = 1, 2 (in the terminology of L Shilnikov, the ρi are the
saddle indices of the homoclinic loops [22, Chapter 13]). Set Σ = (Σ1×{(0, 0)})∪({0, 0}×Σ2) ⊂
D1 ×D2 ⊂ R4 and let 0 = (0, 0, 0, 0) ∈ Σ denote the unique equilibrium for the product flow in
N1 ×N2. Let Φt = (φ1t , φ

2
t ) denote the product flow on D1 ×D2.

Using theorem 2.6, it was shown in Ashwin & Field [4, Theorem 6.1] that either L(N1×N2) =
Σ or L(N1×N2) = Σ1×Σ2. Our aim is to prove that we always have L(N1×N2) = Σ. For the
remainder of this section, we outline the strategy that we use for the proof as well as establish
notational conventions.

Since (0, 0) is a hyperbolic saddle point of a C2 planar flow, it follows by a result of Hart-
man [12] that we can always choose a C1-linearization of φit on some closed neighbourhood Ai of
(0, 0), i = 1, 2 (the C2 regularity of the flow will play a key role in section 6). Linearly rescaling
coordinates, we may assume that Ai = [0, 1] × [0, 1] ⊂ N . Let A◦

i = [0, 1) × [0, 1) denote the
interior of Ai in Di. We may choose the Ai so that the forward φit-trajectory through (1, 1)
meets {1} × [0, 1] ⊂ ∂Ai after one circuit of the loop (see figure 5).
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Σ

x−axis

y−axis

A

N

(0,1)

(1,0)

Figure 5. Linearizing coordinates at the origin.

Given i ∈ {1, 2}, let Ui = {1}×[0, 1], Vi = [0, 1]×{1} ⊂ ∂Ai denote the vertical and horizontal
interior boundaries of Ai (see figure 6).

We adopt the convention that if y ∈ [0, 1] ≈ Ui, then φit(y) is defined to be φit(1, y). We
similarly identify a point (x, 1) ∈ Vi with x ∈ [0, 1].

We have a C1 time of first return map Ti : Vi → R and associated C1 connection map
Ci : Vi → Ui defined by Ci(x) = φiTi(x)

(x), x ∈ Vi.

Let τ+i = supx∈Vi
Ti(x), τ

−
i = infx∈Vi Ti(x). Obviously, τ+i ≥ τ−i > 0. Since the time it takes

for a trajectory starting at y ∈ Ui to exit Ai though Vi grows without bound as y → 0+, it is
easy to verify that every trajectory in N1 × N2 passes through A1 × A2. From this it follows
that L(A1 ×A2) = L(N1 ×N2).

x1

y = y
0

Σ2

Σ2

V1

U2U1

V2

(1)

Σ

Σ1

1

(0,0)

a

b

(0,0)

(2)

d

c

Figure 6. Notation and setup for the sets A1, A2: all trajectories with initial
conditions on Ui r {(1, 1)} (respectively Vi r {(1, 1)}), are inside Ai for small
strictly positive (respectively, negative) time.
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Given b ∈ U1, b > 0, let a < b denote the first point of intersection of the forward φ1t -trajectory
through b with U1. Similarly, given d ∈ U2, d > 0, define c < d to be the first point of intersection
of the forward φ2t -trajectory through d with U2. (See figure 6.)

Given y ∈ [a, b], let 0 < sy1(1) < sy1(2) < · · · denote the sequence of positive times t at which
φ1t (y) ∈ V1 and 0 = ty1(0) < ty1(1) < ty1(2) < · · · denote the sequence of positive times t at which
φ1t (y) ∈ U1. Observe that ty1(n)− sy1(n) ∈ [τ−1 , τ

+
1 ].

Let (x1n) ⊂ V1 be the decreasing sequence of points of intersection of the forward trajectory
through y ∈ [a, b] with V1 and (y1n) be the corresponding sequence of points of intersection with
U1. We have

y1n = φ1T1(x1
n)
(x1n),

x1n = φ1sy1(n)
(y) = φ1sy1(n)−sy1(1)

(x11),

y1n = φ1ty1(n)
(y) = φ1sy1(n)+T1(x1

n)
(y),

sy1(n+ 1)− ty1(n) = λ−1
1 log(y1n)

−1,

x1n+1 = (y1n)
µ1/λ1 = (y1n)

ρ1 ,

where the last two statements use the linearity of the flow φ1t on A1 and hold for n ≥ 0. Similar
statements hold for φ2t .

Definition 3.1. Given n ∈ N, y ∈ [a, b], we say t > 0 is n-singular for A1 if t ∈ [sy1(n), t
y
1(n)]. If

t ≥ sy1(n), we say the trajectory φ1t (y) has made at least n-turns about the homoclinic cycle Σ1.

Remarks 3.2. (1) If t is n-singular for A1, then φ
1
t (y) /∈ A◦

1.
(2) The definition of making at least n-terms about Σ1 implicitly depends on A1.

Let C ⊂ Σ1×Σ2 consist of all pairs (p, q) ∈ Σ1×Σ2 such that p, q /∈ [0, 1)×{0}∪ {0}× [0, 1).
If we let κi ⊂ Σi be the closed arcs defined by κi = Σi rA◦

i , then C = κ1 × κ2.

Definition 3.3. Given A1, A2 as defined above, a point (X,Y ) ∈ A1 × A2 is a bad point if
ω(X,Y ) ∩ C◦ 6= ∅ (C◦ denotes the interior of C in Σ1 × Σ2).

Remark 3.4. We shall show that the set of bad points in A1 × A2 has measure zero. It then
follows immediately from theorem 2.6 that L(A1 ×A2) = Σ.

Let E = [a, b]× [c, d] ⊂ U1 × U2. For n ∈ N, define En ⊂ E by

En = {(y, z) ∈ E | ∃t ∈ [sy1(n), t
y
1(n)] such that φ2t (z) /∈ A◦

2}.
We refer to points of En as the n-bad points of E. Observe that (y, z) ∈ En if and only if
there exists t > 0, m ∈ N such that t is n-singular for A1 and m-singular for A2. In particular,
φ2t (z) /∈ A◦

2. If, for m ∈ N, we define

En,m = {(y, z) ∈ E | [sy1(n), ty1(n)] ∩ [sz2(m), tz2(m)] 6= ∅},
then En = ∪m≥1En,m.

Lemma 3.5. If (y, z) ∈ E, then a point (p, q) ∈ C◦ ∩ ω(y, z) only if there exists an infinite
increasing sequence n1 < n2 < · · · ... such that (y, z) ∈ ∩j≥1Enj . Conversely, if there exists an
infinite increasing sequence n1 < n2 < · · · ... such that (y, z) ∈ ∩j≥1Enj , then (p, q) ∈ C∩ω(y, z).
Proof. If there exists N ∈ N such that (y, z) /∈ En, n ≥ N , then all the limit points of the Φt-
trajectory through (y, z) must lie in (A1×Σ2)∪ (Σ1×A2) which is disjoint from C◦. Conversely,
suppose (y, z) ∈ ∩j≥1Enj . Using the compactness of Σ1 × Σ2, we can pick a subsequence (mj)

of (nj) and sequence tm1 < tm2 < · · · with tmj ∈ [sy1(mj), t
y
1(mj)] and φ

2
tmj

(z) /∈ A◦
2, such that

(Φtmj
(y, z)) converges to a point in C. �
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Applying the Borel-Cantelli lemma. Let E∞ denote the subset of E consisting of points (y, z)
such that there exists an infinite increasing sequence (nj) such that (y, z) ∈ ∩j≥1Enj . We have
E∞ = ∩N≥1 ∪n≥N En. It follows from lemma 3.5 that the bad points of E are a subset of E∞.
Take Lebesgue measure ℓ2 on E. Our main work will be to show

∑∞
n=1 ℓ2(En) < ∞. It then

follows from the Borel-Cantelli lemma that ℓ2(E∞) = 0 and so there is a full measure subset E′

of E such that ω(y, z) ∩ C◦ = ∅ for all (y, z) ∈ E′.
The proof we give for the convergence of

∑∞
n=1 ℓ2(En) applies to all products E = [a, b] ×

[c, d] ⊂ (0, 1]× (0, 1] ⊂ U1 × U2, where a, c are the points of first return. Since (0, 1]× (0, 1] can
written as a countable union of such products, it follows by the σ-additivity of ℓ2 that the set
of bad points in U1 × U2 has zero measure.

Furthermore, we are able to show that our arguments do not depend on the particular choice
of linearizing neighbourhood A1 × A2: we can replace E = ({1} × [a, b]) × ({1} × [c, d]) by
any product of vertical intervals from A1 × A2. That is, suppose x, x′, b, d ∈ (0, 1], and define
corresponding intervals Ix = {x} × [a, b] ⊂ A1, Ix′ = {x′} × [c, d] ⊂ A2 such that a is the first
point of intersection of the forward φ1t -orbit through (x, b) with {x} × [0, 1], and similarly for c.
Set E = Ix×Ix′ . Now linearly rescale the horizontal coordinates to obtain a new box linearizing
neighbourhood A⋆

1 × A⋆
2 ⊂ A1 × A2 such that in the new coordinates A⋆

1, A
⋆
2 = [0, 1] × [0, 1]

and Ix = [a, b] ⊂ {1} × (0, 1], Ix′ = [c, d] ⊂ {1} × (0, 1] (note that the vertical coordinates are
unchanged). By the original argument, it follows there is a full measure subset E′ of E such that
ω(y, z)∩C◦ = ∅ for all (y, z) ∈ E′ (C is expanded when we use the smaller box A⋆

1×A⋆
2 so we can

safely take the original C for this argument). Using the argument of the previous paragraph, we
deduce that the bad points are a measure zero subset of ({x}× (0, 1])× ({x′}× [0, 1]) ⊂ A1×A2

for all x, x′ ∈ (0, 1]. Since the set of bad points in A1 × A2 is easily seen to be measurable, it
follows by Fubini’s theorem that the set of bad points form a measure zero subset of A1 × A2.
Therefore there is a full-measure subset A′ of A1×A2 for which ω(y, z)∩C◦ = ∅ for all (y, z) ∈ A′

proving that L(A1 ×A2) 6= Σ1 × Σ2. Hence, L(N1 ×N2) = Σ.

Remark 3.6. The final step uses the R2-invariance of the likely limit set (theorem 2.6). However,
we could have avoided this by observing that our arguments show the existence of a full-measure
subset A′ of A1 × A2 for which ω(y, z) ∩ C◦ = ∅ for all (y, z) ∈ A′. Since this holds for a base
of box neighbourhoods A1 × A2 of 0, we deduce that L(N1 ×N2) ⊂ Σ. Of course, for product
dynamics we can infer equality. However, in other situations where the product structure is
broken but the attracting homoclinic loops persist, the inclusion L(N1 ×N2) ⊂ Σ may be strict
(this is of particular interest for products of planar ‘figure of eight’ attracting homoclinic loops.)

4. Products of homoclinic loops: proof of a special case

In this section, we present the proof for products of planar attracting homoclinic loops under
a simplifying assumption on the connection maps Ci : Vi → Ui. We assume that for both flows
φit, there exist strictly positive constants τ1, τ2,m1,m2 such that

(4.1) Ti(x) = τi, Ci(x) = mix, x ∈ Ui.

We give the proof for general connection maps in section 6.

Remarks 4.1. (1) Since we are assuming Ai = [0, 1]× [0, 1] ⊂ Ni, we always have mi < 1, i = 1, 2
(else Ni would contain a limit cycle).
(2)

Observe that (4.1) continues to hold, though generally with different constants τ1, τ2,m1,m2,
if we replace A1, A2 by smaller rectangular neighbourhoods A⋆

1, A
⋆
2 (relative to the same choice

of linearizing coordinates). Referring to figure 7, suppose we linearly rescale coordinates on A⋆

so that, in the rescaled coordinates, A⋆ = [0, 1]× [0, 1] (we omit the subscript i). We may choose
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Figure 7. Rescaling coordinates and the connection map.

unique T, S ≥ 0 such that α = e−µS , β = e−λT . In coordinates (x⋆, y⋆) on A⋆ = [0, 1] × [0, 1],
the connection map C⋆ : V ⋆ → U⋆ is given by

(4.2) C⋆(x⋆) = e(T+S)λC(e−µ(T+S)x⋆)

In particular, if C(x) = mx, then in rescaled coordinates, we have

C⋆(x⋆) = e(T+S)(λ−µ)mx⋆.

Since λ− µ < 0, e(T+S)(λ−µ)m < m, if T + S > 0.

As in the previous section, we choose E = [a, b]× [c, d] ⊂ U1 × U2.

Lemma 4.2. Let (y, z) ∈ E, n ∈ N. We have

(1) ty1(n) = sy1(n) + τ1 and tz2(n) = sz2(n) + τ2.

(2) ty1(n) = nτ1 − 1
λ1
(αn log y + πn logm1), where αn =

ρn1−1
ρ1−1 , and πn =

ρn1−nρ1+(n−1)
(ρ1−1)2

.

(3) tz2(n) = nτ2 − 1
λ2
(βn log z + θn logm2), where βn =

ρn2−1
ρ2−1 , and θn =

ρn2−nρ2+(n−1)
(ρ2−1)2

.

Proof. (1) Immediate from (4.1) and the definitions of ty1(n), s
y
1(n).

(2,3) We prove (2), the proof of (3) is identical. Let y0 = y, y1, · · · and x1, x2, · · · denote the
successive points of intersection of the forward trajectory through y with U1 and V1 respectively.
We have sy1(n) − ty1(n) = − 1

λ1
log yn, xn = yρ1n , and yn+1 = m1xn = m1y

ρ1
n . Substituting and

summing the finite sums gives the result. �
We will need the estimate on the ratios πn/αn, θn/βn given by the next lemma.

Lemma 4.3. (Notation as above.) For all n ∈ N we have

0 ≤ πn
αn

≤ 1

ρ1 − 1
, 0 ≤ θn

βn
≤ 1

ρ2 − 1
.

Proof. Computing we find that

πn
αn

=
ρn1 − nρ1 + (n− 1)

(ρ1 − 1)(ρn1 − 1)
=

1

ρ1 − 1

(
1− n

∑n−1
j=1 ρ

j
1

)
.

Since ρj1 ≥ 1, j ≥ 0, the result follows. �
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Definition 4.4. Given n,m ∈ N and y ∈ [a, b], we define the closed subinterval [Z1
m(y, n), Z2

m(y, n)]
of [c, d] by

[Z1
m(y, n), Z2

m(y, n)] = {z ∈ [c, d] | (y, z) ∈ En,m}.
We refer to [Z1

m(y, n), Z2
m(y, n)] as a bad subinterval.

Lemma 4.5. If n,m ∈ N, y ∈ [a, b] and [Z1
m(y, n), Z2

m(y, n)] 6= ∅, then Z1
m(y, n) is given as the

maximum of c and the unique solution of sz2(m) = sy1(n) + τ1 and Z2
m(y, n) as the minimum of

d and the unique solution of sz2(m) = sy1(n)− τ2.

Proof. The result follows by noting that sz2(m) is a decreasing function of z ∈ [c, d] and that
the endpoints of the bad interval are given as the intersection of [c, d] with the interval with
endpoints determined by the equations sz2(m) = sy1(n)− τ2, s

y
1(n) + τ1. �

Proposition 4.6. Every bad subinterval [Z1
m(y, n), Z2

m(y, n)] of [c, d] is contained in the interval

[Z
1
m(y, n), Z

2
m(y, n)] where,

Z
2
m(y, n) = e

λ2
βm

(mτ2−(n−1)τ1)y
λ2αn
λ1βmm

λ2πn
λ1θm

1 m
− θm

βm
2

Z
1
m(y, n) = e

λ2
βm

((m−1)τ2−nτ1)y
λ2αn
λ1βmm

λ2πn
λ1θm

1 m
− θm

βm
2 < Z

2
m(y, n)

Proof. By lemma 4.5, [Z1
m(y, n), Z2

m(y, n)] is contained in an interval with end points given by
the solution of sz2(m) = sy1(n)+τ1, s

y
1(n)−τ2. Solving for z, using lemma 4.2, gives the result. �

Remark 4.7. We have Z
1
m(y, n) = e

−λ2
βm

(τ1+τ2)Z
2
m(y, n).

Let y ∈ [a, b], n ∈ N and t ∈ [sy1(n), s
y
1(n) + 1]. The number of turns of φ2t (z) is an increasing

function of z ∈ [c, d]. In particular, the maximum number of turns is made when z = d. If we
let ME(n, y) denote the number of turns taken by d around Σ2 in time sy1(n) + 1, we have

(4.3) ME(n, y) = min{m | sd2(m+ 1) > sy1(n) + 1},
Define ME(n) = supy∈[a,b]M(n, y).

Lemma 4.8. (Notation and assumptions as above.) If n ∈ N, we have

(1) ME(n) <∞.
(2) If t > 0 is n-singular for A1, then the number of turns of φ2t (z) about Σ2 is at most

ME(n).

4.1. The ℓ2 measure of E∞. We start by estimating ℓ2(En).

Lemma 4.9. There exists C > 0 such that for all n ∈ N,

ℓ2(En) ≤ C
∞∑

m=1

1

λ1βm + λ2αn
e

λ2
βm

(τ2m−τ1(n−1))
.

Proof. Let n ∈ N. We have

ℓ2(En) ≤
∫ b

a

ME(n)∑

m=1

(Z
2
m(y, n)− Z

1
m(y, n)) dy

=

∫ b

a

ME(n)∑

m=1

e
λ2
βm

(τ2m−τ1(n−1))
(1− e

−λ2
βm

(τ1+τ2))y
λ2αn
λ1βmm

λ2πn
λ1θm

1 m
− θm

βm
2 dy,

=

ME(n)∑

m=1

e
λ2
βm

(τ2m−τ1(n−1))
(1− e

−λ2
βm

(τ1+τ2))m
λ2πn
λ1θm

1 m
− θm

βm
2

(∫ b

a
y

λ2αn
λ1βm dy

)
.
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By lemma 4.3, there exists C1 = C1(m2) > 0 such that m
− θm

βm
2 ≤ C1, for all m ∈ N. Since

m1 < 1, we have m
λ2πn
λ1θm

1 ≤ 1, for all m,n ∈ N. We also have
∫ b

a
y

λ2αn
λ1βm dy ≤

∫ 1

0
y

λ2αn
λ1βm dy =

λ1βm
λ1βm + λ2αn

.

Hence

ℓ2(En) ≤ C1

ME(n)∑

m=1

λ1βm
λ1βm + λ2αn

e
λ2
βm

(τ2m−τ1(n−1))
(1− e

−λ2
βm

(τ1+τ2))

≤ C1

ME(n)∑

m=1

λ1λ2(τ1 + τ2)

λ1βm + λ2αn
e

λ2
βm

(τ2m−τ1(n−1))
,

where we have used (1− e
−λ2
βm

(τ1+τ2)) ≤ (τ1 + τ2)
λ2
βm

. Hence we have the estimate

ℓ2(En) ≤ C
∞∑

m=1

1

λ1βm + λ2αn
e

λ2
βm

(τ2m−τ1(n−1))
.

where C = λ1λ2C1(τ1 + τ2). �
Lemma 4.10. ℓ2(E∞) = 0.

Proof. We start by proving that
∑∞

n=1 ℓ2(En) < ∞. By lemma 4.9, it suffices to prove that
∑∞

n,m=1
1

λ1βm+λ2αn
e

λ2
βm

(τ2m−τ1(n−1))
converges. By the arithmetic-geometric mean inequality we

have the estimate
1

λ1βm + λ2αn
≤ 1/(2

√
λ1λ2

√
βmαn), m, n ≥ 1.

It follows easily from the definition of αn, βm that there exists C > 0 such that

(4.4)
1

λ1βm + λ2αn
≤ Cρ

−n/2
1 ρ

−m/2
2 ,m, n ≥ 1.

Observe that if τ2m−τ1(n−1) ≤ 0, then e
λ2
βm

(τ2m−τ1(n−1)) ≤ 1. On the other hand if τ2m−τ1(n−
1) > 0, then (τ2m− τ1(n− 1))/βm ≤ τ2, since βm ≥ m, and so e

λ2
βm

(τ2m−τ1(n−1)) ≤ eτ2λ2 . Hence

we have a uniform bound on e
λ2
βm

(τ2m−τ1(n−1)) and the convergence of the double sum follows
from (4.4). Since

∑∞
n=1 ℓ2(En) <∞, it follows by the Borel-Cantelli lemma [15, Theorem 13.1],

that ℓ2(E∞) = 0. �
Theorem 4.11. The likely limit set of the product of two planar homoclinic attractors (Σ1, φ

1
t )

and (Σ2, φ
2
t ) is Σ.

Proof. Our argument for the vanishing of ℓ2(E∞) did not depend on our choices of b, d ∈ [0, 1].
We now follow the arguments given at the end of section 3: by σ-additivity of ℓ2, the set of bad
points in ({1} × [0, 1])× ({1} × [0, 1]) has measure zero. Using the rescaling argument given in
section 3, we deduce that the set of bad points in ({x} × [0, 1]) × ({x′} × [0, 1]) has measure
zero for all x, x′ ∈ (0, 1]. It follows by Fubini’s theorem that the set of bad points in A1 × A2

has measure zero. Hence L(A1 × A2) = L(N1 × N2) 6= Σ1 × Σ2. and the result follows by
theorem 2.6. �
Remark 4.12. Neither of the cycles in the network Σ ⊂ R4 is essentially asymptotically stable:
for all points (not lying on the stable manifolds), the associated trajectory makes infinitely many
traversals arbitrarily close to both homoclinic cycles, even when ρ1 = ρ2.
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4.2. Switching. In the remainder of the section, we briefly indicate why we cannot expect
switching in the network Σ.

Following the notation of Homburg et al. [13], let γ1 = Σ1 × {(0, 0)} and γ2 = {(0, 0)} × Σ2

denote the homoclinic orbits which define the heteroclinic network Σ. Let UΣ be a tubular
neighbourhood of Σ and U0 ⊂ UΣ be a small neighbourhood of 0. Let S1 and S2 be two mutually
disjoint cross sections transverse to γ1 and γ2 respectively. We suppose S1, S2 ⊂ UΣ r U0.

Let κ = (ki) ∈ {1, 2}N be a symbolic sequence. We say that the trajectory with initial
condition x is a forward realization of κ if the forward trajectory of x is contained in UΣ and
there exists an increasing sequence of times (ti)i∈Z+ , with t0 = 0, such that:

• φ1ti × φ2ti(x) ∈ Ski , i ∈ N;
• φ1ti × φ2ti(x) /∈ S1 ∪ S2, all t ∈ (ti, ti+1), i ∈ N;
• for t ∈ (ti, ti+1), the trajectory visits U0 exactly once, i ∈ N.

In other words, a realization of κ is a trajectory that, after an initial transient, follows the
homoclinic connections γki in the order prescribed by κ. Our next definition is based on that of
Aguiar et al. [2] adapted to our context.

Definition 4.13. The product of two homoclinic cycles is switching if for each symbolic sequence
κ ∈ {1, 2}N, there exists a forward realization of κ in UΣ.

Remarks 4.14. (1) The product of two homoclinic cycles is finite switching if the previous set-up
holds for finite sequences κ (instead of infinite sequences).
(2) In the obvious way, switching can be defined for the product of two heteroclinic attractors.

Proposition 4.15. The network in Σ ⊂ R4 is not switching or finite switching.

Proof. It suffices to prove that Σ is not finite switching. Without loss of generality, suppose that
U0 ⊂ A1×A2 and K ⊂ U0 is compact and disjoint from Σ. Given x = (y, z) ∈ U0, suppose that
t > 0 is n-singular for A1 (that is, the φ1t trajectory through y). The number of turns of φ2t (z)
about Σ2 is at most MK(n) < ∞, where we may choose MK(n) independent of x ∈ K, as in
lemma 4.8. All we have to do now is choose a finite sequence where the proportion of 2’s grows
at a rate faster than M(n)/n. For example, if we assume ρ1 ≤ ρ2, then it is easy to show that
there exists N ∈ N, such that MK(n) < 2n, for n ≥ N . It follows that if we define the finite
block κ by concatenating (1222) sufficiently many times, then κ has no realization. �.

5. Products of heteroclinic attractors

In this section, we study the product of two heteroclinic attractors, both contained in a
compact surface. These attractors may be homoclinic cycles, figure eight homoclinic cycles,
heteroclinic cycles or heteroclinic networks. We only provide provide detailed computations
for the cases where one heteroclinic attractor is a homoclinic loop and the other is either a
heteroclinic cycle with two equilibria or a figure eight homoclinic cycle. The general case is
proved along very similar lines (though with more notation).

As we did in the previous section, we assume a simplifying condition on the connection maps
(which we remove in section 6).

Let M1,M2 denote compact surfaces (possibly with boundary). Suppose that Σ1 ⊂ M1,
Σ2 ⊂ M2 are heteroclinic attractors. Denote the set of equilibria of Σi by Ei, i = 1, 2. Set
Σ = (Σ1 × E2) ∪ (E1 × Σ2).

Theorem 5.1. (Notation and assumptions as above.) The likely limit set of B(Σ1 × Σ2) is the
heteroclinic network Σ.

In order to prove this result it suffices to take the product of any pair of heteroclinic cycles
Σ⋆
1 ⊂ Σ1, Σ

⋆
2 ⊂ Σ2 and show that the likely limit set of B(Σ⋆

1 × Σ⋆
2) is the heteroclinic network
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Σ⋆ = (Σ⋆
1 × E⋆

2 ) ∪ (E⋆
1 × Σ⋆

2), where E⋆
i ⊂ Σi is the set of saddle points on Σi, i = 1, 2. Note

that we allow for the basin of attraction to be an interior or exterior neighbourhood of the cycle
and as well as the cycle being a single homoclinic loop or a figure eight homoclinic cycle. We
remark that if Σ⋆ is a subset of the connected surface M , then M r Σ⋆ has either two or three
connected components. (The complement of the figure eight homoclinic cycle, figure 1(b), has
three connected components as do the sub-cycles of the network shown in figure 1(d). If we
allow the underlying manifold to have as its boundary the cycle — allowing corners — then the
complement can have one component.)

As indicated above, we only give detailed arguments for the case when Σ⋆
1 is a planar homo-

clinic loop and Σ⋆
2 is either a planar heteroclinic cycle with two equilibria or a planar figure eight

homoclinic cycle. Our analysis covers all of the issues that arise in the general case.

5.1. Product of a homoclinic loop and heteroclinic cycle. Let (Σ1, φ
1
t , D1, N1) be a planar

attracting homoclinic loop and follow all the notational conventions used in the previous two
sections. In particular, N1 will be an interior neighbourhood of Σ1 and Σ1 will have a hyperbolic
saddle point {(0, 0)} ∈ R2. We assume that (Σ2, φ

2
t , D2, N2) is a planar attracting heteroclinic

cycle with hyperbolic equilibria p1,p2 – see figure 8. As we have drawn this, N2 will be an
interior neighbourhood of Σ2. Denote the connections between p1 and p2 by Σ21,Σ22 so that
Σ2 = Σ21 ∪ Σ22.

V21

V 22

U21

U 22

Σ22

Σ21

A2
1 A2

2N2

p p
1 2

Figure 8. Notational conventions for heteroclinic attractor Σ2

Suppose the hyperbolic saddle at pj has eigenvalues −µj2 < 0 < λj2, and set η1 = µ12/λ
1
2,

η2 = µ22/λ
2
2. We assume ρ2 = η1η2 > 1 so that Σ2 is attracting. Since p1,p2 are hyperbolic

saddle points for a C2 planar flow, we may C1-linearize the flow φ2t on box neighbourhoods A1
2

of p1 and A2
2 of p2. Set A2 = A1

2 ∪ A2
2. We assume coordinates on A1

2, A
2
2 are chosen so that

equilibria correspond to the origin (0, 0) ∈ R2 and the stable manifold at (0, 0) is tangent to the

x-axis, the unstable manifold to the y-axis and Aj
2 = [−1, 1]× [−1, 1], j = 1, 2. Define

U21 = {−1} × [0, 1] , V21 = [0, 1]× {−1},
U22 = {1} × [−1, 0] , V22 = [−1, 0]× {1}.

(See figure 8 and note that (V21 × U22) ∪ (V22 × U21) ⊂ N2.) We have C1 time of first return
maps T21 : V21 → R, T22 : V22 → R and associated C1 connection maps C21 : V21 → U21,
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C22 : V22 → U22. For this section we assume there are strictly positive constants τ21, τ22,m21,m22

such that

(5.5) T21(x) = τ21, T22(x) = τ22, C21(x) = m21x, C22(x) = m22x.

After linearly rescaling one coordinate direction if necessary, we may always assume thatm21,m22 <
1. In particular, the connection maps C21, C22 are defined on all of V21, V22.

Remark 5.2. If we are given a finite set of planar linear flows φjt , each with a hyperbolic saddle
point at the origin, box neighbourhoods Aj ≈ [−1, 1]×[−1, 1], C1 connection maps Cj : Vj → Uj ,
and C1 time of first return maps Tj : Vj → R, j = 1, · · · , r, where each product Vj×Uj determines
a quadrant of Aj , then this data determines a heteroclinic cycle Σ between r equilibria. In
general, Σ will be defined on a surface, possibly non-orientable. We have chosen the particular
configuration shown in figure 8 because it extends naturally to the exterior of a figure eight
attracting homoclinic cycle.

Given d ∈ U22 ≈ [−1, 0], let c > d denote the first point of intersection of the forward φ2t -
trajectory through d with U22. Necessarily [d, c] ⊂ U22. Given z ∈ [d, c], we define strictly

monotone increasing sequences (tz,22 (n))n≥0, (s
z,1
2 (n))n≥1, (t

z,1
2 (n))n≥1, (s

z,2
2 (n))n≥1 by

(1) tz,22 (0) = 0 and for n > 0, tz,j2 (n) is the time to the nth intersection of the forward φ2t
trajectory through z with U2j , j = 1, 2.

(2) sz,j2 (n) is the time to the nth intersection of the forward φ2t trajectory through z with
V2j , j = 1, 2.

We have
0 = tz,22 (0) < sz,12 (1) < tz,12 (1) < sz,22 (1) < tz,22 (1) < sz,12 (2) < · · ·

Set z = z2(0) and for n ≥ 1, let z2(n) denote the successive points of intersection of the
forward trajectory through z with U22 (z2(n) = φ

tz,22 (n)
(z)). We similarly let z1(n) denote the

nth point of intersection of the forward trajectory through z with U21 (z1(n) = φ
tz,12 (n)

(z)). A

straightforward computation shows that

z1(n) = m
(1+···+ρn−1

2 )
21 m

η1(1+···+ρn−2
2 )

22 zη1ρ
n−1
2 ,

z2(n) = m
η2(1+···+ρn−1

2 )
21 m

(1+···+ρn−1
2 )

22 zρ
n
2 .

As we did in the previous section, it is now straightforward to compute the sequences (sz,j2 (n)),

(tz,j2 (n)), j = 1, 2.

Lemma 5.3. For n ≥ 1 we have

tz,12 (n) = sz,12 (n) + τ21.

tz,22 (n) = sz,22 (n) + τ22.

tz,12 (n) = nτ21 + (n− 1)τ22 −
1

λ12
(
n−1∑

j=0

log z2(j))− 1

λ22
(
n−1∑

j=1

log z1(j)).

tz,22 (n) = n(τ21 + τ22)−
1

λ12
(
n−1∑

j=0

log z2(j))− 1

λ22
(

n∑

j=1

log z1(j)).

For ρ > 1, n ≥ 0, define

πn(ρ) =
ρn − nρ+ n− 1

(ρ− 1)2
,

αn(ρ) =
ρn − 1

ρ− 1
.



PRODUCT OF PLANAR HETEROCLINIC ATTRACTORS 17

We have the following expressions for the summations in lemma 5.3.

n−1∑

j=0

log z2(j) = η2πn(ρ2) logm21 + πn(ρ2) logm22 + αn(ρ2) log z

n−1∑

j=1

log z1(j) = πn(ρ2) logm21 + η1πn−1(ρ2) logm22 + η1αn−1(ρ2) log z

Definition 5.4. We say t > 0 is m-singular for Σ2 if

t ∈ [sz,12 (m), tz,12 (m)] ∪ [sz,22 (m), tz,22 (m)].

Note that if t is m-singular for Σ2, then φ
2
t (z) /∈ A◦

2.
Set E = [a, b]× [d, c] ⊂ U1 × U22 (the interval [a, b] is as defined in the previous section). For

n,m ∈ N, j = 1, 2, define

Ej
m,n = {(y, z) ∈ E | ∃t ∈ [sy1(n), t

y
1(n)] ∩ [sz,j2 (n), tz,j2 (n)},

Ej
n = ∪∞

m=1E
j
m,n,

En = E1
n ∪ E2

n.

A point (y, z) ∈ En if there exists t > 0 such that t is n-singular for Σ1 and there exists m ∈ N
such that t is m-singular for Σ2. We refer to the points of En as the n-bad points of E.

Fix y ∈ [a, b]. Form,n ∈ N, j = 1, 2, define (possibly empty) closed subintervals [Z1
j,m(y, n), Z2

j,m(y, n)]

of [d, c] by
[Z1

j,m(y, n), Z2
j,m(y, n)] = {z ∈ [d, c] | (y, z) ∈ Ej

m,n}.
We refer to [Z1

j,m(y, n), Z2
j,m(y, n)] as a bad subinterval.

Proposition 5.5. Let y ∈ [a, b]. Given m,n ∈ N and j = 1, 2, we have [Z1
j,m(y, n), Z2

j,m(y, n)] ⊂
[Z

1
j,m(y, n), Z

2
j,m(y, n)], where

Z
2
1,m(y, n) = e

1
um

(−(n−1)τ1+(m−1)(τ21+τ22)+τ21)y
αn

umλ1m
πn

umλ1
1 m

− am
um

21 m
− bm

um
22 ,

Z
2
2,m(y, n) = e

1
vm

(−(n−1)τ1+m(τ21+τ22))y
αn

vmλ1m
πn

vmλ1
1 m

− cm
vm

21 m
− dm

vm
22 ,

Z
1
1,m(y, n) = e−

1
um

(τ1+τ21)Z
2
1,m(y, n),

Z
1
2,m(y, n) = e−

1
vm

(τ1+τ22)Z
2
2,m(y, n),

and
um = αm(ρ2)

λ1
2

+ η1αm−1(ρ2)
λ2
2

, vm = αm(ρ2)
λ1
2

+ η1αm(ρ2)
λ2
2

,

am = η2πm(ρ2)
λ1
2

+ πm(ρ2)
λ2
2

, bm = πm(ρ2)
λ1
2

+ η1πm−1(ρ2)
λ2
2

,

cm = η2πm(ρ2)
λ1
2

+ πm+1(ρ2)
λ2
2

, dm = πm(ρ2)
λ1
2

+ η1πm(ρ2)
λ2
2

.

Proof. For j = 1, 2, the interval [Z
1
j,m(y, n), Z

2
j,m(y, n)] is contained in an interval with end

points given by the solution of sz,j2 (m) = sy1(n) + τ1, s
y
1(n)− τ2j . Solving for z, using lemma 5.3,

gives the result. �
Lemma 5.6. If we define

S1 =
∞∑

m=1

1

umλ1 + αn
e

1
um

(−(n−1)τ1+(m−1)(τ21+τ22)+τ21),

S2 =
∞∑

m=1

1

vmλ1 + αn
e

1
vm

(−(n−1)τ1+m(τ21+τ22)),
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then there exists C > 0 such that for all n ∈ N,

ℓ2(En) ≤ C (S1 + S2) .

Proof. As in lemma 4.9, we have

ℓ2(En) = ℓ1(E
1
n) + ℓ2(E

2
n) ≤

2∑

j=1

∫ b

a

∞∑

m=1

(
Z

2
j,m(y, n)− Z

1
j,m(y, n)

)
.

By lemma 4.3, we have 0 ≤ am
um
, bmum

≤ K1
πm(ρ2)
αm(ρ2)

≤ K1
1

ρ2−1 , 0 ≤ cm
vm
, dmvm ≤ K2

πm(ρ2)
αm(ρ2)

≤ K2
1

ρ2−1 ,

for some constants K1,K2 > 0. Therefore, there exists C1 = C1(m1,m21,m22) > 0 such that

m
πn

umλ1
1 m

− am
um

21 m
− bm

um
22 ≤ C1, m

πn
vmλ1
1 m

− cm
vm

21 m
− dm

vm
22 ≤ C1, for all m,n ∈ N. The remainder of the

proof follows that of lemma 4.9. �
Lemma 5.7. ℓ2(E∞) = 0.

Proof. It is easy to see that um, vm ≥ αm(ρ2)
λ1
2

. Hence for some constant C > 0

1

umλ1 + αn
,

1

vmλ1 + αn
≤ λ12
αm(ρ2)λ1 + αnλ12

≤ Cρ
−n/2
1 ρ

−m/2
2

Along similar lines to the proof of lemma 4.1, we show that
∑∞

n=1 ℓ2(En) < ∞. It follows by
the Borel-Cantelli lemma that ℓ2(E∞) = 0. �

We have the following special case of theorem 5.1.

Proposition 5.8. The likely limit set of the product of the planar homoclinic cycle (Σ1, φ
1
t ) and

the attracting planar heteroclinic cycle (Σ2, φ
2
t ) is Σ.

Proof. Similar to that of theorem 4.11. �

5.2. Product of a homoclinic loop and a figure eight cycle. We now consider the case
where (Σ2, φ

2
t , D2, N2) is an attracting figure eight homoclinic cycle. Write N2 = N−

2 ∪N+
2 where

N−
2 = N−

21 ∪N−
22 is an interior neighbourhood of Σ2 in R2 and N+

2 is an exterior neighbourhood
of Σ2 in R2 (see figure 9). We may write Σ2 as the union of two attracting homoclinic loops
Σ21,Σ22.

It follows from the results of section 3 applied to the products Σ1 × Σ21 and Σ1 × Σ22, that
L(N1 ×N−

2 ) = Σ. It remains to show that L(N1 ×N+
2 ) = Σ.

We suppose that the hyperbolic saddle at (0, 0) has associated eigenvalues −µ2 < 0 < λ2.
Set ρ2 = µ2/λ2 and assume ρ2 > 1 so that Σ2 is an attracting homoclinic cycle. Since (0, 0)
is a hyperbolic saddle point for a C2 planar flow, we may C1-linearize the flow φ2t on a box
neighbourhood A2 ⊂ N2 of (0, 0). We assume coordinates are chosen so that the stable manifold
at (0, 0) is tangent to the x-axis, the unstable manifold to the y-axis and A2 = [−1, 1]× [−1, 1].
Define

U21 = {−1} × [0, 1] , V21 = [0, 1]× {−1},
U22 = {1} × [−1, 0] , V22 = [−1, 0]× {1}.

(See inset to figure 9.)
But now we are exactly in the situation described by figure 8. Our previous results extend

immediately (with λ2 = λ12 = λ22, µ2 = µ12 = µ22 and the terms η1, η2 replaced by ρ2 = µ2/λ2,
and ρ2 by ρ22, m2 = m21 = m22, τ2 = τ21 = τ22).

Summarizing, we have shown

Proposition 5.9. The likely limit set of the product of a planar homoclinic attractor (Σ1, φ
1
t )

and an attracting planar figure eight cycle (Σ2, φ
2
t ), is Σ.
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N+
2

21Σ

Σ22

N22

N21

22D

21D

V

V

21

U21

U22

22

A2

Figure 9. Notational conventions for figure eight homoclinic attractor Σ2

6. General Global maps

In the previous sections, we assumed that the connection maps C : V → U were linear and the
associated time maps T : V → R were constant. In this section, we remove this restriction and
show that our results continue to hold. We give the details only for product of two attracting
homoclinic loops (details for the general case of products of heteroclinic attractors are similar
and use the same methods). As far as possible we follow the notational conventions of sections 3,
4. The reader should note that a particular concern is to obtain results where we can use the
rescaling strategy described at the end of section 3.

Since we are assuming flows are at least C2, the maps Ci : Vi → Ui, Ti : Vi → R defined in
section 3 are C2 (see Wiggins [24, Section 10.3]). Hence for i = 1, 2 we may write

Ci(x) = γi(x)x(6.6)

Ti(x) = τi +O(|x|),(6.7)

where γi is C1, mi = γi(0) ∈ (0, 1) and τi = Ti(0).
Variation in the time maps Ti causes only minor problems. However, the case of general

connection maps is delicate — this is already evident in the analysis given in [4, §3] for the
product of a homoclinic loop and limit cycle. We start with an analysis of the case when
ρ1 6= ρ2 and conclude with the harder case ρ1 = ρ2. Note that the results in the first part of the
section hold with no restriction on ρ1, ρ2 (> 1). We indicate in the text results which do not
hold with ρ1 = ρ2.

Rescaling. We start with an analysis of how the connection map changes when we restrict to
a smaller rectangular Â ⊂ A (we omit subscripts in what follows). Let A = [0, 1] × [0, 1] and

Â = [0, α] × [0, β] ⊂ A. Let α = e−µS , β = e−λT . Linearly rescale coordinates on A so that, in

the new coordinates (x̂, ŷ), Â = [0, 1]× [0, 1]. If we let Ĉ : V ⋆ → U⋆ denote the connection map

associated to Â, we have

Ĉ(x̂) = e(T+S)λC(e−µ(T+S)x̂)
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(See remarks 4.1(2).) Writing C(x) = γ(x)x, gives

γ̂(x̂) = e(T+S)(λ−µ)γ(e−(T+S)µx̂)(6.8)

γ̂′(x̂)
γ̂(x̂)

= e−(T+S)µγ
′(e−(T+S)µx̂)

γ(e−(T+S)µx̂)
(6.9)

Let c1 = supx∈[0,1] |γ′(x)|.

Lemma 6.1. Let T, S ≥ 0 and define m̂ = γ̂(0), m̂+ = supx̂∈[0,1] γ̂(x̂), m̂
− = inf x̂∈[0,1] γ̂(x̂).

We have

(1) m̂ = e(T+S)(λ−µ)m.

(2) m̂(1− c1
me

−µ(T+S)) ≤ m̂− ≤ m̂+ ≤ m̂(1 + c1
me

−µ(T+S)).

These estimates continue to hold if we increase either T or S.

Proof. The estimates follow straightforwardly from (6.8,6.9). �
Define ε0 > 0 by

ε0 = min{1/4, (ρ2 − 1)/4}.
It follows from lemma 6.1 and (6.9) that we can choose A2 so that

m+
2 ≤ min{ρ−2/ρ2

2 , 2−3}.(6.10) ∣∣∣∣
γ′(x)
γ(x)

∣∣∣∣ ≤ ε0
2
.(6.11)

Shrinking Ai if necessary, we can assume that there exist τ−i , τ
+
i > 0 so that τ−i ≤ Ti(x) ≤ τ+i ,

for all x ∈ Vi.

Remarks 6.2. (1) If we shrink A2 further then (6.10,6.11) continue to hold — m+
2 is a decreasing

function of T + S.
(2) If we shrink Ai, τ

±
i increase, i = 1, 2.

Defining the sequences. Exactly as in section 3, choose a rectangle E = [a, b]× [c, d] ⊂ U1 ×U2.
Given y = y0 ∈ U1, z = z0 ∈ U2 let (yn) and (zn) denote the successive points of intersection of
the forward trajectories through y0 with U1 and through z0 with U2. For n ≥ 1, we have

yn = γ1(yρ1n−1)y
ρ1
n−1, zn = γ2(zρ2n−1)z

ρ2
n−1.

For n ≥ 0 define γ1n(y) = γ1(yn), γ
2
n(y) = γ2(zn).

We have a straightforward generalization of lemma 4.2.

Lemma 6.3. Let (y, z) ∈ E, n ∈ N. We have

(1) ty1(n) = sy1(n) + T1(y
ρ1
n ) and tz2(n) = sz2(n) + T2(z

ρ2
n ).

(2) ty1(n) =
∑n−1

i=0 T1(y
ρ1
i )− 1

λ1
(αn log y + log

∏n−2
j=0

(
γ1j (y)

)αn−1−j

).

(3) tz2(n) =
∑n−1

i=0 T2(z
ρ2
i )− 1

λ2
(βn log z + log

∏n−2
j=0

(
γ2j (z)

)βn−1−j

).

Remark 6.4. If we assume the connection maps are linear, γi = mi, i = 1, 2, we find that

n−2∏

j=0

(
γ1j (y)

)αn−1−j = m
∑n−2

j=0 αn−1−j

1 = mπn
1 ,

with a similar expression for
∏n−2

j=0

(
γ2j (z)

)βn−1−j

. These are the terms that appear in lemma 4.2.



PRODUCT OF PLANAR HETEROCLINIC ATTRACTORS 21

The main estimate. In this section we derive the main estimate on |(γ2n)′(z)/γ2n(z)| that we use
for our proof of convergence of

∑
ℓ2(En). So as to simplify the notation, we generally drop the

identifying subscript 2 from γ2j , γ2 and ρ2. Given n ∈ N, define γn : [c, d] → R by

zn = γn(z)z
ρn , z ∈ [c, d].

Since we have γ(x)x ≤ m+x, for all x ∈ (0, 1], we have the easy estimate

(6.12) zn ≤ (m+)βnzρ
n
, n ≥ 1,

where βn =
∑n−1

j=0 ρ
j .

Lemma 6.5. For n ≥ 1 we have

(1)
∣∣∣γ

′
n(z)

γn(z)

∣∣∣ ≤ ε0ρ
n.

(2)
∣∣∣γ

′
n(z)

γn(z)

∣∣∣ ≤ ε0.

If S ≥ 0 and we linearly rescale coordinates in the x-direction so that e−µS is rescaled to 1, then
estimate (2) changes to ∣∣∣∣

γ′n(z)
γn(z)

∣∣∣∣ ≤ e−µSε0.

Proof. The proof of (1) is very similar to that of lemma 3.4 in [4] and we only indicate the main
points. The proof goes by induction on n with the hypothesis at step n being∣∣∣∣

γ′n(z)
γn(z)

∣∣∣∣ ≤ ε0(1− 2−n)ρn.

When n = 1, we have γ1(z) = γ(zρ) and differentiating gives

γ′1(z)
γ1(z)

= ρzρ−1γ
′(zρ)
γ(zρ)

.

Hence by (6.11), we have |ρzρ−1 γ
′(zρ)
γ(zρ) | ≤ ε0

ρ
2z

ρ−1 ≤ ε0
ρ
2 , since z ∈ (0, 1]. This verifies the

result when n = 1. Given the truth of the statement for n− 1, the proof of step n proceeds by
estimating the derivative γ′n and uses the bound m+

2 ≤ 2−3 (see (6.10)) and (6.12).
Turning to (2), we have zn = γn(z)z

ρn and differentiating with respect to z gives

z′n = γ′n(z)z
ρn + γn(z)ρ

nzρ
n−1.

We have γn(z) = γ(zρn). Differentiating and dividing by γn(z),

γ′n(z)
γn(z)

=
γ′(zρn)
γ(zρn)

ρzρ−1
n z′n,

=
γ′(zρn)
γ(zρn)

ρzρ−1
n

(
γ′n(z)z

ρn + γn(z)ρ
nzρ

n−1
)
.

By (6.11), we have
∣∣∣∣
γ′n(z)
γn(z)

∣∣∣∣ ≤ ε0
ρzρ−1

n

2

(∣∣γ′n(z)zρ
n∣∣+

∣∣γn(z)ρnzρ
n−1
∣∣) .

By (1) and choice of ε0, we have |γ′n(z)| ≤ ε0ρ
nγn(z) ≤ ρnγn(z) and so

ρzρ−1
n

2

∣∣γ′n(z)zρ
n∣∣ ≤ ρzρ−1

n

2
ρnγn(z)z

ρn ,

=
ρn+1zρn

2
,

≤ ρn+1(m+)ρβn

2
.
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Turning to the second term, we have

ρzρ−1
n

2

∣∣γn(z)ρnzρ
n−1
∣∣ =

zρnρn+1

2z
,

≤ (m+)ρβnzρ
n+1

ρn+1

2z
,

≤ ρn+1(m+)ρβn

2
.

Using the bound m+ ≤ ρ−2/ρ (see (6.10)), we get ρn+1(m+)ρβn ≤ 1.
The final statement is immediate from (6.9). �

Remarks 6.6. (1) Lemma 6.5 continues to hold, with the smaller constants, if we shrink A2.
(2) Estimate (2) of lemma 6.10 will more than suffice to handle the situation when ρ1 6= ρ2. The
final statement will be crucial for the analysis when ρ1 = ρ2.

Estimating ℓ2(En) when ρ2 > ρ1. For this section we assume ρ2 6= ρ1. Without loss of generality
we suppose ρ2 > ρ1. Under these conditions, we prove that there exists N ∈ N, C > 0 such that
for all n ≥ N ,

(6.13) ℓ2(En) ≤ C
n

αn

Since
∑

n≥1
n
αn

<∞, this implies that
∑

n≥1 ℓ2(En) <∞ and so ℓ2(E∞) = 0.

We continue to assume (y, z) ∈ E = [a, b]× [c, d]. Define

M1 =M1(n, y) =

n−2∏

j=0

(γ1j (y))
αn−1−j , M2(n, z) =

n−2∏

j=0

(γ2j (z))
βn−1−j

N1 = N1(n, y) =
n−2∑

i=0

T1(y
ρ1
i ), N2(n, z) =

n−2∑

i=0

T2(z
ρ2
i )

The bad intervals are contained in intervals [Z1
m(y, n), Z2

m(y, n)] which have nonempty in-
tersection with [c, d]. The points of Z1

m(y, n), Z2
m(y, n) are obtained by solving the following

equations for z

(6.14) sy1(n) = sz2(m) + T2(z
ρ2
m ), sy1(n) = sz2(m)− T1(y

ρ1
n ).

For i = 1, 2 define

(6.15) N2i = N2(m,Z
i
m(y, n)), M2i =M2(m,Z

i
m(y, n))

Using (6.14), we find that

Z1
m(y, n) = e

λ2
βm

(N21−N1+T2(z
ρ2
m ))

y
λ2αn
λ1βmM

λ2
λ1βm

1 M
− 1

βm
21

Z2
m(y, n) = e

λ2
βm

(N22−N1−T1(y
ρ1
n ))

y
λ2αn
λ1βmM

λ2
λ1βm

1 M
− 1

βm
22

The maximum number of turns around Σ2 in time sy1(n) + τ+1 is taken when z = d, and is
estimated by

(6.16) ME(n, y) = min{m | sd2(m+ 1) > sy1(n) + τ+1 }
Define ME(n) = supy∈[a,b]ME(n, y). Choose r > 0 such that ρr2 < ρ1.

Lemma 6.7. There exists N1 ∈ N such that ME(n) ≤ rn for all n ≥ N1.



PRODUCT OF PLANAR HETEROCLINIC ATTRACTORS 23

Proof. By definition, sd2(ME(n) + 1) > sy1(n) + τ+1 . The result now follows by a straightforward
computation using the expressions for sd2(ME(n) + 1) and sy1(n) given by lemma 6.3. Indeed,
the condition ρ2 > ρ1 implies that limn→∞ME(n)/n = 0. �

Let J(n) = {m ∈ N | [Z1
m(y, n), Z2

m(y, n)] ∩ [c, d] 6= ∅}. For n ∈ N, define

Kn = sup
m∈J(n)

{e−
λ2
βm

((n−1)τ−1 −mτ+2 )(m+
1 )

πnλ2
λ1βm (m−

2 )
− θm

βm }

Lemma 6.8. There exists N ≥ N1 such that

(6.17) Kn ≤ 2, n ≥ N.

Proof. If n ≥ N1, then for all m ∈ J(n), m ≤ rn. It follows easily from the condition ρr2 < ρ1
and lemma 4.3 that limn→∞Kn = 0. �

Remark 6.9. Lemma 6.8 does not extend to the case when ρ2 = ρ1. The difficulty lies with the

term (m−
2 )

− θm
βm which we can only bound by (m−

2 )
− 1

ρ2−1 (lemma 4.3). We handle this problem
at the end of the section.

For n ∈ N, m ∈ J(n) set Dy
m,n = Z2

m(n, y)− Z1
m(n, y), m ∈ J(n). We have

ℓ2(En) ≤
∫ b

a

ME(n)∑

m=1

Dy
m,n dy

Lemma 6.10. For n ∈ N,m ∈ J(n)

(6.18) Dy
m,n ≤ (I1 + I2 + I3)y

λ2αn
λ1βm

where

I1 = Kn
λ2
βm

(m− 1)(τ−2 − τ+2 ), I2 = Kn
λ2
βm

(τ+1 + τ+2 ) I3 = Kn

∣∣∣∣log
(
M22

M21

)∣∣∣∣ .

Proof. We have

Dy
m,n ≤ e

− λ2
βm

N1y
λ2αn
λ1βmM

λ2
λ1βm

1 e
λ2
βm

((m−1)τ+2 )
e

λ2
βm

τ+2 (M21)
− 1

βm

−e−
λ2
βm

N1y
λ2αn
λ1βmM

λ2
λ1βm

1 e
λ2
βm

((m−1)τ−2 )
e
− λ2

βm
τ+1 (M22)

− 1
βm

≤ e
− λ2

βm
N1y

λ2αn
λ1βm (m+

1 )
πnλ2
λ1βm e

λ2
βm

((m−1)τ+2 )
e

λ2
βm

τ+2 (m−
2 )

− θm
βm

×
(
1− e

λ2
βm

((m−1)(τ−2 −τ+2 )−(τ+1 +τ+2 ))
(
M22

M21

)− 1
βm

)

≤ Kn

(
λ2
βm

(
(m− 1)(τ+2 − τ−2 ) + (τ+1 + τ+2 )

)
+

1

βm
log

(
M22

M21

))
y

λ2αn
λ1βm

By separating the three terms, we obtain the result. �

Remark 6.11. In the case when τ+2 = τ−2 = τ2, M21 = M22 = mθm
2 , the terms I1 and I3 vanish,

and we are only left with I2 which is precisely the term in lemma 4.9. The crucial term we have

to estimate is
∣∣∣log

(
M22
M21

)∣∣∣ in I3.

Lemma 6.12. We have
∣∣∣log

(
M22
M21

)∣∣∣ ≤ ε0
βm

ρ2−1D
y
m,n.
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Proof. Using (6.15), we get

∣∣∣∣log
(
M22

M21

)∣∣∣∣ =

∣∣∣∣∣∣
log

m−2∏

j=0

(
γj(Z

2
m(n, y))

γj(Z1
m(n, y))

)βm−j−1

∣∣∣∣∣∣
,

≤
m−2∑

j=0

βm−j−1

∣∣∣∣log
γj(Z

2
m(n, y))

γj(Z1
m(n, y))

∣∣∣∣ ,

≤
m−2∑

j=0

βm−j−1

∣∣∣∣
γ′j(w)

γj(w)

∣∣∣∣Dy
m,n,

≤ ε0

m−2∑

j=0

βm−j−1D
y
m,n, (lemma 6.5),

= ε0
1

ρ2 − 1

m−2∑

j=0

(
ρm−j−1
2 − 1

)
Dy

m,n

≤ ε0
1

ρ2 − 1

m−2∑

j=0

ρm−j−1
2 Dy

m,n,

≤ ε0
βm

ρ2 − 1
Dy

m,n.

The second inequality is obtained by using mean value theorem on the interval [Z1
m(n, y), Z2

m(n, y)],
w ∈ (Z1

m(n, y), Z2
m(n, y)). �

Lemma 6.13. For n ≥ N , there exists C > 0 such that

ℓ2(En) ≤ C
n

αn

Proof. We have

I1 ≤ C1
m

βm
y

λ2αn
λ1βm , I2 = C2

1

βm
y

λ2αn
λ1βm , I3 ≤ C3 y

λ2αn
λ1βm Dy

m,n,

where C1 = Knλ2(τ
+
2 − τ−2 ), C2 = Knλ2(τ

+
1 + τ+2 ), C3 = ε0Kn/(ρ2 − 1).

Proof. Since Dy
m,n ≤ I1 + I2 + I3 we have

Dy
m,n ≤ (mC1 + C2)

1

βm
y

λ2αn
λ1βm + C3y

λ2αn
λ1βm Dy

m,n

≤ (C1 + C2)
m

βm
y

λ2αn
λ1βm + C3y

λ2αn
λ1βm Dy

m,n

≤ (C1 + C2)
m

βm
y

λ2αn
λ1βm +

1

2
y

λ2αn
λ1βm Dy

m,n,

where the last inequality holds by lemma 6.8 for n ≥ N and our choice of ε0 = min{1/4, (ρ2 −
1)/4). Hence for n ≥ N , we have the estimate

Dy
m,n ≤ (C1 + C2)

m

βm

y
λ2αn
λ1βm

1− y
λ2αn
λ1βm /2

≤
(
2mλ1(C1 + C2)

λ2αn

) λ2αn
λ1βm

y
λ2αn
λ1βm

−1
/2

1− y
λ2αn
λ1βm /2
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Integrating, we get
∫ b

y=a
Dy

m,n dy ≤
∫ 1

0
Dy

m,n dy

=

(
2mλ1(C1 + C2)

λ2αn

)
log 2

≤ C
n

αn
.

where C = 2rλ1(C1+C2)
λ2

. �

Remark 6.14. Our arguments extend immediately to the case of rectangles E ⊂ ({x} × [0, 1])×
({x′} × [0, 1]), where x ∈ V1, x

′ ∈ V2. The key observation is that lemma 6.7 continues to hold
and so our arguments all continue to apply with the same ε0.

Estimating ℓ2(En) when ρ2 = ρ1. Assume that ρ1 = ρ2 = ρ. We need replacements for lem-
mas 6.7, 6.8. Following our earlier notation, we may choose N1 = N(ρ, λ2, τ

−
1 , τ

+) ∈ N such
that

sup
n≥N1

Kn ≤ 2(m−
2 )

− 1
ρ−1 .

Set k = m−
2 . Linearly rescale A2 in the x-direction by e−µ2S , where S is chosen so that

(6.19) eS(λ2−µ2)k
− 1

ρ−1 ≤ 1.

If we let Â2 = [0, e−µ2S ]× [0, 1], then a lower bound for m̂−
2 on Â2 is eS(λ2−µ2)k and the constant

ε0 in lemma 6.5 rescales to ε̂0 = ε0e
−µS .

Replace A2 by Â2. On the rescaled A2 we have

(m−
2 )

− 1
ρ−1 ≤ (keS(λ2−µ2))

− 1
ρ−1 = k

− 1
ρ−1 eSλ2 ,

ε0 = e−µS min{1
4
,
ρ− 1

4
},

sup
n≥N1

Kn ≤ 2k
− 1

ρ−1 eSλ2 .

Lemma 6.12 holds without any assumptions on ρ1, ρ2 and so we still have
∣∣∣log

(
M22
M21

)∣∣∣ ≤
ε0

βm

ρ−1D
y
m,n. We have the following straightforward variation on lemma 6.7.

Lemma 6.15. If ρ1 = ρ2, there exists N ≥ N1 such that

ME(n) ≤ 2n, n ≥ N.

Finally, for lemma 6.13 to hold, it is enough that ε0Kn/(ρ− 1) ≤ 1
2 , n ≥ N . Computing, we

find that

ε0Kn/(ρ− 1) ≤ 2min{1
4
,
ρ− 1

4
}e−µ2Sk

− 1
ρ−1 eSλ2/(ρ2 − 1)

≤ 2

ρ− 1
min{1

4
,
ρ− 1

4
}, by (6.19),

≤ 1

2
.

Remark 6.16. Of course, we could use our argument for the resonant case ρ1 = ρ2 in the general
case. However, we prefer to present the arguments separately as we feel both arguments have
intrinsic interest and may be relevant in problems where product structure is broken.
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7. Simulations

In this section, we present numerical simulations which illustrate our results on the likely
limit set for the product flow of two attracting homoclinic orbits. We consider the product of
identical dynamical systems given by

x′ = y − x+ (x− a)2,(7.20)

y′ = y + 3x− x3,(7.21)

where a = 1.7611050. The two-dimensional system has an attracting homoclinic cycle Σ1

associated to the saddle point p = (0.452,−1.263) (see figure 10). Since the attractors are
identical for the product system, we see that if the initial conditions are equal then the ω-limit
set will be the diagonal {(u, u), u ∈ Σ1} ⊂ Σ1 ×Σ1. We look at the ω-limit set of the trajectory
with initial condition ((x1, y1), (x2, y2)) = ((2, 2.1), (1.7, 1)). Ignoring the initial transient, we
show the projections of this trajectory on the (x1, x2)- and (y1, y2)-planes in figures 11 and 12.

The projections of the product flow on the (x1, x2)- and (y1, y2)-planes are illustrated in
figures 11 and 12. It is clear from figures that when the (x1, y1) components of the trajectory
are in the neighbourhood of p then the (x2, y2) components of the trajectory visits each point
of the homoclinic orbit, and vice-a-versa. The results of the simulation are consistent with
the ω-limit being equal to Σ and not Σ1 × Σ1. (Simulations were performed using XPPAUT
software [9].)

-1

0

1

2

3

y1,y2

0.5 1 1.5 2 2.5
x1,x2

Figure 10. Projection of ω-limit set onto x1, y1 plane.

8. Bifurcations near the Product of Attractors

Consider the product dynamics for two planar attracting homoclinic loops Σ1,Σ2 ⊂ R2 (for
example, the loops associated to the differential equations (7.20,7.21) described in the previous
section). We investigate bifurcations that occur when we break either or both of the homoclinic
connections but preserve the product structure. We will make use of the Andronov-Leontovich
theorem and assume the presence of a splitting parameter (for background and more details we
refer to Kuznetsov [18, §6.2], Wiggins [23] or Andronov et al. [3]).

Specifically, for i = 1, 2, we assume that ξi is the splitting parameter governing the homoclinic
cycle Σi, so that (see figure 13)
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x1

Figure 11. Projection of ω-limit set onto x1, x2 plane.
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1
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3

y2

-1 0 1 2 3
y1

Figure 12. Projection of ω-limit set onto y1, y2 plane.

(a) for ξi < 0, the stable manifold lies inside the unstable manifold;
(b) for ξi = 0, the stable manifold coincides with the unstable manifold giving the homoclinic

cycle Σi;
(c) for ξi > 0, the stable manifold lies outside the unstable manifold.

Since the cycles Σi ⊂ R2 are attracting, it follows by the Andronov-Leontovich theorem [3,
18, 23] that for sufficiently small ξi > 0, there exists a unique stable (hyperbolic) limit cycle
Ci(ξi) ⊂ Ni such that as ξi → 0+, the limit cycle Ci(ξi) approaches the locus of Σi and its period
Pi(ξi) tends to +∞.

Keeping our earlier notation for the eigenvalues of the linearization at the equilibrium pi of
Σi, we assume that

(NR) µ2

λ2
/∈
{
3
2 , 2, 3, 4

}
and
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ξ  < 0 ξ  = 0 ξ  > 0
OO O

2 2 2

Figure 13. Phase plane as splitting parameter is varied

(DI) φ2t is at least C7,

(Conditions (NR,DI) imply that the flow φ2t is C3-linearizable at p2.) Keeping ξ2 = 0 (so the
cycle Σ2 persists), we break the cycle Σ1 by varying ξ1. By Andronov-Leontovich theorem, there
exists δ1 > 0 such that for all ξ1 ∈ (0, δ), there exists a unique stable limit cycle C1(ξ1) ⊂ N1.
Applying theorem 1.2 of Ashwin and Field [4], it follows that the minimal Milnor attractor for

the product system Φξ1,0
t = (φ1,ξ1t , φ2,0t ) is the topological torus C1(ξ1)× Σ2.

Remark 8.1. Theorem 1.2 of Ashwin and Field is stated for the case when the flow ψt on the
limit cycle is linear. That is, ψt(θ) = θ+ωt. However, the result extends immediately to general
C1-flows on a limit cycle. Return times to a section transverse to the homoclinic loop, will
be equidistributed, modulo the period. However, points of intersection with the section will
generally not be equidistributed.

The torus C1(ξ1)×Σ2 is the minimal Milnor attractor that appears along the horizontal axis
of the bifurcation diagram depicted in figure 14(a). We have a similar argument when we fix
the first system at ξ1 = 0 and perturb the second one.

Moreover, if we set A = (0, δ1)×(0, δ2), then for all (ξ1, ξ2) ∈ A, the likely limit set of N1×N2

is the attracting normally hyperbolic two dimensional torus T(ξ) = C1(ξ1)× C2(ξ2). Note that
T(ξ) will be a minimal Milnor attractor if P1(ξ1)/P2(ξ1) is irrational — this will happen on a
full measure subset of A. If the ratio is rational, then the induced flow on T(ξ) is a rational
torus flow and so T(ξ) is not even a Milnor attractor.

If the vector field associated to the flow φ2t is equivariant under the group Z2(−I) generated
by −I(x, y) = (−x,−y), then the set γ(Σ2) 6= Σ2 is also a homoclinic orbit associated to the

origin and Σ̃2 = Σ2∪γ(Σ2) defines a figure of eight homoclinic cycle (see section 5). Homoclinic
cycles of this type appear often in the literature on the bifurcation theory of planar systems (for
example, Dangelmayr & Guckenheimer [7]).

Just as above, we can break the connections for either of the homoclinic loops contained in

Σ̃2. Furthermore, if we analyze the first return map to a cross section in the external part of an
attracting figure of eight, we can show the existence of a stable fixed point for ξ2 < 0. That is,
a periodic orbit surrounding the figure of eight bifurcates for ξ2 < 0, as shown in figure 15 (see
Guckenheimer & Holmes [11], Wiggins [23]).

Next we consider the unfolding of the product of an attracting homoclinic cycle and an
attracting figure of eight (see figure 16).

Along the ξ1 axis (where we break the homoclinic cycle Σ1), the likely limit set consists of two

two-dimensional topological tori C1(ξ1) × Σ̃2, which intersect in a topological circle. This will
be a Milnor attractor, but not minimal. Along the positive ξ2-axis (where we break the figure of
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Figure 14. Bifurcation diagram for the likely limit set of N1×N2 for a product
of homoclinic attractors.
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Figure 15. Bifurcations to periodic solutions near an attracting figure of eight cycle.

eight Σ̃2), the Milnor attractor has two connected components (Σ1 ×C12(ξ2)) ∪ (Σ1 ×C22(ξ2)),
each of which is a minimal Milnor attractor. Along the negative ξ2-axis, the minimal Milnor

attractor is the product of Σ1 and the attracting limit cycle that appears outside Σ̃2. In the
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Figure 16. Bifurcation diagram for the likely limit set ofN1×N2 for the product
of a homoclinic attractor and an attracting figure of eight cycle.

first quadrant of the bifurcation diagram there will be two tori which are the likely limit sets for
N1×N2. These will be minimal Milnor attractors if the induced flows are irrational torus flows.

Finally, we briefly consider the product of a single homoclinic orbit and a heteroclinic attrac-
tor consisting of two equilibria and two connections. The analysis is similar to what we did
for the product of two single homoclinic attractors because at least one attracting limit cycle
bifurcates from the heteroclinic cycle if the interior connection is broken (see figure 17). Given
the heteroclinic network shown in figure 17, a characteristic situation is that there is a unique
unstable equilibrium enclosed by each cycle (when ξ = 0). When we break the interior hetero-
clinic connection from A to B, an attracting limit cycle is created. We show a typical scenario
in figure 17.

A B

ξ < 0 ξ = 0 ξ > 0

AA BB

Figure 17. An unfolding of a heteroclinic cycle.
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9. Discussion and Conclusion

Motivated by the partial results in Ashwin and Field [4] and supported by numerical simula-
tions, we have proved that the likely limit set of the product of two planar heteroclinic attractors
is the one-dimensional heteroclinic network which covers the attracting networks in the factors.
The result implies that generically two independent trajectories around the heteroclinic connec-
tions are forward asynchronous. Following the analysis presented here, it is not difficult to prove
that the likely limit set of the product of a finite number of heteroclinic attractors is also the
1-dimensional heteroclinic network which covers the attracting networks in the factors.

For the proof of our main result we needed to assume that the flow was at least C2. The
situation when the flow is only C1 is far from clear, especially in the resonant case when ρ1 = ρ2.
Since theorem 2.6 holds for C1-flows, a counterexample in the C1-case would give the likely limit
set as the product of heteroclinic attractors and would likely depend on large fluctuations in
the derivative of the connection maps. Similar issues of differentiability arise in the case of the
product of a homoclinic attractor and a limit cycle (the result in Ashin and Field [4] required
the homoclinic flow to be C7) and it is not clear whether or not the product of a homoclinic
attractor and a limit cycle is a minimal Milnor attractor if the flow (for the homoclinic factor)
is less regular, for example C2.

In the context of game theory and the replicator equation, Sato et al. [21] studied numerical
examples of heteroclinic networks in the product of simplices. In the case of the Rock-Scissors-
Paper game, the dynamics is dependent on the payoff matrices between the players. Under some
conditions, numerical evidence was found for the existence of complicated behaviour near the
product network. There remain questions about the heteroclinic network which appears in the
product dynamics. One candidate heteroclinic network for the product is the product of the
heteroclinic networks for each simplex. However, only some cycles might be observable and these
may depend on the interaction between the players. This is one reason why we believe our result
may have interesting applications outside of equivariant dynamics and network dynamics [1, §5]
and why it would be worthwhile generalizing to products of two heteroclinic cycles in higher
dimensions. In dimensions greater than 2, issues such as the orientability of the homoclinic
connection and the existence of degenerate cases of homoclinic cycles, such as orbit flip and
inclination flip, complicate the study. There is also the question of considering the product of
a homoclinic cycle with a butterfly or bellows. We refer to the recent survey by Homburg and
Sandstede [14] for more details on these types of cycle as well as issues connected to bifurcation
theory and the breakdown of hyperbolicity at the saddle point.

The outstanding question is undoubtedly to obtain quantitative results about the effects of
perturbations breaking the product structure to, for example, a skew product structure but
keeping the heteroclinic cycles. Does the loss of the product structure lead to phenomena
related to essential asymptotic stability or do the likely limit set results persist for small enough
perturbations? Put another way, is it possible to find cycle preserving perturbations that make
a pre-specified subnetwork essentially asymptotically stable?
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Discussion and Future Work

The case for my life, then, or for that of anyone else who has been

a mathematician in the same sense in which I have been one, is this:

that I have added something to knowledge, and helped others to add more;

and that these somethings have a value which differs in degree only,

and not in kind, from that of the creations of the great mathematicians,

or of any of the other artists, great or small,

who have left some kind of memorial behind them.
G. Hardy, A Mathematician’s Apology

The six works in this thesis have investigated the dynamics near heteroclinic cycles

and networks; in articles [1-5] the nodes of the heteroclinic cycles and networks networks

are either saddle-foci or non-trivial periodic solutions. In article 6, we give a contribution

to the study of the dynamics near the product of uncoupled attracting planar systems.

In article 1, besides a rigorous definition of switching, we describe a mechanism which

provides switching near a heteroclinic network embedded in a three-dimensional manifold

without boundary, exhibiting infinitely many initial conditions following any prescribed

infinite heteroclinic path. This phenomenon is generated by the presence of rotating nodes

and the fact that all connections that take place in two-dimensional invariant manifolds

occur as transverse intersections.

In three-dimensions this seems to be the only possible mechanism for the existence

of infinite switching. This mechanism also works in higher dimensions if we can capture

the heteroclinic network inside a three-dimensional manifold. This may be achieved using

either the center manifold of heteroclinic cycles [74, 75] or the normal hyperbolicity [31]

of a three-dimensional flow-invariant set.

In n-dimensional smooth manifolds (n > 3), there are other mechanisms for the ex-

istence of forward switching: for example, in Kirk et al [40] the transversality is not

necessary; switching holds just by the the presence of spiralling due to complex eigenval-

ues in the linearized flow about one of the nodes common to all cycles in the network. For

conservative systems, in the context of game theory, Aguiar [2] and Aguiar and Castro

[4] proved switching without neither rotating nodes nor transversality.

201
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Switching and the associated dynamics near the network are independent on the ratio

between the real part of the contracting and the real part of the expanding eigenvalues
6; the only condition we require is the non-resonance C1–condition of Samovol [66]. At

the first glance, there is no guarantee that this condition will hold for small perturbations

since the condition for resonances seems to be dense in R (see section 2.9 of Shilnikov

et al [74]). Nevertheless we have been able to prove that in three dimensional smooth

manifolds, this does not occur. More precisely, if f̃ is a smooth hyperbolic germ of a vector

field f defined on a three-dimensional smooth manifold, at an equilibrium point p, whose

linearization has a real eigenvalue µ and two complex non-real conjugate eigenvalues of

the form λ+ ωi, such that |µ| 6= |λ| and µλ < 0, then f̃ is C1 –conjugated to df(p).

Using the results of Aguiar el al [5], we may also conclude that the existence of

switching is accompanied by chaotic dynamics namely the existence of a nested chain of

suspended horseshoes accumulating on the network, with the same shape as it. Switching

may also be realised by periodic trajectories (if the heteroclinic path is periodic) as well

as by the invariant manifolds involved in the transverse intersection.

Article 1 also contains an example (constructed in Aguiar [1]), satisfying the conditions

which entail switching. As in Kirk and Rucklidge [42], we start with a heteroclinic

network with reflectional and rotational symmetry. However, in contrast to [42], we

prove switching in a perturbation that does not break completely the network. Since the

non-robust connections do not coincide, in [42] the authors were only able to conclude

the existence of initial conditions following finite heteroclinic paths on the network.

The trajectory shadowing the heteroclinic network is far from being unique. Paper 2

is a good tool to understand the difference between two different solutions that shadow

the same heteroclinic path: they differ on the number of revolutions around the rotating

nodes.

In article 2, asking again for transverse intersection of the invariant manifolds of

successive nodes, we investigate a way to code all trajectories that remain forever close

to a heteroclinic cycle associated to a finite number of periodic solutions. Given a set of

Poincaré sections (associated to a set of isolating blocks), we conclude about the existence

of a robust and transitive set Λ of initial conditions whose trajectories follow the cycle for

negative and positive times. Usind techiques developed by Alekseev [8] and by Shilnikov

[70], we prove that the dynamics of the discretization of the flow (in Λ) is conjugated to

a Markov shift over a finite alphabet . This conjugacy codes all trajectories lying in the

nonwandering set associated to the cycle. The particular and remarkable point is that

the word associated to each trajectory can be interpreted as the number of turns around

the limit cycles. Our explicit conjugacy allows us to prove that the set of heteroclinic

6With respect to article 1, we are able to prove the existence of an invariant set near the perturbed

heteroclinic network, even when the unperturbed network is completely repelling.
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connections is dense in the nonwandering set associated to the original cycle. Following

Alekseev [8], we also prove that the discretization of the flow is a quasirandom system, ie,

we prove that there exists an invariant set with positive Lebesgue measure with positive

topological entropy, which implies the existence of infinitely many distinct knot types for

the flow (Franks and Williams [23]) An obvious continuation of this work is to generalise

the result for heteroclinic networks involving saddle-foci. This analysis should be more

tricky since, if we allow the presence of equilibria in the network, the transversality of all

consecutive nodes is not possible.

The Cantor sets found near the heteroclinic network described in articles 1 and 2 are

seccionaly hyperbolic and they admit an invariant splitting over the whole set (where

the first return is well defined). Our current problem is to identify and determine the

structure of the attractors that persist after perturbation of the network. This is why

several people are interested in accurate numerical methods which allow the capture of

the complex dynamics in such systems.

At this point, it would be fruitful to see the difference between our horseshoes and

those of Labarca and Paćıfico [47]; they found singular hyperbolic sets near heteroclinic

cycles defined on compact manifolds with boundary. In both cases, the equilibrium is

accumulated by periodic solutions of saddle type. The nonwandering trajectories near the

heteroclinic cycle associated to periodic trajectories must contain an uniformly hyperbolic

horseshoe. When at least one node of the cycle is a saddle-focus, the horseshoe cannot

be uniformly hyperbolic since the hyperbolic splitting cannot be extended continuously

to equilibria. We guess the existence of a non-robust partially hyperbolic set (together

with hyperbolic sets) with a very complex spiralling structure. Understand completely

the nonwandering set associated to this kind of heteroclinic cycles and networks is far

from being done.

Heteroclinic networks appear in several mathematical models of physical systems near

symmetry. This is the case of article 3, in which we proved analitically that the model for

the geomagnetic field given by Melbourne, Proctor and Rucklidge [54] explains excursions

and reversals of the Earth’s magnetic field.

Although the details of the reversal process are not completely understood, the oc-

currence of reversals is well documented by studying for example, layers of iron-rich lava

rocks. In article 3, using the concepts of switching and cycling of articles 1 and 2, we

prove that the mathematical model given by Melbourne, Proctor and Rucklidge [54] is

relevant for the study of magnetohidrodynamics and that this model predicts and explains

intermittent behaviour of the geomagnetic field and geo-reversals. The lengths of time

intervals of constant polarity and the short duration of each reversal are consistent with
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those of the Earth. Also, the model explains why the geomagnetic field is predominantly

axial dipolar.

Due to the chaotic behaviour induced by the presence of suspended horseshoes near

the network, we may conclude that there is no satisfactory way to predict the duration

of any given polarity.

In general, the capture of all trajectories that remain in the neighbourhood of the

network (or what remains from it) is very complicated. Articles 4 and 5 can be understood

as an attempt to describe the effect of small symmetry-breaking on the dynamics near

two Z2 ⊕ Z2 – equivariant heteroclinic cycles associated to two saddle-foci of different

type, whose heteroclinic connections coincide. Breaking one Z2 – symmetry, we found in

paper 4, an attractor containing two saddle-foci (Bykov cycle), heteroclinic trajectories

connecting transversely them and a non-trivial hyperbolic basic set near the network. This

attractor is non-robust under generic perturbations. Breaking the other symmetry, the

network disappears but near the ghost of each cycle, there will appear a unique hyperbolic

periodic solution. The stability of this orbit is related to the stability of the original

network. An interaction between the parameters that govern the symmetries allowed

us to plot a bifurcation diagram where a sequence of homoclinic orbits with different

stabilities coexists with topological horseshoes. The study of this type of homoclinic

bifurcations is one of the most important global bifurcation phenomena which occurs in

many applications (see for example Medrano et al [51] who applied these bifurcations to

a survey about the double-scroll circuit).

A surprising phenomenon found in article 5 is the existence of heteroclinic tangencies.

The capture of these tangencies has been possible because we did not assume the transition

map Ψv→w to be the identity. In the presence of heteroclinic tangencies, for a set of

parameters having positive Lebesgue measure, it occurs shift dynamics with respect to

arbitrarily many symbols together with wild hyperbolic sets and infinitely many Newhouse

sinks (see Champneys et al [19] and Shilnikov [73]). Our study can also contribute to

the understanding of bifurcations involving these structures. Due to the existence of folds

between the heteroclinic manifolds, we conjecture the existence of Hénon-like strange

attractors near the heteroclinic cycles.

In article 6, using a delicate and tricky analysis of the time of flight of a trajectory

near a fixed neighbourhood of the saddle equilibria and around a planar homoclinic cycle,

we proved the conjecture of Ashwin and Field [12] (on the plane) which states that

the likely limit set of the product of two attracting heteroclinic cycles is the network

defined as the union of the attracting sets. For general attracting heteroclinic networks

whose nodes are not rotating, we expect the presence of essentially asymptotically stable

subnetworks. The product of homoclinic attractors studied in article 6 is completely
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unexpected because it leads to heteroclinic networks in which the above property does

not hold and simultaneously it does not have switching. Following the analysis presented,

it is not difficult to prove that the likely limit set of a finite number of heteroclinic

attractors is also the union of the cycles. Our result may be generalized for the product

of two heteroclinic cycles in higher dimensions.

The distant future of trajectories near a heteroclinic network is practically inac-

cessible and may only be described in average, in probabilistic and ergodic terms. A

good problem related to our work is about the convergence of times-averages associ-

ated to trajectories that remain near the network for all time (see Takens [79] for a

setup of this notion). Gaunersdorfer [24] and Takens [78] showed that each orbit in

the domain of an attracting heteroclinic cycle has historic behaviour. A discrete orbit

{x, φ(x), φ2(x), φ3(x), . . .} has historic behaviour if for some continuous map f : X → R,

the average limn
1

n+1

∑n
i=0 f(φn(x)) does not exist. In [79], the author explains why this

definition has been adopted. It would be interesting to generalise this result for higher di-

mensions and investigate whether, in the case of a heteroclinic network of rotating nodes,

almost all trajectories have historic behaviour.

In summary, in this thesis we attempted to give a useful contribution to the under-

standing of the dynamics near general heteroclinic networks but a lot more needs to be

done before the dynamics is completely understood.
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[56] C. A. Morales, M. J. Paćıfico and E. R. Pujals, Robust transitive singular sets for 3-flows are partially

hyperbolic attractors or repellers, Ann. of Math., No. 2, Vol. 160, 375–432, 2004

[57] H. K. Ngueyen and A. J. Homburg, Resonant heteroclinic cycles and Lorenz type attractors in models

for skewed varicose instability, Nonlinearity, No. 18, 155–173, 2005

[58] A. Palacios and H. Juarez, Criptography with Cycling Chaos, Physics Letters A, Vol. 303, Issues 5-6,

345–351, 2002

[59] C. Postlethwaite, A new mechanism for stability loss from a heteroclinic cycle, Dynamical Systems:

An International Journal, Vol. 25, Issue 3,305–322, 2010

[60] C. Postlethwaite and J. Dawes, A codimension two resonant bifurcation from a heteroclinic cycle

with complex eigenvalues, Dynamical Systems: An international Journal, 21, 313–336, 2006

[61] J. Rademacher, Homoclinic orbits near heteroclinic cycles with one equilibrium and one periodic

orbit. J. Differential Equations 218, 390–443, 2005

[62] J. Rademacher, Homoclinic Bifurcation from Heteroclinic Cycles with Periodic Orbits and Tracefiring

of Pulses, PhD Thesis, Faculty of Graduate School of the University of Minnesota, 2004

[63] G. L. dos Reis, Structural Stability of Equivariant Vector Fields on Two-Dimensions, Trans. Am.

Math. Soc. 283, 633–643, 1984

[64] A. Rovella, The dynamics of perturbations of contracting Lorenz maps, Bol. Soc. Brasil. Mat. No.

24, 233–259, 1993

[65] B. Sandstede and A. Scheel, Forced Symmetry Breaking of Homoclinic Cycles, Nonlinearity 8, 333–

365, 1995

[66] V. Samovol, Linearization of a system of differential equations in the neighbourhood of a singular

point, Sov. Math. Dokl, Vol. 13, 1255–1259, 1972



210 BIBLIOGRAPHY

[67] Y. Sato, E. Akiyama and J Farmer, Chaos in learning a simple two-person game, PNAS 997, 4748–

4751, 2002

[68] M. Shashkov and D. V. Turaev, An Existence Theorem of Smooth Nonlocal Center Manifolds for

Systems Close to a System with a Homoclinic Loop, J. Nonlinear Sci., Vol. 9, 525–573, 1999

[69] L. Shilnikov, A case of the existence of a denumerable set of periodic motions, Sov. Math. Dokl. 6,

163–166, 1965

[70] L. Shilnikov, A Poincaré-Birkhoff problem, Mat. Sb. 74, 378–397, 1967

[71] L. Shilnikov, On the generation of a periodic motion from trajectories doubly asymptotic to an

equilibrium state of saddle type, Math. USSR Sbornik 77(119), 461–472, 1968

[72] L. Shilnikov, A contribution to the problem of the structure of an extended neighborhood of a rough

state of saddle-focus type, Math. USSR Sbornik 81(123), 92–103, 1970

[73] L. Shilnikov, Bifurcations and Strange Attractors, Proceeding of the ICM, Beijing, Vol. 3, 349–372,

2002

[74] L. Shilnikov, A. Shilnikov, D. Turaev, and L. Chua, Methods of Qualitative Theory in Nonlinear

Dynamics 1, World Scientific Publishing Co., 1998

[75] L. Shilnikov, A. Shilnikov, D. Turaev, and L. Chua, Methods of Qualitative Theory in Nonlinear

Dynamics 2, World Scientific Publishing Co., 1998

[76] S. Smale, Diffeomorphisms with many periodic points. Diffential and Combinatorial Topology (sym-

posium in honor of Marston Morse, 63–80, Princeton, 1965

[77] S. Smale, Differentiable dynamical systems, Bull. Am. Math. Soc., No. 73, 747–817, 1967

[78] F. Takens, Heteroclinic attractors: time averages and moduli of topological stability Bol. Soc. Bras.

Mat. 25, 107–120, 1994

[79] F. Takens, Orbits with historic behaviour, or non-existence of averages – Open Problem, Nonlinearity,

21, 33–36, 2008

[80] C. Tresser, About some theorems by L. P. Shilnikov, Ann. Inst. Henri Poincaré, 40, 441–461, 1984
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