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Let S be a closed surface with g > 2, and G be a real reductive Lie group.
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Aut(m1(S)) x G ~ Hom(m1(S), G)
(f.8) - (p(7)) = gp(f(7))g

MCG(S) = Out(my) ~ X(m1,G) = Hom(m1,G)//G
Let J € Teich(S) = T(S) be a conformal structure
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Let S be a closed surface with g > 2, and G be a real reductive Lie group.

Aut(m1(S)) x G ~ Hom(r1(S), G)
(f.8) - (p(7)) = gp(f(7))g "
MCG(S) = Out(r1) ~ X(m1,G) = Hom(r1,G)//G

Let J € Teich(S) = T(S) be a conformal structure
(S,J) = X be the associated Riemann surface,
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MCG(S) = Out(my) ~ X(m1,G) = Hom(m1,G)//G
Let J € Teich(S) = T(S) be a conformal structure
(S,J) = X be the associated Riemann surface,

(a3

Miiges(G)

Higgs

! X (71, G)

Brian Collier (UIUC) Maximal Sp(4, R) representations and minimz June 11, 2015 2/11



Let S be a closed surface with g > 2, and G be a real reductive Lie group.

Aut(my(S)) x G ~ Hom(m1(S), G)

(f.8) - (p(7)) = gp(f(7))g "

MCG(S) = Out(m) ~ X(m,G) = Hom(r1,G)//G

Let J € Teich(S) = T(S) be a conformal structure
(S,J) = X be the associated Riemann surface,

(a3

Miiges(G)

Higgs ’ X(Trl ) G)

Fixing J € T(S) breaks MCG(S)-symmetry
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Maximal Sp(4,R) representations

For G a group of Hermitian type, there a Toldedo invariant 7 which helps
distinguish connected components of X' (71, G).
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Maximal Sp(4,R) representations

For G a group of Hermitian type, there a Toldedo invariant 7 which helps
distinguish connected components of X' (71, G).

Sp(4,R), 7€ Z with |7| <2g—2,

2g—2

X(TI‘]_,SP(4,R)) = |_| XT(WI’SP(LI'?R))
T=—2842

When 7 is maximal, representations are p € X% are all Anosov:
@ p € XM — discrete and faithful
e MCG(S) ~ X™ properly discontinuous
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Sp(4,R)-Higgs bundles

An Sp(4,R)-Higgs bundle is a triple (V, 3,v) where
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Sp(4,R)-Higgs bundles

An Sp(4,R)-Higgs bundle is a triple (V/, §,~) where
@ V—2 is a rank 2 holomorphic vector bundle
e 3€ HS?(V)® K) and v € HO(S?(V*) ® K)
The Toledo invariant is given by 7 = deg(V)
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Sp(4,R)-Higgs bundles

An Sp(4,R)-Higgs bundle is a triple (V, 3,v) where
@ V—Y is a rank 2 holomorphic vector bundle
e B € HYS%(V)® K) and v € H(S?(V*) ® K)
The Toledo invariant is given by 7 = deg(V)

B=pT
. . /\
The corresponding SL(4, C)-Higgs bundle V v
T
=y
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Sp(4,R)-Higgs bundles

An Sp(4,R)-Higgs bundle is a triple (V/, 3, ) where
@ V—Y is a rank 2 holomorphic vector bundle
e B € HYS%(V)® K) and v € H(S?(V*) ® K)
The Toledo invariant is given by 7 = deg(V)

p=pT

L
The corresponding SL(4, C)-Higgs bundle V v
N

=y

3 1 L, (9 q2 _ (01 P
V=K26K 2”8_<q2 1),7_(1 0),7’—2g 2
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Sp(4,R)-Higgs bundles

An Sp(4,R)-Higgs bundle is a triple (V/, 3, ) where
@ V—Y is a rank 2 holomorphic vector bundle
e B € HYS%(V)® K) and v € H(S?(V*) ® K)
The Toledo invariant is given by 7 = deg(V)

B=pT
L

The corresponding SL(4, C)-Higgs bundle V v
~_ 7
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@ V—Y is a rank 2 holomorphic vector bundle
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An Sp(4,R)-Higgs bundle is a triple (V/, 3,~) where
@ V—Y is a rank 2 holomorphic vector bundle
e € HYS%(V)® K) and v € HY(S%(V*) ® K)
The Toledo invariant is given by 7 = deg(V)
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Connected components of maximal Sp(4,RR) reps

For 7 = 2g — 2 the Stiefel-Whitney classes of the Cayley partner give
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Connected components of maximal Sp(4,RR) reps

For 7 = 2g — 2 the Stiefel-Whitney classes of the Cayley partner give

3g—3
MPE2(Sp(4,R)) = | | M2 L || ME2
w1 #0 d=g—1

Theorem (Gothen)

The spaces M%Vgl_w% and /\/lf,g_2 are nonempty and connected for
d # 3g — 3. The space Mgg:g consists of the 228 Hitchin components,
giving 2(2%8 — 1) + 2g — 2 + 228 connected components
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Theorem (Gothen)

The spaces M%V%_W% and /\/lff_2 are nonempty and connected for
d # 3g — 3. The space Mggig consists of the 228 Hitchin components,
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For g — 1 < d < 3g — 3 the space M2 (and hence X28~?) is smooth,
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Theorem (Bradlow, Garcia-Prada, Gothen)

For g — 1 < d < 3g — 3 the space M2 (and hence X28~?) is smooth,
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Connected components of maximal Sp(4,RR) reps

For 7 = 2g — 2 the Stiefel-Whitney classes of the Cayley partner give

3g—3
MPE2(Sp(a,R)) = | | M2E2 U || ME
w1 #0 d=g—1

Theorem (Gothen)

The spaces M%V%_W% and /\/lff_2 are nonempty and connected for
d # 3g — 3. The space Mggig consists of the 228 Hitchin components,
giving 2(2%8 — 1) + 2g — 2 + 228 connected components

Theorem (Bradlow, Garcia-Prada, Gothen)

For g — 1 < d < 3g — 3 the space M2 (and hence X28~?) is smooth,
noncontractible and all representations in ngfz are Zariski dense.
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" : : 262
BGG description of Higgs bundles in M:f

(V,B8,7) € Mig_z is determined by a quadruple (N, u, v, q2) :
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(V,B8,7) € Mig_z is determined by a quadruple (N, u, v, q2) :
@ a holomorphic line bundle N—X with deg(N) = d
o u € HY(N=2K3) nonzero if d # g — 1
o v € HY(N2K)
° g € H(K?)
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" : : 262
BGG description of Higgs bundles in M:f

(V,B8,7) € Migfz is determined by a quadruple (N, u, v, q2) :
@ a holomorphic line bundle N—X with deg(N) = d
@ u € HY(N=2K3) nonzero if d # g — 1
o v € HO(N?K)
o g2 € HO(K?)

won=(nern (G 5)-6 3))

If g —1<dand A€ C*then (N, u,v,q) = (N, A\, A\ v, o)

()<
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Fg={(N,u,v)|N € Pic?(S,J),0+# e HO(N2K3) ,v € HO(N?K)}/C*
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Fg={(N,u,v)|N € Pic?(S,J),0+# e HO(N2K3) ,v € HO(N?K)}/C*
Forg —1 < d < 3g — 3 we have

MZE2 = Ff % HO(K?).
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Fg={(N,u,v)|N € Pic?(S,J),0+# e HO(N2K3) ,v € HO(N?K)}/C*
Forg —1 < d < 3g — 3 we have

MZE2 = Ff % HO(K?).

If p € ng—z for g — 1 < d < 3g — 3 then there is a unique conformal
structure J, in which the quadratic differential in the corresponding Higgs
bundle is zero.
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Fg={(N,u,v)|N € Pic?(S,J),0+# e HO(N2K3) ,v € HO(N?K)}/C*
Forg —1 < d < 3g — 3 we have

MZE2 = Ff % HO(K?).
Theorem (C.)

If p € ngfz for g — 1 < d < 3g — 3 then there is a unique conformal
structure J, in which the quadratic differential in the corresponding Higgs
bundle is zero.

A\

Theorem (C.)
If g —1 < d < 3g — 3 then there is a MCG(S)-invariant diffeomorphism

W X8

where 7 : Fy—T(S) is the fiber bundle with 7=1(J) = F7.
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Harmonic maps and Energy

Fix p € X(m1,G), for each conformal structure ¥ = (S, J), let
hy : T—(G/H, g)

be the unique harmonic map from Corlette's Theorem.
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Harmonic maps and Energy

Fix p € X(m1,G), for each conformal structure ¥ = (S, J), let
h,: ¥ —(G/H, g)
be the unique harmonic map from Corlette's Theorem.
(h38)* :=qy, € H'(K®) Hopf Differential of h,
h, is weakely conformal if and only if g, , = 0.

a1, = CTr(dn}° @ dh}°)

Up to a constant this is the g, = Tr(¢ ® ¢) J

Define:
SP(J):/ |dh,|?dvol : T(S)—R
>
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Harmonic maps and Energy

Fix p € X(m1,G), for each conformal structure ¥ = (S, J), let
h,: ¥ —(G/H, g)
be the unique harmonic map from Corlette's Theorem.
(h38)* :=qy, € H'(K®) Hopf Differential of h,
h, is weakely conformal if and only if g, , = 0.

a1, = CTr(dn}° @ dh}°)

Up to a constant this is the g, = Tr(¢ ® ¢) J

Define:
SP(J):/ |dh,|?dvol : T(S)—R
>

Shoen-Yau and Sacks-Uhlenbeck showed critical points of £,(J) are
weakely conformal maps, or equivalently branched minimal immersions.

Brian Collier (UIUC) Maximal Sp(4, R) representations and minimz June 11, 2015 8 /11



Properness of Energy and Hitchin components

If p ng_2(7r1, Sp(4,R)) then there is a unique conformal structure J, in

—_—

which h, : (S, J)—Sp(4,R)/U(2) is a minimal immersion.
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Properness of Energy and Hitchin components

If p ng_2(7r1, Sp(4,R)) then there is a unique conformal structure J, in

—_—

which h, : (S, J)—Sp(4,R)/U(2) is a minimal immersion.

Theorem (Labourie)

If p be a maximal Sp(2n,R) representation then the energy functional
&, T(S)—R is smooth and proper.
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Properness of Energy and Hitchin components

If p ng_2(7r1, Sp(4,R)) then there is a unique conformal structure J, in

—_—

which h, : (S, J)—Sp(4,R)/U(2) is a minimal immersion.

Theorem (Labourie)

If p be a maximal Sp(2n,R) representation then the energy functional
&, T(S)—R is smooth and proper.

If pe ng_z then there exists a conformal structure in which the
harmonic metric h, is a branched minimal immersion.
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|dea of proof (Fixed points)

Fix p € ng—z and let J be a conformal structure in which h, is minimal.
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|dea of proof (Fixed points)

Fix p € ng—z and let J be a conformal structure in which h, is minimal.
v p

m
Then (V,B3,7)= N N-1K N1

T— 1

1

NK—1
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|dea of proof (Fixed points)

Fix p € ng—z and let J be a conformal structure in which h, is minimal.
v p

m
Then (V,B3,7)= N N-1K N1

T— 1

1

NK~! (ie. g2 =0).
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|dea of proof (Fixed points)

Fix p € ng_2 and let J be a conformal structure in which h, is minimal.

Then (V,ﬁ77) =N N~ NK_l (|e (ep) :0)

Proposition

The Higgs bundle (N o NLK, (g 2) : (2 é)) is cyclic
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|dea of proof (Fixed points)

Fix p € ng_2 and let J be a conformal structure in which h, is minimal.

Then (V,ﬁ77) =N N~ NK_l (|e (ep) :0)

Proposition

The Higgs bundle (N @ NK, (g 0) , (0 1)) is cyclic (i.e. a fixed

7 10
point of (e%) c U(1))
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|dea of proof (Fixed points)

Fix p € ng_2 and let J be a conformal structure in which h, is minimal.

=
Then (V,ﬁ,’y) =N N_IK___? N1 NK1 (i_e_ q = 0)
\1—/
1
Proposition
The Higgs bundle (N @ NK, (g 2) , (? é)) is cyclic (i.e. a fixed

point of (e%i) C U(1)) and the metric solving the Hitchin equations splits
diagonally as Hy @ H, on N & N71K.
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1
Proposition
The Higgs bundle (N @ NK, (g 2) , (? é)) is cyclic (i.e. a fixed

point of (e%i) C U(1)) and the metric solving the Hitchin equations splits
diagonally as Hy @ H, on N & N71K.

z " SP(4.C)/Sp(4)
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|dea of proof (Fixed points)

Fix p € ng_2 and let J be a conformal structure in which h, is minimal.

=
Then (V,ﬁ,’y) =N N_IK___? N1 NK1 (i_e_ q = 0)
\1—/
1
Proposition
The Higgs bundle (N @ NK, (g 2) , (? é)) is cyclic (i.e. a fixed

point of (e%i) C U(1)) and the metric solving the Hitchin equations splits
diagonally as Hy @ H, on N & N71K.

Sp(4,C)/C* x C*

z " SP(4.C)/Sp(4)
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|dea of proof (Fixed points)

Fix p € ng_2 and let J be a conformal structure in which h, is minimal.

Then (V,ﬁ77) =N N~ NK_l (|e (ep) :0)

Proposition

The Higgs bundle (N @ NK, (g 2) , (? é)) is cyclic (i.e. a fixed

point of (e%i) C U(1)) and the metric solving the Hitchin equations splits
diagonally as Hy @ H, on N & N71K.

Sp(4,C)/C* x C* <— Sp(4,C)/U(1) x U(1)

|
Te T 5p(4,C)/Sp(4)
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Obrigado!
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