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Character varieties

r=(xq,...,Xk|r,...,rs) finitely presented group
G =SL(r,C), GL(r,C), PGL(r,C) complex Lie group

R(r,G) = Hom(T, G)
= {(A1,..., A) € GNri(Ar,...,A) =1d,1 <j < s}

Character variety or moduli space of representations:
M(,G) =R, G)//G

Vicente Mufioz (UCM) Geometric methods for character varieties Porto, June 2015 2/17



Character varieties

Important cases:

Knot group

Knot K c S8
Mk = m1(S® — K) fundamental group of the knot exterior

Vicente Mufioz (UCM) Geometric methods for character varieties Porto, June 2015 3/17



Character varieties

Important cases:

Knot group

Knot K c S8
Mk = m1(S® — K) fundamental group of the knot exterior

Surface groups

X compact oriented surface of genus g > 1, p € X, v loop around p.
C € G, C = [C] conjugacy class.

MZ(G) = {p:m(X—{p}) = Glo(r) €C}//G
= {(A1,By,....Ag,By) € G| [[IA. Bl € C}//G
= {(A1,Bi,...,Ag,By) € G| [ [[Ai, B] = C}//stab(C)

v
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Character varieties

Geometric analysis by explicit use of coordinates in GX. \

Questions on character varieties

@ E-polynomials
@ K-theory class in Grothendieck ring K (Var)

@ Explicit description of character varieties (components,
dimensions, intersections, etc)

@ Defining equations, e.g. in terms of characters (traces of matrices)

v
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Torus knots

1. V. Mufoz, The SL(2, C)-character varieties of torus knots, Rev. Mat.
Complut. 22, 2009, 489-497.

2. J. Martinez and V. Mufioz, The SU(2)-character varieties of torus knots,
Rocky Mountain J. Math. 2015.

3. V. Murioz and J. Porti, Geometry of the SL(3, C)-character variety of torus

knots, Algebraic & Geometric Topol.
4. V. Muioz and J. Sanchez, Equivariant motive of the SL(3, C)-character
variety of torus knots, Volume in honour of J.M. Montesiones, Publ. UCM.

Vicente Mufioz (UCM) Geometric methods for character varieties Porto, June 2015

5/17



Torus knots

1. V. Mufoz, The SL(2, C)-character varieties of torus knots, Rev. Mat.
Complut. 22, 2009, 489-497.

2. J. Martinez and V. Mufioz, The SU(2)-character varieties of torus knots,
Rocky Mountain J. Math. 2015.

3. V. Murioz and J. Porti, Geometry of the SL(3, C)-character variety of torus
knots, Algebraic & Geometric Topol.

4. V. Munoz and J. Sanchez, Equivariant motive of the SL(3, C)-character
variety of torus knots, Volume in honour of J.M. Montesiones, Publ. UCM.

Kin,n torus knot of type (m, n)
rm,n = 7T1(S3 - Km,n) = <Xa}/‘xn :ym>
M(T m.n, G) = {(A,B) € G?|A" = B™}//G
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Theorem (M-Porti)

The character variety of the torus knot of type (m, n) (with m odd) for
G = SL(3,C) has the following components:

@ One component consisting of totally reducible representations,
isomorphic to C2.

o [251][31] components consisting of partially reducible
representations, each isomorphic to (C — {0,1}) x C*.

@ Ifnis even, there are (m — 1)/2 extra components consisting of

partially reducible representations, each isomorphic to

{(u,v) € C?lv #0,v # U?}.

11—2(n —1)(n—2)(m—1)(m — 2) componens of dimension 4,

consisting of irreducible representations, all isomorphic to

GL(3,C)//T xp T.

@ 1(n—1)(m—1)(n+ m— 4) components consisting of irreducible
representations, each isomorphic to (C*)?> — {x +y = 1}.
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Theorem (M-Porti)

The character variety of the torus knot of type (m, n) (with m odd) for
G = SL(3,C) has the following components:

@ One component consisting of totally reducible representations,
isomorphic to C2.

o [251][31] components consisting of partially reducible
representations, each isomorphic to (C — {0,1}) x C*.

@ Ifnis even, there are (m — 1)/2 extra components consisting of
partially reducible representations, each isomorphic to
{(u,v) € C?lv #0,v # U?}.

° 11—2(n —1)(n—2)(m—1)(m — 2) componens of dimension 4,
consisting of irreducible representations, all isomorphic to
GL(3,C)//T xp T.

@ 1(n—1)(m—1)(n+ m— 4) components consisting of irreducible
representations, each isomorphic to (C*)?> — {x +y = 1}.

= K-theory class of M(I'm 5, SL(3, C)), which recovers m, n
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Theorem (M-Porti)

The character variety M(T' m n, SL(r,C)) has dimension < (r —1)2. For
r > 3, the number of irreducible components of this dimension is

1/n—1\/m-1
r\r—1 r—1
Demostracion.

Take (A, B) irreducible representation, A" = B™
A, B diagonalize in different basis

A ~ diag(eq, ..., €r), B ~ diag(eq,...,er)

M € GL(r,C) matrix comparing the two basis
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Theorem (M-Porti)

The character variety M(T' m n, SL(r,C)) has dimension < (r —1)2. For
r > 3, the number of irreducible components of this dimension is

1/n—1\/m-1
r\r—1 r—1
Demostracion.

Take (A, B) irreducible representation, A" = B™
A, B diagonalize in different basis
A ~ diag(eq, ..., €r), B ~ diag(eq,...,er)
M € GL(r,C) matrix comparing the two basis
Count: €1 ---¢- = 1, ¢; distinct,

g1---er = 1, g; distinct,

6}":w,wr:1.

n _
€i—
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Theorem (M-Porti)

The character variety M(T' m n, SL(r,C)) has dimension < (r —1)2. For
r > 3, the number of irreducible components of this dimension is

1/n—1\/m-1
r\r—1 r—1
Demostracion.

Take (A, B) irreducible representation, A" = B™
A, B diagonalize in different basis
A ~ diag(eq, ..., €r), B ~ diag(eq,...,er)
M € GL(r,C) matrix comparing the two basis
Count: €1 ---¢- = 1, ¢; distinct,
g1---er = 1, g; distinct,
=l =w, w =1.
The maximal dimensional component is isomorphic to
GL(r,C)//(T xp T), where T = (C*)" are the diagonal matrices,
acting on the left and the right, and D = C* - Id Ol
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Figure eight knot

Character varieties for knot groups

M. Heusener, V. Mufioz and J. Porti, The SL(3, C)-character variety of the
figure eight knot, arXiv:1505.04451

Figure eight knot Kg

e = (a, b, t | tat~! = ab, tbt~! = bab)
M(Ts,G) = {(A B, T)|TA= ABT,TB = BABT}//G
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Figure eight knot

Character varieties for knot groups

M. Heusener, V. Mufioz and J. Porti, The SL(3, C)-character variety of the
figure eight knot, arXiv:1505.04451

Flgure elght knot Kg

[ =(ab,t|tat"! = ab, tbt~! = bab)
M(Ts,G) = {(A B, T)|TA= ABT,TB = BABT}//G

Coordinates for G = SL(3, C):

(A, pB=t(B), y=t(T), z=t(TA'TA),

tr
(A7), B=tr(B7"), y=t(T"), z=t(A'T AT ")

Q1
||
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Figure eight knot

Theorem (Heusener-M-Porti)
The character variety M(T,SL(3, C)) c C® has five algebraic
components.

@ The component of totally reducible representations:
a=a=0=p8=8z=y>-2y,z=y>-2y.

@ The component of partially reducible representat/ons
parametrized by:a =a=x1+1, =0 =
y=w+L z=wa+ 2,z_ a2 Where
(XF +x1 —Nw = (xg — 1)v?

@ The first non distinguished component Vi:
a=a=1,yy=B+B+2,y3+y®=B8+58+55+5,
zZ=y,z=Y.

_v_|_lw,
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Theorem (Heusener-M-Porti)

@ The second non distinguished component V5:
B=B=1,yy=a+a+2,y3+y®=aa+5a+5a+5,
z=y?-y, 2=y —y.

@ The distinguished component V; (irreducible representations):

a=a, f=4,
yy =(a+1)(B+1),
2z = 2028 + o + 1,
V¥ + 72 =a?8+af?+6a8+3a+36+2,
22+ 28 = o*3% + 100628 + 902 — 20° — 2,
yz+yz=a?B+3af +3a+1,
V2z + y?Z = o?B% + 4028 + 202 + 4aB + 2a + 28 + 1,
yZ% + yz2 = o282 + a®B + 4028+ 30® + 506+ 3o — 1.

Vicente Mufioz (UCM) Geometric methods for character varieties Porto, June 2015



Figure eight knot

Use of Lawton’s coordinates for M(F,, SL(3,C))
and the map M(l's,SL(3,C)) — M(F»,SL(3,C)), (A,B, T) — (A, B)
prove that the image {(A, B)|A ~ AB, B ~ BAB} satisfies:

@ o = 3, a = 3 (distinguished component)
Qa=a=1

e p=p0=1
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Figure eight knot

Use of Lawton’s coordinates for M(F,, SL(3,C))
and the map M(l's,SL(3,C)) — M(F»,SL(3,C)), (A,B, T) — (A, B)
prove that the image {(A, B)|A ~ AB, B ~ BAB} satisfies:

@ a = 3, & = 3 (distinguished component)

Qa=a=1

@ B3=3=1

Geometric analysis of character variety leads to
@ Intersection patterns
@ Singular points
@ Character varieties for GL(3, C) and PGL(3, C)
@ Explicit matrices parametrizing the character varieties
@ Action of Out(Kg) = Dy
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Character varieties for free groups

S. Lawton and V. Munoz, E-polynomial of the SL(3,C)-character variety of
free groups, arXiv:1405.0816

G =SL(r,C), PGL(r,C)
M(Fk, G) = {(A1,...,Ax) € G¥}//G
e(M) = 32(—1)*hPP(M)qP
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Character varieties for free groups

S. Lawton and V. Munoz, E-polynomial of the SL(3,C)-character variety of
free groups, arXiv:1405.0816

G =SL(r,C), PGL(r,C)

M(F,G) = {(A1,...,Ac) € GX}//G
e(M) = (- 1) HPP(M)gP
Theorem (Lawton-M)

The E-polynomials e(M(F, SL(3,C))) = e(M(Fx,PGL(3,C))) and
they are equal to

(@° = ¢° = q°+°) " + (g 1)* %" ° - g

(@17 2q(@+ 1)+ 5@~ )* g 1)

—__ | =

+3(@+a+1 g+ 1)~ (@- 1) (¢ - 1) (2"~ q)
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Surface groups

1. M. Logares, V. Muiioz and P. Newstead, Hodge-Deligne polynomials of
SL(2, C)-character varieties for curves of small genus, Rev. Mat. Complut. 26,
2013, 635-703.

2. M. Logares and V. Mufioz, Hodge polynomials of the SL(2, C)-character
variety of an elliptic curve with two marked points, Internat. J. Math.

3. J. Martinez and V. Mufoz, E-polynomial of the SL(2, C)-character variety of
a complex curve of genus 3, Osaka J. Math.

4. J. Martinez and V. Mufioz, E-polynomials of the SL(2, C)-character
varieties of surface groups, Internat. Math. Res. Not.

Focus: compute E-polynomials of character varieties Mg(SL(Z, C))

Vicente Mufioz (UCM) Geometric methods for character varieties Porto, June 2015 13/17



Surface groups

1. M. Logares, V. Muiioz and P. Newstead, Hodge-Deligne polynomials of
SL(2, C)-character varieties for curves of small genus, Rev. Mat. Complut. 26,
2013, 635-703.

2. M. Logares and V. Mufioz, Hodge polynomials of the SL(2, C)-character
variety of an elliptic curve with two marked points, Internat. J. Math.

3. J. Martinez and V. Mufoz, E-polynomial of the SL(2, C)-character variety of
a complex curve of genus 3, Osaka J. Math.

4. J. Martinez and V. Mufioz, E-polynomials of the SL(2, C)-character
varieties of surface groups, Internat. Math. Res. Not.

Focus: compute E-polynomials of character varieties Mg(SL(Z, C))

@ Chopping
@ Finite quotients
@ Fibrations locally trivial in the analytic topology (with monodromy)
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Surface groups

For each g > 1, we have a vector v, = (69, e}, €5, €5, ag, by, Cg, dg)
encoding the E-polynomial information of a genus g surface with a
puncture:

o &) = e(R}(SL(2,C))),
o e} = e(RY4(SL(2,0))),
e e = e(RJ (SL(2,0))),
o & = e(RY (SL(2,0))).
A0
0 AT

RI — C — {£2}, over s = A + \~', with Hodge monodromy
representation

The varieties R?A(SL(2,(C)), &= < ) form a fibration
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Surface groups

For each g > 1, we have a vector v, = (69, e}, €5, €5, ag, by, Cg, dg)
encoding the E-polynomial information of a genus g surface with a
puncture:

o &) = e(R}(SL(2,C))),
o e} = e(RY4(SL(2,0))),
e e = e(RJ (SL(2,0))),
o & = e(RY (SL(2,0))).
A0
0 AT

RI — C — {£2}, over s = A + \~', with Hodge monodromy
representation

The varieties R?A(SL(2,(C)), &= < ) form a fibration

= geta TFT picture: vy 1 = M- vy
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Surface groups

" +4® ®—q ¢ —2¢" —4¢ P +39" o -2¢° —49® -® —4q* 2¢° —7¢* —3¢° —5¢" — ¢°
—? —4q +2¢° +3¢ —q®-3¢° +3¢° +2q +4¢2 +q +7P +q  +5¢2+gq
P -aq ¢4 P+3¢" 20" — 49’ —2¢° —4g*2g° —7¢" —3¢° —¢° —4q* —5¢* — ¢
-?—4q9 —¢° -3¢ +2°+3q  +3¢°+2q +7¢ +q +4? +q  +5¢2+gq
-2 ¢ +3¢ P+qt -3¢ ¢ -2¢°-3¢" —¢°+2¢ - -q*  -2¢'-¢
—3q +3¢% +3q —6¢° +® +3¢°  —4q°+3¢2 —4q°+6q° +3q2
P +32 P -2¢2 -3 P+qt P -29-3¢" -¢g®-¢ -q° +2¢* -29* - ¢°
~3q —6q° 3¢ +3q  +¢°+3¢%  —4¢®+69°  —4¢®+3¢°  +3¢°
q q Q- 3¢° -3¢ ¢ -2¢°-2¢" -¢-¢ -¢ -4 —2q*
+49° + ¢ +2q° +2¢°
—3q 3q2 3¢ +3 —6q° —3¢° +3¢° 4¢* —6q° +49° —8¢° +6¢° —3¢° +39°
3¢2 —3q —6q? 3q% + 3¢ —3¢° +3¢° —8¢° +6¢° 49* —6q° +4¢°—3¢° + 3¢?
—1 —1 2¢2 2¢2 —4? +2 -2 +q+1 -2 +q+1 q*—2¢
+2g +1
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Theorem (Martinez-M)
The E-polynomials for MZ(SL(2,C)) are:

e(M3) =(q° — q)?9 2+ (¢° —1)%972 — q(q° — q)?9 2 — 229¢?9 2

+ §q29*2(q+ 229 —1)((g+1)*72 + (g 1)97?)

1
+5a((a+ 1) +(q-1)*7)

e(MgId) — (q3 _ q)29—2 < (q2 _ 1)29—2 _ 229—1(q2 + q)29—2
+ (@7 = 1)(@" ~ 9)*°

e(MS) = (0~ @P92( — 1)+ 5P -2(a— 1)((g — 17"

(
+ (22971 1)
e(MJ ) =(q° — q)* %(q* -
+229" Y (q+1)(¢° + 9)*9 2
e(M{)=(a° - 9)* 2(q* +q) + (¢° — 1) 2(g + 1)
+(229-2)(q° — 99 *q.
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Open research directions

Possible applications of geometric techniques for character

varieties
@ E-polynomials of SL(3, C)-character varieties of surface groups

@ E-polynomials of SL(2, C)-character varieties of surfaces with
many punctures

@ E-polynomials for non-orientable surfaces

@ E-polynomials for PGL(2, C)-character varieties

@ Develop TFT formalism

@ E-polynomials of SL(r, C)-character varieties of free groups
°

°

°

SL(r,C)-character varieties of torus knots, r > 4
SL(8, C)-character varieties of hyperbolic knots
Other groups: SO(r, C), Sp(2r, C), etc
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