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Character varieties

Given a finitely generated group I'
F=(x1,....Xn | M, rs)

and a complex reductive Lie group G, we can consider the representation
space
Rg(I') := Hom (T, G)

where G acts by conjugation g-p=gpg~!
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Character varieties

Given a finitely generated group I
M= <X1,...,X,, | r1,...,rs>

and a complex reductive Lie group G, we can consider the representation
space
Rg(I') := Hom (T, G)

where G acts by conjugation g-p=gpg~!

Definition (Character variety)

The G-character variety is the GIT quotient

Mq(T) == Re(M)//G
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We will focus on the following set of character varieties: Let X be a
compact Riemann surface of genus g > 1, fix p € X, take C € G, C € [C]
and let v be a small loop around p.

Then

Mc=A{p:m(X\{p}) = G|p(y)€C}//G
={(A1,By,..., Ag, Bg) € G | [][A1. Bl €C}//G
= {(A1, By, ..., Az, Bg) € G* | [ [[Ai, Bi] = C}//Stab(C)
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We will focus on the following set of character varieties: Let X be a
compact Riemann surface of genus g > 1, fix p € X, take C € G, C € [C]
and let v be a small loop around p.

Then

Mc=A{p:m(X\{p}) = G|p(y)€C}//G
={(A1,By,..., Ag, Bg) € G | [][A1. Bl €C}//G
= {(A1, By, ..., Az, Bg) € G* | [ [[Ai, Bi] = C}//Stab(C)

The E-polynomial
ex € Zlu,v]

encodes topological, algebraic and arithmetic information of M¢(G).
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Hodge decomposition

Let X be a complex compact Kahler manifold of dimension n.
A classic result is

Theorem(Hodge decomposition)
For each 0 < i < 2n,

H(X,C)= € HPI

p+q=i

where HP:9 = H9P
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Hodge decomposition

Let X be a complex compact Kahler manifold of dimension n.
A classic result is

Theorem(Hodge decomposition)
For each 0 < i < 2n,

H(X,C)= € HPI
p+q=i

where HP:9 = H9P

Theorem (Hodge decomposition)

The k-th cohomology group of a complex compact Kahler manifold has a
pure Hodge structure of weight k

Define the Hodge numbers:

hP9 = dimg HP9
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Mixed Hodge structures

Can this setup be extended to other situations (non-compact or singular
spaces)?
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Mixed Hodge structures

Can this setup be extended to other situations (non-compact or singular
spaces)?

For quasi-projective algebraic varieties X , Deligne proved

The k-th cohomology group H*(X,C) of a quasi-projective algebraic
variety is endowed with a mixed Hodge structure.
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Mixed Hodge structures

Can this setup be extended to other situations (non-compact or singular
spaces)?

For quasi-projective algebraic varieties X , Deligne proved

The k-th cohomology group H*(X,C) of a quasi-projective algebraic
variety is endowed with a mixed Hodge structure.

Hodge numbers
H*(X,C) is endowed with two filtrations, W*, F, that allow to define

129 dim HPI(HE(X, ) = Gr2Gr2(HA(X,©)

Observation: h%00 h211 h2:30 make sense, p + q # k.
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E-polynomials

Definition
Define x29(X) = 32, (—=1)kh&P9. The E-polynomial is defined as

e(X)(u,v) =Y xBIUX)uPvI € Zu, V]
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E-polynomials

Define x29(X) = 32, (—=1)kh&P9. The E-polynomial is defined as

e(X)(u,v) = Zx’”’ X)uPv9 € Zlu, v]

Properties
o Easier to compute.
o Additivity: If Z =UZ;, Z; locally closed, e(Z) =Y e(Z).
o Topological information:

o e(1,1) = x(X).
o leadcoef (€) equals the number of irreducible components.

o Arithmetic information.
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E-polynomials

Define x29(X) = 32, (—=1)kh&P9. The E-polynomial is defined as

e(X)(u,v) = Zx”q X)uPv9 € Zlu, v]

o Easier to compute.
o Additivity: If Z =UZ;, Z; locally closed, e(Z) =Y e(Z).
o Topological information:

o e(1,1) = x(X).
o leadcoef (€) equals the number of irreducible components.

o Arithmetic information.

When X is of balanced type /Hodge-Tate type (H*P9 = 0 for p # q),
e(X)(u,v) = prqupvq = Zx”pq € Zl[q]
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Take G = GL(n,C), SL(n, C), the non-abelian Hodge correspondence

Mu(G) <=5 Mr(G) <= Mp(G)
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Take G = GL(n,C), SL(n,C), the non-abelian Hodge correspondence
My(G) = Mg(G) +— Mg(G)

stablishes:
o Homeomorphisms My(G) = Mgr(G) = Mpg(G) (same Betti
numbers)
o Not algebraic (different Mixed Hodge numbers)
o My(G), M4r(G). Pure HS, not Hodge-Tate (h*P9 = 0 if p+ q # k.)
o Mpg(G). Mixed HS, Hodge-Tate (h*P:9 =0 if p # q).

o Several conjectures (relation with Mirror Symmetry).
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Geometric technique

The geometric approach uses:
o Set of coordinates in G.
o Stratifications of Rx(G) given by trace maps.
o Equivariant E-polynomials (to compute quotients under finite groups
e(X/G))

o Analytic locally trivial fibrations

F—E—B
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Geometric technique

The geometric approach uses:
o Set of coordinates in G.
o Stratifications of Rx(G) given by trace maps.

o Equivariant E-polynomials (to compute quotients under finite groups
e(X/G))

o Analytic locally trivial fibrations
F—E—B
If there is no monodromy,

e(E) = e(F)e(B)
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Fibrations with monodromy

When the action of 71(B) on H*(F) is not trivial, there is a representation:
p:m(B) — GL(HA(F,C))

called the monodromy representation.

Javier Martinez Martinez (UCM) E-polynomials of SL(2, C)-character varieties June 11, 2015 9 /19



Fibrations with monodromy

When the action of 71(B) on H*(F) is not trivial, there is a representation:
p:m(B) — GL(HA(F,C))

called the monodromy representation.
Assume that p(71(G)) is a finite and abelian group .
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Fibrations with monodromy

When the action of 71(B) on H*(F) is not trivial, there is a representation:
p:m(B) — GL(HE(F,C))

called the monodromy representation.
Assume that p(71(G)) is a finite and abelian group .
There is a diagram, for each p, k

p: m(B) ———"—= GL(HPP(F))

N

r

such that HXPP(F) are modules over T
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The Hodge monodromy representation

Let R(I") be the representation ring of I'.

Definition

The Hodge monodromy representation is given by the polynomial,

R(E) = Y (=1)[H*P(F)l¢” € R(T)[q]
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The Hodge monodromy representation

Let R(I") be the representation ring of I,

Definition

The Hodge monodromy representation is given by the polynomial,

R(E) = Y (=1)[H*P(F)l¢” € R(T)[q]

Proposition
If

R(E) = a1(q)S1+ ... + an(q)Sq € R(N]q]
there exist E-polynomials s1,...s(q) € Z[q] such that

e(E) = a(q)s1 + ... + an(q)sq € Z[q]
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Step 1. Building blocks g = 1,2, 3.

Write Id, — Id, J4, J_, &) for the conjugacy types in SL(2,C), where

A0
= (o A‘l)
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Step 1. Building blocks g = 1,2, 3.

Write Id, — Id, J4, J_, &) for the conjugacy types in SL(2,C), where

A0
= (0 )\_1)

The building blocks correspond to the representation spaces of curves of
genus 1 and 2,

X&' ={(A.B.C) €SL(2.C)*| [A.B] = C}
and the Hodge monodromy representation corresponding to the fibration
=1
XE~" — C\{0,£1}

and the quotient by the Zs-action taking A\ — A1,

XET )2y — C\ {£2}
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An example: M, forg =1

4] R(X@\) S R(Zz)[q], R(X&A/Zz) S R(Zz X Zg)[q].
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An example: M, forg =1

) R(XE)\) S R(ZQ)[q], R(X;’:)\/Zz) S R(ZQ X Zz)[q].

gzl,C:J+

If we take explicit equations

(1) o)

and solve [A, B] = J;.

N\
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An example: M, forg =1

) R(XEA) S R(ZQ)[q], R(X;’:)\/Zz) S R(ZQ X Zz)[q].

gzl,C:J+

If we take explicit equations

(1) o)

and solve [A, B] = J;.

Xy

., is a bundle Y of complex lines

C— X§~H — C* x C* — {(£1,+1)}

where the action of Stab(J,) is by translations on the lines.

N\
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An example: M, forg =1

) R(XEA) S R(ZQ)[q], R(X&A/Zz) S R(ZQ X Zz)[q].

gzl,C:J+

If we take explicit equations

(1) o)

and solve [A, B] = J;.

Xy

., is a bundle Y of complex lines

C— X§~H — C* x C* — {(£1,+1)}
where the action of Stab(J,) is by translations on the lines.

E(Mﬁfl) = e(X_ir:l/Stab J+) = (q — 1)2 — 4 = q2 + 2q _3

N\
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Step 2. The induction g > 3.

The information for genus g is codified in 8 polynomials,
g & & .8
€ld» €140 €7, 5 €
where ef = e(ME) and a&, b8, c&, d®

R(Xe,/Z2) = a8 T + bENy + cENo + dENyp € R(Zo x Z)|q]
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Step 2. The induction g > 3.

The information for genus g is codified in 8 polynomials,
g & & .8
€ld» €140 €7, 5 €
where ef = e(ME) and a&, b8, c&, d®

R(Xe,/Z2) = a8 T + bENy + cENo + d&Ny2 € R(Z2 x Z2)]q]

The idea is to decompose the surface of genus g 28, as
Y& =y& luyl —ye2uy2_—

and carry this decomposition to the representation spaces X§.
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Step 3. The induction.

The different decompositions correspond to the algebraic identities

k+h k+h

[Ai,Bi]=C<—= | |[Ai,B]]=C [Bi, Ajl
11 Il 1
Jj=k+

which stratify the representation spaces Xg in terms of the lower genus
cases Xé, Xg.
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Step 3. The induction.

The different decompositions correspond to the algebraic identities

k+h k+h
H[A,,B]—C@H[A,,B]—C [T (8. A
i=1 i=1 j=k+1

which stratify the representation spaces X2 in terms of the lower genus

cases Xé,Xg.

For example,

&g = (6" +4¢° - ¢ - 4C7)e|d +(4° — q)ef, Id
+(q° —2q* — 4> +2¢° + 3q)ef " + (¢° +3¢* — ¢° — 3¢7)ef
+(q® —2¢° —4q* +3¢° +29)a¥ 1 + (—¢° — 4¢* + 4% + q) 5!
+(2¢° —79* -3¢ + 79> — q)cf ' + (=5q" — ¢* + 5¢° — q)d¢ .
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Step 3. The induction

This procedure works for

g 8 g g
Ca> € 1d €140 €0

Javier Martinez Martinez (UCM) E-polynomials of SL(2, C)-character varieties June 11, 2015 15 /19



Step 3. The induction

This procedure works for

g .8 g g
Cld> € 1d> €55 €)1

For a8, b8, c8, d&, we can use the previous equations for g + 1 and obtain

g+l _ g+l g 8 B8 & A48

€d  ~ Q4 (eld7 Id’eJ ,€) ,a%, b8, 8, df)
_ &tl g-1 g-1 _g-1 1g-1 g-1 4g-1
=ef (el ,d,eJ €5 a8 bET 8 dE )

equations for ag, bg, Cg, ¢z in terms of the data of genus g — 1.
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Step 3. The induction

This procedure works for

g & & &
Ca> € 1d €140 €0
For a8, b8, c8, d&, we can use the previous equations for g + 1 and obtain

g+1 g+1

_ & e L 48

ey = ey (eld, Id,eJ,eJ,a b8, c8, d¥)
_ 811 g-1 g-1 g-1 ;g-1 g1 4g-1
=ef (el |d7eJ €5 a8 bET 8 dE )

equations for ag, bg, Cg, ¢z in terms of the data of genus g — 1.
Two more equations for a8 + d€ and b8 + c& come from the analysis of
the fibration given by Xg
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Step 3. The induction

If we codify the information of the E-polynomials for genus g in a vector
L8 = (eil,e;fﬁei,ef_?ag, b8, c8, df)
there is an 8 x 8 matrix Q with entries in Z[q] such that:

L& =QLe !
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Step 3. The induction

If we codify the information of the E-polynomials for genus g in a vector
C (o8 o & o8
L8 = (e,d,e,d7eJ+,eJ_7ag,bg,cg,dg)
there is an 8 x 8 matrix @ with entries in Z[q| such that:
L8 = QL

This relation allows to:

o Reproduce the topological handle attachment by a linear map of
E-polynomials.

o Obtain closed formulas for L§.
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The glueing matrix

q* +4q° @ -q
—4* —4q
@ —q q* +4¢°
—¢* —4q
& —2q? @ +3¢
—3q
¢ +3q? @ —2¢
7 e
—-3q 3¢°
3q? —3q
-1 -1

Javier Martinez Martinez

& —2q* — 4g° & +3q*
+2¢% +3q —q¢® - 3¢°
& +3q* @ —2¢* —4q?
—q* - 3¢? +2q2 +3q
@ +q* q°—3q°
+3¢%+3q —64?
q° —3q° ¢ +q*
—6¢% +3¢° +3q
& -3 & — 3¢
3¢°+3 —64¢°
—6q¢° 3¢°+3q
2¢2 24?

E-polynomials of SL(2

q° —2¢° — 4q*
+3¢% +2q

q® —2¢° — 4q*
+3¢% +2q

q°—2¢° - 3¢*
+¢° +3¢°

q° —2q° —3q¢*
+ + 3¢

q® —2¢° —2q*
+44° + ¢°

-3¢% + 3%
—3¢% +3¢°

—4g% +2

—g5 —aq"
+4¢% + q

2¢° - 7q* - 3¢°
+7¢? +q

—¢® 1 2q*
—4¢% + 3¢2

gt
—4q° + 64¢°

g
+2¢°

4q* — 6¢° + 4¢°
—8¢° + 64

—2¢°+q+1

haracter varieties

2¢° —7¢* — 3¢°
+79° +q

5

4q* — 6q° + 4q?

—2¢°+q+1

5t — ¢
+5¢%+q

5t g3
+5¢°+q

4 3

-2¢"—q
+3¢?

4 3

—2¢"—q
+3¢%

—2q*

-3¢° +3¢°
—3¢° +3¢%

q* - 2¢
+2q+1




Main theorem

Let X be a complex curve of genus g > 1. Let M = Mc(SL(2,C)) be
the character variety corresponding to C € SL(2,C). Then:

e(Mig) =(q°> — q)6 2+ (¢° — 1)672 — q(q° — q)*6 > —2%6¢%6 2
1, _ _
a2 g+ 2%~ 1)((q + 1%+ (g~ 1)%)

+ 5 al(a+ 17 + (g - 1%,
e(M_1g) =(a° = )22+ (¢° = 1)%6 72 =227 1(¢* + q)* 2 + (2% — 1)(¢* — q)* 2,
e(My,) =(a° — 9)*72(¢° — 1) + (2% 7' —1)(g - 1)(¢* — 9)* 2
2% g+ 1)(¢" +9)* 2 + %ng‘z(q —1((@-1)*7" —(g+1)*7),
eMy_)=(a*— @) 2(¢* - 1)+ (2% —1)(a - 1)(¢" — 9)*¢*
+2% g +1)(a° + )2,
e(Me,) =(¢* — ) 72(a° + q) + (a° — 1)* (a+ 1) + (2% — 2)(¢° — 9)* ?q.
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Corollaries

o All character varieties are of balanced/Hodge-Tate type.
o Euler characteristics of SL(2,C)-character varieties.
@ Number of irreducible components.

o Relations between E-polynomials

e(My )+ (g +1)e(M-14) = e(Mg,)

Behaviour of the parabolic family Mg, — C — {0, %1},
ROMear) = ((6° = @) (@ + @)+ (g + (@~ 1* 7 —a(a® —a)* ) T
+(@* - va(a” o)) W

Study of other situations (PGL(2,C), higher ranks, non-orientable
surfaces, other I').
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