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What are these moduli spaces?

Higgs-bundles - M,
Mopor = ((E,0: € — £ @ Q))ssteoarse

Connections - Mpg

MDR — Con%oarse

Representations - M ey

Meeti = {(Ai, Bi) € GL3?| TTZ,[A;, B] = 1}/conjugation

Some variants
@ Can look at bundles with level structures ~~ Repr of

m1(C — pts) with prescribed monodromy at punctures.

@ G non-split, e.g. for k = R.
@ G/C family of groups over C.
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Mopor :={(£,0: £ — £ @ Q))ssteoarse

Meni = {(A, Bi) € GLZ9| T2, [A;, B]] = 1}/conjugation
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Mopor :={(£,0: £ — £ @ Q))ssteoarse

Meni = {(A, Bi) € GLZ9| T2, [A;, B]] = 1}/conjugation

@ What is the global topology (e.g. cohomology) of M, (C)?
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Questions (Hitchin)

Higgs-bundles - M,
Mopos = <(5,9: E 3 E® QC)>sst,coarse
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@ How are the extra structures on H*(M>) induced by
algebraic structure of M py;, M geyi related?
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Questions (Hitchin)

Higgs-bundles - M,
Mopos = <(5,9: E 3 E® QC)>sst,coarse

Representations - M ey
Maeeti = {(A;, Bj) € GLY|TTY_,[A;, B] = 1} /conjugation

@ What is the global topology (e.g. cohomology) of M, (C)?

@ How are the extra structures on H*(M>) induced by
algebraic structure of M py;, M geyi related?

@ How are the results for different groups related?
First results:
@ n = 2 Hitchin, n = 3 Gothen: Computed e.g. H*(M ).
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Plan:

@ Mgy - Method used by Hausel-Rodriguez-Villegas
© M, - Two geometric methods
© P=W — A conjecture relating the extra structure on H*’s

18



7/18



Weil conjectures allow to deduce H*(X(C)) from counting
X([Fq) if X is smooth projective.
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Weil conjectures allow to deduce H*(X(C)) from counting
X([Fq) if X is smooth projective.

Warning: This does not apply to M gey;!
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Frobenius knew (G finite group, F: G — G):

#{g € G"|F(g) = =25 Z > x(Mx(F(9))

9 xe€lrrg
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Point-counting on M ey Part |
Frobenius knew (G finite group, F: GX — G):

#{g € G“|F(g) = 1}=#162 S x(1)x(F(g))

g9 x€lrrg

1 g=1
because erlrre X(1)X(g) = { 0 gtherwise

(Irrg - Irreducible representations, x characters, p, corresp. representation)
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Frobenius knew (G finite group, F: GX — G):

#lge GIF@ =11 = 553 3

g9 x€lrrg

1 g=1
because X,y x(Dx(@) = { o 91

For Mpeni F = H[A,, Bj]C this simplifies:
_ B
S nca Px(ABAT!) =#GXD 1d

1 x(B)x(B~!
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Corollary (Hausel-Rodriguez-Villegas)
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Point-counting on M geyi Part Il

Corollary (Hausel-Rodriguez-Villegas)

#(A.B) € GEI 1A BIC=1) = 3 (2E)0-15(0)

x€Elrrg X(1 )

(1 _ q2)2g—2 + q29—2(1 _ q2)2g—2_
—20%972((1- g2+ (1 + 9)*2)
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Point-counting on M ey Part |l

Corollary (Hausel-Rodriguez-Villegas)

#((A.B) < GEQ)| [JIA-BIC =1} = 3 (ZS9-1y(0)

x€Elrrg X( )

(1 _ q2)29—2 + q2g—2(1 _ q2)2g—2_
—20%972((1- g2+ (1 + 9)*2)

@ Good news: This is a polynomial in g ~~ determines
E—Polynomial by replacing g by xy

@ Alternative geometric argument for GL,, SL,
(Logares-Mufoz-Newstead,Mufioz-Martinez)

@ Bad news: There are cancellations, i.e. this does not allow
to deduce the Poincaré polynomial as computed by Hitchin.



(1 o q2)2g—2 4 q29—2(1 o q2)2g—2_
~3¢7972((1 - 9972 + (1 +¢)%02)
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Point-counting on M ey Part |l

(1 _ q2)2g72 + q2972(1 _ q2)2972_
—29792((1 = @)% 2+ (1 + 9)%72)

The rational function:
(@R+1P9 (qPI2(1 + P00
(1—q23)(1 —q?t*) (1 -4%)(1 —(qt)?))
1 og o, (1-qt)?9 (14 gt)*e
2 Tt -a® G+t + @)

specializes to Mgy for t = —1 and to Eg¢(Mpy) for g = 1.

H(q,t) =

HRV conjecture a similar formula for all n. — Still open.
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Point-counting on M ey Part |l

(1 _ q2)2g72 + q2972(1 _ q2)2972_
—29792((1 = @)% 2+ (1 + 9)%72)

The rational function:
_ (PPt (qt?)?92(1 + g?1)%9
HaD =G @ryi—gm (- @0 - (@)
Py 2
_ %(qtz)zg—z( (1—qt) (1+qt)~ ))

(1-q9)(1-q?)  (1+9)(1+qt?
specializes to Mgy for t = —1 and to Eg¢(Mpy) for g = 1.

HRV conjecture a similar formula for all n. — Still open.
Exponents of g = xy «+ weight filtration on H*(M gey;).
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Plan:

@ Mpei - Method used by Hausel-Rodriguez-Villegas
@ Mp, - Two geometric methods (a brief sketch)
© P=W — A conjecture relating the extra structure on H*’s
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admit modular description as stable chains.

12/18



M por — Additional structure from Hitchin’s fibration

h: Higgs®™ — A = &4 H°(C, Q)
(£,0) = ((—1) Tr(A'))

@ Proper, flat
@ General fibers are Jacobians / abelian varieties (Jz)
© Equivariant with respect to G, = C*-action. Fixpoints
admit modular description as stable chains.
Consequence:

H*(Higgs®®") = H*(h~'(0))
Thus:
E-Polynomial & point counting do determine H* for M py,!

Use coprimality and GLp, / assume smoothness
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M po; — Method 1

Recall: Computation of H*(Bun®*!) uses H*(Bun) then truncate
w.r.t. Harder-Narasimhan stratification.
Problem: Higgs is too big: H'(Higgs) need not be finite
dimensional / Point counting does not converge
Point counting and E-polynomials are additive w.r.t.
decompositions

X=X-2]]z

~» compute in Kp(Var).
1st Solution: Compute everything for fixpoint strata (Hitchin
n =2, Gothen n = 3, jt w. O. Garcia-Prada, A. Schmitt for
general n)How?
@ Vary stability condition.
© Use that only obviously unstable points are unstable for
large parameters.
© Reduce then to computation for Bun, Moduli of extension
of bundles, Moduli of modifications of bundles.
This produces an algorithm. 13/18
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M por — Method 2 (Schiffmann/ Schiffmann—Mozgovoy)

2nd Solution: Use a clever truncation of Higgs

@ Truncate according to fimin €.9., ftmin > 0 of the underlying
vector bundle.

© Reduce to computations similar to the ones in solution 1.
© Hall algebra techniques to handle the combinatorics.
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M por — Method 2 (Schiffmann/ Schiffmann—Mozgovoy)

2nd Solution: Use a clever truncation of Higgs

@ Truncate according to fimin €.9., ftmin > 0 of the underlying
vector bundle.

© Reduce to computations similar to the ones in solution 1.
© Hall algebra techniques to handle the combinatorics.

This produces a formula, similar — but even more complicated
than the one conjectured by H-RV.

In the first article the problem is first reformulated in terms of
isomorphism classes of indecomposable bundles.
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© M, - Two geometric methods
© P=W - A conjecture relating the extra structure on H*’s

15/18



h: Higgs®™! — A = & H°(C, QL)
(£.0) = ((—1) Tr(A'0))

16/18



h: Higgs®™! — A = & H°(C, QL)
(£.0) = ((—1) Tr(A'0))

@ his proper.

16/18



More structure obtained from Hitchin’s fibration

h: Higgs®™ — A = of_H’(C, Q)
(£.0) = ((—1) Tr(A'0))

@ his proper.
Consequences (continued): Decomposition theorem:
N := 2dim A = dim Higgs®®".

16/18



More structure obtained from Hitchin’s fibration

h: Higgs®™ — A = of_H’(C, Q)
(£.0) = ((—1) Tr(A'0))

@ his proper.
Consequences (continued): Decomposition theorem:
N := 2dim A = dim Higgs®®".
2N

Rh,C[N] = @@aGAPa[—i]
i=0

P, perverse sheaves (i.e. complexes determined by a local
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More structure obtained from Hitchin’s fibration

h: Higgs®™ — A = of_H’(C, Q)
(£.0) = ((—1) Tr(A'0))

@ his proper.
Consequences (continued): Decomposition theorem:
N := 2dim A = dim Higgs®®".
2N

Rh,C[N] = @@aeAPa[_i]
i=0
P, perverse sheaves (i.e. complexes determined by a local

system on some locally closed subset a of A).
Example: The local system H’(Ja) = A'H'(J,) occurs.

H*(Higgs®™', C) = B ®(Pal-1)o
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More structure obtained from Hitchin’s fibration

H*(Mpor, C) = @D &(Pal—1)o
Induces second filtration on H'(M ) - “perverse filtration”

P=W Conjecture: de Cataldo—Hausel-Migliorini

The weight filtration on H*(M geyi) agrees with the prerverse
filtration on H*(M ).

The dCHM prove this for n = 2.
Geometric ingredients for perverse filtration:
@ All fibers of h are moduli of torsion free “rank 1” sheaves on
spectral curves
© Exists a family J4 — A of commutative group schemes
acting on Higgs®®'.
Induces action of mg(J4) on H* (“k-decomposition” (Ng6)).
Induces action of A*H'(J,) on H*(h~'(a)).
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completely determined by smooth fibers (for GL,).
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Symmetries of h

Action of A*H'(J,) poses a lot of constraints. E.g.:

@ Ngo, Chaudouard-Laumon: If we replace Q by bundle of
degree > 2g — 2 in definition of Higgs then Rh,C is
completely determined by smooth fibers (for GL,).
Caution: This is probably not true for Higgs.

@ On smooth fibers coincides with conomology

© JCHM use local monodromy of H' / global monodromy by
Baraglia-Schaposnik.

A consequence of P = W-conjecture:

a = 0 does not occur / Intersection form vanishes.
This can be checked for all n.
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