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2d Yang-Mills

* Mathematically well defined

THE YANG-MILLS EQUATIONS OVER
RIEMANN SURFACES

By M. F. ATIYAH, FR.S.,tf anp R. BOTT}

» Exactly solvable (solved by A.Migdal)

* Has many cousins and applications, ranging
from Hurwitz theory to Chern-Simons theory

[ 2d TQFT

: Chern-Simons
7 Vol (Jl/lﬂat)] — [Zd chg-Mllls] —> [ ]

on S'xx




2d Yang-Mills

G = (simple) compact Lie group SU(2)

A = connection on a G-bundle E — X over a
genus-g Riemann surface X

1
Svym(A) = —@/Ed,u TrFfl

Note,
ZYM / DA ¢ SymlA

is almost Topologlcal depends only on g = [dp

=



2d Yang-Mills

invariant under SDIff(¥) = “area-preserving
quantum field theory” (cf. TQFT)

1
SvyMm(A) = —@/Ed,u Tr F%

Note,
Zvi (2 /DA e~ Ovm(A
is almost Topologlcal depends only on g = [dp
2



2d Yang-Mills

invariant under SDIff(¥) = “area-preserving
quantum field theory” (cf. TQFT)

moreover, Sy (A) is invariant under

2

e’— ue*, u— plu for ueR

= Zym(Z,e’) depends only on ¢ %2 and
without loss of generality we can set € °= 1



2d Yang-Mills

Lie algebra valued scalar (O-form)

: / \
S(A,B):—%/Zd,uTrBQ—i/ETrBFA

Integrating out B we get Syyi(A). E.Witten

The limit e“— 0 (equivalently a— 0) gives a
TQFT with the field equations F'y = 0

Zym(ea — 0) = Vol (Mgat (G, X))



Atiyah-Segal axioms in 2d

States: |A\) € H




Atiyah-Segal axioms in 2d

Associativity:

A A
C,uu)\ Cpo' — “YupA CVO'

Topological invariance:

C)\)\)\v if A = H ="V
C,LW)\ — {

0, otherwise



Atiyah-
lyah-Segal axioms in 2d

C O A




Atiyah-Segal axioms in 2d

2d TQFT J . Chern-Simons
[Z~Vol M) | < [Zd Yang—MlllsJ —> [ on S X3 J
1
O = dim A

A = unitary irreducible
representation of G

-‘1-?% - Z(Z) — Z(CA)\)\)QQ_Q_I_n
RS



Atiyah-Segal axioms in 2d

2d TQFT J . Chern-Simons
[Z ~Vol (M) | < [2d Yang—Mllls] — [ on S' xS J

N ! L)
Chaan = ~

dim A dim, A
A = unitary irreducible A = highest
representation of G weight integrable

representation

Aot /
Arr — w of the loop group
A€ Aa (W X (k + h)ATt> LG at level i




Atiyah-Segal axioms in 2d

2d TQFT J . [Chern—SimonsJ
[Z ~ Vol (Msar) — [Zd Yang—MlllsJ — on S x>
1 1 1
Con = — o o —
dim A dim, A dim g\
-

A new TQFT from
“complex Yang-Mills™
on Riemann surfaces



Atiyah-Segal axioms in 3d

~ HCS(Q >, k)

1
)29—2

dimH®(G, 5, k) = Zes(S' x %) = Y 5
(20

Example: G=SU(2)

E.Verlinde



Atiyah-Segal axioms in 3d

~ HCS(Q >, k)

1
)29—2

dimH®(G, 5, k) = Zes(S' x %) = Y 5
O
A

Example: G=SU(2) g=2

1 11
dimH = gk3+k2+ﬁk+l

E.Verlinde



Atiyah-Segal axioms in 3d

2d TQFT 2=0 .
[Z~V01 (Jl/Lﬂat)J D [Zd Yang—MlllsJ — [

\ k— 00

| 1
dlm’HCS(G,Z,k) — ZCS(S1 X Z) — Z (S(Z))\)QQ_Q
A

Chern—SimonsJ
on Slxx

Note: Spy ~ dimg A S22 L dim A

Zm(ia) = ) (dimA)?2em 320
A




Hirzebruch-Riemann-Roch

2d TQFT

[Z ~ Vol (Mt )]

, Chern-Simons
) [Zd Yang—Mllls] —> [ on S X3 ]

dimHP (G, 2, k) = Zeg(St x X) /

= dim H°(M, L)
/L = line bundle 3 c1(£L)
over M = Mg, (G, X) /M ) M)
withc; (L) = kw = Z2¢/G
1
W = TI’ dANIA — ZA-model(Gr(N’ k))

A2
o / = dim Hom(B', B..)



Complexification

Ge -valued connection

At ig

Mﬂat(G7 E) ~> Mﬂat(GCa Z) = MH(G7 Z)

hyper-Kahler moduli space of Higgs bundles

I J K
1(4, @)
w, W, w, |

Fp+ |®,0%] = O\

ECI):OJ

*/
conj.



Complexification

A ~> A=A+io

Ge -valued connection

Mﬂat(G7 E) ~> Mﬂat(GCa Z) = MH(G7 Z)

circle action 1)
(A, ®) — (A, e?d)

VOl(./\/l) :/ e’ ~——> VOlﬁ(./\/lH) :/ GWI(B)
M Mg



Equivariant Volume

H — /Trlcio]Qd?z
>

Volg(Mpg) ::/ ev1(P) :/ ew1—PH
My My

Atiyah-Bott localization formula:

Wr

L e
Valg(Mn) =3 e / -

S FS

. . /(\:odim@FS
equivariant Euler class of the normal T (it o)
bundle of the critical manifolds of H ‘ Z

1=1



Simple Examples

D Volg(Mpg)

1—2 22— b
1—zx + €

e 52
Vol(M) . 4-3, e Hif
5 T T ope




Quantization

A ~> A=A+io

Ge -valued connection

Mﬂat(G7 E) ~> Mﬂat(G(Ca Z) = MH(G7 Z)

circle action 1)
(A, ®) — (A, e?d)

H(E; Ge, k) = €D Ha

nez




Quantization
M:Mﬂat(G,E) ~—>> MH(G,Z)

"Prequantum” line bundle and the Hilbert space:
C1 (ﬁ) — kw —~—>> (1 (ﬁ) = kwry

HS(G, 2, k) ~> HP(Ge, X, k)

Index theorem:

/ 1) ATAM) ~> [ ch(L, B) A Td(My, B)
M Mg



Atiyah-Segal-Singer index for
complex Chern-Simons

dlmﬁ HCS(GC, Z) k) — indexsl (a[,)

_ Z —BRH(F.) Td(Fy) A e
- r, [J(1 —e#imhni)

E—\+1 N 2¢~ b N 4e— B2
1 — e B (1—eP)2  (1—ef)(1—e25)




New 2d TQFT

dimg H(Z; Ge, k) = Y t"dimH, =) (Con)* 7
n A

Example: G=SU(2) _ 1
dimg H(X; Ge, k) = lk?’ + k4 Ek +1 dimqﬁ A

+< k3+3k2——k—3>t

+ (k° +8k* — 3k +6) t°

( k3 16k2——k+6)

+

( + 20k — —k + 63) ¢ t =e P

+ o+



2d TQFT
7~ YOI (Miat)

/ ~ V(T)I'B (M)

- ‘ W

2d Yang-Mills

N

/

'Zd Yang-Mills

4

A
L="7"TOxxN)
A

New TQFTs

1
dim, A

" Chern-Simons |
1
. onS xX




Conclusions

»+ Two new TQFTs in Atiyah-Segal fashion:
- Equivariant volume of the Hitchin space
- Atiyah-Segal-Singer equivariant index

A
0" R

* One new "area- pr'eser'vmg" QFT #
* Localization for complex Chern-Simons

theory: X O D)

- one extra parameter,

- Seifert 3-manifolds -%



D-branes in Hitchin moduli space
HP(Ge, ¥, k) = Ext’y, (Bee, B)

/ ch(L) A Td(Mpy) = x(Bee, B)
My

)

objects in the derived

category of coherent sheaves,
(B,A,A) branes



Mirror Symmetry

integrable system:

My (G, %) MH(LG, )
—~ [N.Hitchin]
" \1 B l/ T [T.Hausel, M.Thaddeus]
SO(2N) &\ SO(2N)
SO(2N+1) L Sp(2N)
E6 i, E6/Z.,

ES8 Robert Langlands ES



Mirror Symmetry

(B,A,A) branes < > (B,B,B) branes
MH(Gv 2) MH(LG7 Z)
T \1 1/ T
B

HS(Ge, B, k) = Bxtly, g5 (Bee, B)

/ Ch(ﬁ) A Td(MH(G, Z)) — X(gCC7 g/)
My (G.X)
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2d TQFT

7 ~ Volﬂ (M, ))

Turning on a

¢

4 )

Complex

2d Yang-Mills
. J

2

‘9

=)

°

Z
-

1

L

(

\_

Complex
Chern-Simons

on S'x =

\

J

Ly P

as a limit of complex Chern-Simons on a degree-d
circle bundle over = (without singular fibers):

q—1,

d

q

a







