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Abstract

Motivated by the construction of new examples of Artin-Schelter regular algebras of
global dimension four, J.J.Zhang and J.Zhang (2008) introduced an algebra extension
Ap[y1,ye; 0,0, 7] of A, which they called a double Ore extension. This construction seems
to be similar to that of a two-step iterated Ore extension over A. The aim of this paper is
to describe those double Ore extensions which can be presented as iterated Ore extensions
of the form Aly1; 01, 01][y2; 02, 2]. We also give partial answers to some questions posed
in Zhang and Zhang (2008).
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Introduction

In 2008, J.J. Zhang and J. Zhang introduced a new construction for extending a given algebra
A, by simultaneously adjoining two generators, y; and ys. This construction resembles that
of an Ore extension, and it was indeed called a double Ore extension (or double extension,
for short). It should be noted that there are no inclusions between the classes of all double
extensions of an algebra A and of all length two iterated Ore extensions of A. The aim of
this paper is to describe the common part of these two classes of extensions of A.

In Section [[l we parallel the constructions of double extensions and Ore extensions, taking
the opportunity to correct some typos which occurred in Zhang and Zhang (2008, p. 2674) and
again in Zhang and Zhang (2009, p. 379), concerning the relations that the data of a double ex-
tension must satisfy. In Section 2l we present our main results, Theorems 2.2l and 2.4l which of-
fer necessary and sufficient conditions for a double extension Ap[y;,ys2; 0,0, 7] to be presented
as iterated Ore extensions of the form Alyi; o1, d1][y2; 02, 2] or Alys; o9, d2][y1;0101]. These,
along with Lemma 23] give necessary conditions for a double extension Ap|y1,ys2; 0,0, 7] to
be presented as an iterated Ore extension A[xy;o1,d1][x2;092,02], with x1 and x5 a basis of
the vector space spanned by y; and y».
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In Zhang and Zhang (2009), the authors pursue the study of Artin-Schelter regular alge-
bras of global dimension four, by classifying certain types of double extensions and establishing
some of their properties. So as to simplify their task, they develop criteria for a double exten-
sion, of the type they considered, to be an iterated Ore extension. This is obtained in Zhang
and Zhang (2008, Proposition 3.6), which is a special case of Theorems and 24] below.

We conclude with some applications and give partial answers to some questions posed in
Zhang and Zhang (2008).

1 Double Ore Extensions

Throughout this paper, K denotes a field of arbitrary characteristic and K* is its multiplica-
tive group of units. For a K-algebra B, the algebra of n by m matrices with entries in B will
be denoted by M, xpm (B).

Let A be a subalgebra of a K-algebra R and x € R be such that R is a free left A-module
with basis {2°}22, and 24 C Az + A. Then, for any a € A, there exist o(a),d(a) € A such
that xa = o(a)x + d(a). It is well known (cf. Cohn (1971)) that the above conditions imply
that o is an endomorphism of A and d is a o-derivation of A, i.e., d is a K-linear map such
that d(ab) = o(a)d(b) + d(a)b, for all a,b € A. Conversely, if an endomorphism o and a
o-derivation d of a K-algebra A are given, then the multiplication in A and the condition
xa = o(a)r + d(a) induce a structure of an associative K-algebra on the free left A-module
with basis {7}2°. This extension is called an Ore extension and is denoted by A[z;0,d]. One
can easily check that the Ore extension A[z;o,d] is a free right A-module with basis {z° fad
if and only if ¢ is an automorphism of A if and only if ¢ is injective and A + A = Az + A.

We will now recall the definition of a double extension, as given in Zhang and Zhang

(2008).
Definition 1.1. Let A be a subalgebra of a K-algebra B. Then:
(a) B is called a right double extension of A if:

(i) B is generated by A and two new variables y1 and yo;
(ii) y1 and yo satisfy the relation

Yay1 = Pray1ya + puyi + Ty1 + T2y + 70, (LI)
for some p1a,p11 € K and 7,170,179 € A;
(iii) B is a free left A-module with basis {yiy% 11,7 >0}
(iv) y1A+ysA+ A C Ay; + Ays + A.
(b) A right double extension B of A is called a double extension if:
(i) p12 # 0;
(i) B is a free right A-module with basis {yby] : i,j > 0};
(iii) 1A+ y2A+ A= Ay + Aya + A.

Condition (a)(iv) from the above definition is equivalent to the existence of two maps
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such that

[ . } a=o(a) [ 9 } +d(a), for all a € A. (1.11)
Y2 Y2

In case B is a right double extension of A, we will write B = Ap[y1,y2;0,0, 7|, where P =
{p12,p11} € K, 7 = {10, 71,72} C A and 0, are as above. The set P is called a parameter
and 7 a tasl.

Suppose Ap[y1,y2;0,9,7] is a right double extension. Then, it is clear that all maps oy
and 0; are endomorphisms of the K-vector space A. In Zhang and Zhang (2008, Lemma 1.7)
the authors showed that ¢ must be a homomorphism of algebras and § a o-derivation, in
the sense that ¢ is K-linear and satisfies d(ab) = o(a)d(b) + d(a)b, for all a,b € A. One can
o1 012

is triangular, then both 017 and o9y are algebra
021 022

easily check that, if the matrix [

homomorphisms.

It is known that a map d: A — A is a o-derivation, where o is an endomorphism of A, if
o(a) d(a)

a

of algebras. This, in particular, implies that for any algebra endomorphism o of K[z] and
any polynomial w € K|x], there exists a (unique) o-derivation d of K[z]| such that d(z) = w.

Let us observe that if 7 C K, then the subalgebra of Ap[y1,ys2; 0,0, 7] generated by y; and
y2 is the double extension Kplyi,ya;0’,0’, 7], where ¢/ = o |k is the canonical embedding of
K in Msyyo(K) and ¢ = 0 |g= 0 is the zero map. The following proposition shows that the
latter is always an iterated Ore extension.

and only if the map from A to Msy2(A) sending a onto [ is a homomorphism

Proposition 1.2. Let B = Kply1,y2;0’,8,7]. Then B ~ K[x1][z2;09,d2] is an iterated
Ore extension, where og is the algebra endomorphism of the polynomial ring K|x1] defined by
o2(z1) = p1ow1 + 12 and dy is the oa-derivation of K[x1] given by da(z1) = p1123 + 11 + 7o.
Moreover, B is a double extension of K if and only if p1o # 0.

Proof. The preceding remarks guarantee the existence (and uniqueness) of the oo-derivation
dy. Thus, the iterated Ore extension K [z1][z2; 02, d2] can be considered. It is routine to check
that zow = p1a@122 + p117° + 7171 + 7279 + 7o holds in K |[x1][x9; 02, ds]. This means that
there is an algebra homomorphism from K[z1][x9; 02, 2] onto B mapping x; to y;, i = 1,2.
Since {z{x} | 4,5 > 0} and {yiy] | 4,7 > 0} are bases of K[z1][x9;02,ds] and B over K,
respectively, the homomorphism is an isomorphism. '

If p1o # 0, then o is an automorphism of K[z1]. This implies that the set {z4z? | 4,7 > 0}
is a basis of Kl[x1][x2;02,d2] as a (right) K-vector space, and thus the same is true for
{ysyl | i,j > 0} and B. Hence, B is a double extension. O

Remark 1.3. Let C = K[y1][ye; 02,d2] be as in Proposition[LA. Then, for any K-algebra A,
we have:

A®k C = Aply1,y2;0,6,7],

where o = [
tion [L.2
Proposition 1.4. Given P = {p12,p11} C K, 7 = {10, 71,2} C K, 0: A — Msy2(A) an

algebra homomorphism and §: A — Mayx1(A) a o-derivation, let C = K[yi|[y2; 02, d2] be as
in Proposition [I.2. Then, the following conditions are equivalent:

idg 0 :|75

o id = [ 0 ], P = {p12,p11} and T = {10, 71, 72} are as in Proposi-
A

0



(a) the right double extension Aplyi,y2;0,0,T| exists;

(b) one can extend the multiplications from A and C' to a multiplication in the vector space

A @k C, satisfying [ Zle } a=o(a) [ Zle ] +d(a), for all a € A.
2 2

Proof. The remark just before Proposition [[2]implies that for any sets P and 7 of data, with
7 C K, the iterated Ore extension C' exists. Now it is easy to complete the proof by using
Proposition and the definition of a right double extension. O

Using Bergman’s diamond lemma (Bergman (1978)), Zhang and Zhang gave a universal
construction for a right double extension. Unfortunately, there are three small typos in the
relations (R3.4)—(R3.6) appearing in Zhang and Zhang (2008, p. 2674). These come originally
from analogous typos in Zhang and Zhang (2008, Lemma 1.10(a) and Equation (E1.10.3)).
For the convenience of the reader, we re-write relations (R3.1)-(R3.6) of Zhang and Zhang
(2008) as relations (LII)—(LVIIDI) below, with the corrected typos underlined.

Proposition 1.5. (Zhang and Zhand, 2008, Lemma 1.10, Proposition 1.11) Given a K-
algebra A, let o be a homomorphism from A to Max2(A), § a o-derivation from A to May1(A),
P = {pi2,p11} a set of elements of K and 7 = {19, 71,72} a set of elements of A. Then, the
associative K -algebra B generated by A, y1 and y2, subject to the relations (I1) and (LI1), is
a right double extension if and only if the maps o;; and py, i € {1,2}, j,k € {0,1,2}, satisfy
the siz relations (LII)-(LYVIII) below, where oy = 6; and py, is a right multiplication by 7.

2 2
021011 + P11022011 = P11071 + P11012011 + P12011021 + P11P12012021 (1.ITI)
2
021012 + P12022011 = P11011012 + P11P12012011 + P12011022 + P12012021 (1-IV)
2
092012 = P110719 + P12012022 (1.V)

020011 + 021010 + p1022011 = P11 (010011 + 011010 + T1012011)
+ p12 (0100921 + 011020 + T10120921) + 11011 + 12021 (1.VI)
020012 + 022010 + p2022011 = P11 (010012 + 012010 + T2012011)
+ p12 (010022 + 012020 + T2012021) + T1012 + T2022  (1.VII)
020010 + P0022011 = P11 (J%o + 7’0012011)
+ p12 (010020 + Too12021) + T1010 + T2020 + Toids  (1.VIII)
Remarks 1.6.

1. Proposition can be used to obtain a direct proof of Proposition [1.3, i.e., one which
does not use Bergman’s diamond lemma, provided that T = {19, 71,72} C K.

2. Proposition implies the uniqueness, up to isomorphism, of a right double extension
of A, with given o, 6, P and T, provided such an extension exists. Indeed, assume
B = Aply1,y2;0,6,7] is a right double extension of A. Then, by Zhang and Zhang
(2008, Lemmas 1.7 and 1.10(b)), the data o, §, P and T satisfy the conditions of Propo-
sition [L.D. Let B be as in this proposition. Then, there is an algebra homomorphism
from B to B which restricts to the identity on A and maps y; € B to the corresponding
element y; € B, i =1,2. Since B is a free left A-module with basis {yiyg 21,5 >0} and
the same holds for B, this map is an isomorphism, thus proving uniqueness.



As noticed in Zhang and Zhang (2008, Remark 1.4), by choosing a suitable basis of the
vector space Ky, + Kys, we can prove:

Lemma 1.7. Let B = Aply1,y2;0,0,7| be a right double extension.

(a) If p11 # 0 and p12 = 1, then

L 011 P11012 p11d1 | _
B~A ,Ys; _ , , T
L1} [yl V2 [Pul@l 022 } [ 02 ] }

where T = {p1170, T1,P1172}, T1 = P11Y1 and Gy = Ya.

(b) If pra # 1, then

B~ A TR 011 — (012 012 01 -
= a0} | T I 091 + q(o11 — 022) — P02 o+ qora || 2+ qb |’

where ¢ = P4 T = {70, 71 — q72, T2}, Y1 = y1 and Yo = y2 + qy1.

Let B = Ap[y1,y2;0,0,7] be a right double extension and suppose that pja # 1. Then,
as observed above, by choosing adequate generators g, and (possibly) modifying the data o,
8, 7, one can assume that p;; = 0. Now suppose B = Ap[ij,,7,;7,0,7] is a right double
extension with p;; = 0. Then B has a natural filtration, given by setting deg A = 0 and
degy; = deg¥, = 1. One can check, in view of relations (LI)) and (LII)), that the associated
graded algebra gr(B) is isomorphic to Ap[y;,7y;7,0,{0,0,0}]. The above shows that the
following holds:

Corollary 1.8. Suppose that B = Aply1,y2;0,0,7| is a right double extension of A, with
p12 # 1. Then, there exists a filtration on B such that the associated graded algebra D = gr(B)
can be presented as follows: D is generated over A by indeterminates z1, z2; it is free as a
left A-module with basis {z%z% :4,J > 0}; multiplication in D is given by multiplication in A

and the conditions zoz1 = p1oz129 and z21A + 29A C Az + Azs, with [ zl ] a=7o(a) [ zl ],
2 2

where @ is obtained from o and q = pf;il as in Lemma [I.7](b).
Furthermore, in case B is a double extension, then D is also free as a right A-module with

basis {zéz{ 21,7 >0} and 21 A+ 29A = Az + Az,

Suppose that P is a ring-theoretical property which passes from the associated graded
algebra gr(C) to the (filtered) algebra C. The above yields that, while investigating the
lifting of property P from A to a right double extension B of A, one needs only consider two
cases: P ={1,1} and P = {p12,0}, with p;» € K.

2 Double extensions as iterated skew polynomial rings

In general, an iterated Ore extension of the form Aly,; 01, d1][y2; 02, d2] is not a right double
extension. In spite of this, one can check that if

o2(A) C A, o2(y1) = prayi + 12,
do(A) C Ay1 + A, da(y1) = pr1ys + 1va + 7o



where p;; € K and 7; € A, then the given iterated Ore extension Alyi;o1,di][y2; 02, ds]
is indeed a right double extension Aplyi,ye;0,d,7|, with P = {p12,p11}, 7 = {70, 71,72},
[ 1 0 } and § = b

o921 02]a 02
da(a) = o91(a)y1 + d2(a) € Ay; + A, for a € A.

In our next theorem, we give necessary and sufficient conditions for Ap[y;,ye; 0,9, 7] to be
an iterated Ore extension of the form Aly; o1, d1][ys; 02, dz2]. By this we mean that we deter-
mine when the identity map on A extends to an algebra isomorphism from Aplyy, yo; 0,9, 7] to
Alyr; 01, d1][y2; 09, dso] sending y; to y;, i = 1,2. To proceed with this, we need the following:

o = }, where 091,d02: A — A are defined by the condition

Lemma 2.1. Let Alyi;01,d1][y2; 02,d2] be an iterated Ore extension such that o2(A) C A
and o2(y1) = py1 + q, for some p € K* and q € A. Then, o102(a) = o901(a), for all a € A.

Proof. Let a € A. Applying o5 to the equality y1a = o1(a)y; + di(a), we obtain poios(a)y; +
pdyios(a) + qoa(a) = posoi(a)yr + o201(a)q + o2dy(a). Since p € K*, the thesis follows. [

Theorem 2.2. Let A, B be K-algebras such that B is an extension of A. Assume P =
{p12,p11} C K, 7 = {10, 71,2} C A, 0 is an algebra homomorphism from A to Max2(A) and
0 is a o-derivation from A to Max1(A).

(a) The following conditions are equivalent:

(i) B = Aply1,y2;0,0,7| is a right double extension of A which can be presented as
an iterated Ore extension Alyy;o1,d1][ya; o2, da];

(il) B = Aply1,y2;0,0,7] is a right double extension of A with o153 = 0;

(ili) B = Aly1;01,d1][y2; 02,ds] is an iterated Ore extension such that

g2(A) C A, o2(y1) = praya + 12,
da(A) C Ay1 + A, da(y1) = pr1yd + 11 + 7o,

for some p;; € K and 7; € A. The maps o, 9, 0; and d;, © = 1,2, are related by:

_ | o1 0 B di(a)
o= [ 021 02|a }7 6(a) = [ da(a) — oo1(a)y1 |’ foralla € A.

(b) If any of the statements from (a) holds, then B is a double extension of A if and only
if 01 = 011 and o2|4 = 092 are automorphisms of A and pi2 # 0.

Proof. Notice that, if B = Aply1,y2;0,9,7|, then y1A4 C Ay; + A if and only if 015 = 0.
Therefore (a)(i) = (a)(i).

Suppose now that (a)(ii) holds. Then y1 A C Ay; + A. Hence, every element of the
subalgebra A[y1] of B can be written in the form a,y{ + ... + ag, for suitable n > 0 and
a; € A. Since B is a free left A-module with basis {yﬁyé}fg:m the elements {y!}>°, are
A-independent, i.e., Afyp] is a free left A-module with that basis. Multiplication in Aly;] is
given by multiplication in A and the condition y1a = o1(a)y; + di(a), where o1 = 011 and
d1 = 51. Thus, A[yl] = A[yl; Jl,dl].

Since B is a right double extension of A, B is a free left Aly;;o1,d;]-module with basis
{y5}e2,. Relation (LI)) can be re-written as

yoy1 = (Pr2y1 + 7o)y + P11y; + Tiva + 7o (2.IX)



and, by (LII), we also have:
Y2 A C Ay + (Ay1 + A). (2.X)

Thus, by the above,
y2Aly1] € Alyi]yz + Alya]. (2.XI)

This means that B = A[y1; 01, d1][y2; 02, da], for some endomorphism o9 and some oo-derivation
dy of Aly1;01,dp]. Conditions (IX])) and [2.X]) imply that oo(y1) = piay1 + 72, 02(A) C A,
d2(A) C Ayr + A and do(y1) = p11yi + miy1 + 70. By (D),

yoa = 092(a)ys + o21(a)y; + 02(a), for all a € A.

Thus, we also have o3(a) = 092(a) and da(a) = o21(a)y; + d2(a), for all a € A. Hence (a)(iii)
holds.

As observed at the beginning of this section, (a)(iii) = (a)(i) holds, and the proof of (a)
is completed.

Assume now that B is a double extension, with o135 = 0. Then, by definition, pjs #
0. J.J. Zhang and J. Zhang introduced the determinant of o, det(c): A — A, by setting
det(a) = —P11012011 + 09220711 — P12012021, and showed (Cf. Zhang and Zhang (2008, Lemma
1.9 and Proposition 2.1(a)(b))) that det(c) is an automorphism of A, provided that B is a
double extension of A. As 013 = 0, this implies that det(o) = 0920717 is invertible in End g (A).
Notice that Lemma 2] and (a)(iii) above yield that o1; and 099 commute. Therefore, both
011 and 099 are automorphisms of A.

Conversely, suppose that o1 = 011, 2|4 = 092 are automorphism of A and pj2 # 0.
Since o2(y1) = pi2y1 + 72, this implies that o9 is an automorphism of Aly;;oq,d;]. Hence,
{ybyl :i,7 > 0} is a basis of B = Aly1;01,d1][y2; 02,ds] as a right A-module, i.e., B is a
double extension of A. This completes the proof of (b). O

The following lemma gives a necessary and sufficient condition for the matrix correspond-
ing to o to be triangularizable, by choosing adequate generators of Ap[y1,y2;0,0, 7] from
Ky + Kys, i.e., it gives a necessary condition for a right double extension Ap[y,ys; 0,0, T]
to be presented as an iterated Ore extension over A.

Lemma 2.3. Let B = Aply1,y2;0,0,7] be a right double extension, k,l € K and 0 # z =
kyir + lys € B. Then:

zZAC Az + A iff kloy + 12091 = klogg + k2019.

Proof. If either kK = 0 or [ = 0, then the identity above reduces to o917 = 0 or o190 = 0,
accordingly. This gives the thesis in this case.
Suppose k,l € K*. Let a € A. One can compute that

za = (o11(a) + %agl(a)) ky + (%012((1) + o92(a)) lys + kb1 (a) + 162(a).
This yields the thesis. O
Suppose that the right double extension B = Ap[y1,y2;0,0,7| can be presented as an
iterated Ore extension of the form Alys, 0o}, d5|[y1; 07, d]]. Then, we must have o9; = 0, as

y2 A C Ays + A. Notice also that pis has to be nonzero, as otherwise the quadratic relation
(LI) would imply that {y}}5°, is not a free basis of B as a left A[ys;0h,d5]-module. Now,



relation (L) together with yi1yo € Alys, ob, db|y1 + Alye, 0, db] imply that p;; = 0. In this
case, the quadratic relation (LI)) becomes

Y2y1 = p12y1Y2 + T1y1 + T2y2 + To. (2.X1I)

Observe that, in any right double extension B satisfying relation (2XTII), the set {y%y{ :
i,7 > 0} still forms a basis of B as a left A-module. The fact that this relation is left-right
symmetric implies that there is an isomorphism

o2 02 02 -1 -1 -1
B~ A{p1—2170} [y%yl; [ o1 Ou ] ) [ 5 ] ,{—p12 70, —P12 715> —P12 T}
realized by interchanging the roles of y; and ys.

The remarks above, together with Theorem [2.2] yield the following (cf. Zhang and Zhang
(2009, Proposition 3.6)):

Theorem 2.4. Let B = Aply1,y2;0,0,7| be a right double extension of the K-algebra A,
where P = {p12,p11} € K, 7 = {710, 71, 2} C A, 0: A — Masx2(A) is an algebra homomor-
phism and §: A — Max1(A) is a o-derivation. Then, B can be presented as an iterated Ore
extension Alya; ob, ds]y1; 01, dy] if and only if 091 =0, p12 # 0 and p11 = 0. In this case, B
is a double extension if and only if o)y = 099 and o'|a = o011 are automorphisms of A.

Let P denote one of the following ring-theoretical properties: being left (right) noetherian,
being a domain, being prime, being semiprime left (right) noetherian, being semiprime left
(right) Goldie. It is known that P lifts from a ring R to an Ore extension R|x;0,d], provided
that o is an automorphism of R (cf. Lam (1997), Matczuk (1995), McConnel and Robson
(2001)). Thus, Theorems and [Z4] yield the following partial positive answers to some of
the questions posed in Zhang and Zhang (2008):

Corollary 2.5. Suppose that the K-algebra A possesses the property P. Then, the double
extension B = Aply1,y2;0,0,7] also has the property P, provided that either o192 = 0, or
0921 = 0 and P11 = 0.

In Zhang and Zhang (2008), the authors asked whether primeness (resp. semiprimeness)
lifts from an algebra A to its double extension Ap[y1,y2;0,d,7]. It is known that, in general,
semiprimeness does not lift from A to an Ore extension Aly;;o1,0] = Alyp;01], even if o4
is an automorphism. For such a non-semiprime extension we know, by Theorem 2.2 that
Aly1; 01][y2] is a double extension, which is clearly not semiprime. For a specific example, one
can take A = [[,., K;, where K; = K is a copy of the base field and o is the “right shifting”
automorphism of A. Then ay; Aly;;o1]ay; = 0, for a = (a;) with ag = 1 and a; = 0 if ¢ # 0,
i.e., A[y1;01] is not semiprime. On the other hand, semiprimeness does lift from the algebra
A to an Ore extension Aly;;o1], provided that o is an automorphism and A is noetherian.
The problem of determining whether semiprimeness lifts from A to Aply1,y2;0,0, 7] when A
is noetherian still remains open.

One of the examples of a double extension which appeared in Zhang and Zhang (2008) is
the following;:

Example 2.6. Let A = Klx] and fiz a,b,c € K with b # 0. Let 0: A — Max2(A)

-1
0 b } and §: A — Msyy1(A) be the

be the algebra homomorphism given by o(x) = [ e 0

8



C.%'Q

ber? } Then, the double extension

o-derivation determined by the condition §(x) = [

B?(a,b,c) = A_103v1,92;0,6,{0,0, ax?}] exists and it is the K -algebra generated by x,y1,ya,
subject to the relations:

Youn = —y1ys + ax’, iz = b tzys + cx?, yox = bxy; — bea’. (2.XTII)

It was stated in Zhang and Zhang (2008) that if a # 0, then the algebra B?(a, b, c) cannot
be presented as an iterated Ore extension over K[z]. The following proposition shows that
this is not so, in case the characteristic of the base field K is 2.

Proposition 2.7. Let a,b,c € K with b # 0. The algebra B?> = B?(a,b,c) has the following
properties:

(a) Suppose that char(K) = 2. Then B? is the differential operator algebra B> = K|z, 2|[y2; d),
where d is the derivation of K[z, z] determined by d(x) = xz — bex? and d(z) = aba?.
In particular, B? can be presented as an iterated Ore extension over A = K|z].

(b) B2 is a noetherian domain.

Proof. Suppose that char(K) = 2. Let us take z = by; + y2. One can check, using 2.XITI)),
that zx = xz. In particular, zA = Az. Notice also that zA + y2 A+ A = Az + Ays + A, as
y1A + ypA + A = Ay, + Ay, + A. Taking y» as the second generator of B? in the double
extension, we have:

Yoz = —2ys + 2u5 + abx?® = zyp + abz?, (2.X1IV)
given that char(K) = 2. The above identity implies that B? can be also presented as a double
extension B? = A 0ylz, 2507, 8, {0,0, abz?}], for suitable maps o’ and &'. The condition
zA C Az + A means that o}, = 0. Thus, Theorem implies that B? is an iterated Ore
extension over A = K|z]. In fact, using (2XIII) and the characteristic of K, one can check
that

Yo = —xys + 22 — bex?® = xys 4+ x2 — bea?. (2.XV)
Then, the identities vz = zx, @ZXIV]) and @ZXY)) imply that B? = K[z, 2][y2; d], where d is a

derivation of K|z, 2] as described above, i.e., d(x) = xz — bcz? and d(z) = abx?. This proves

(a).

For(b), let char(K) be arbitrary. Notice that, as p;; = 0, the algebra B? is filtered, as
described in the paragraph preceding Corollary The associated graded algebra, gr(B?),
is generated by x, z1 and z9, subject to the relations (cf. (Z.XTIII)):

221 = —Z1%2;
2 = b_leQ;

zox = bxrzy.
Thus, gr(B?) is the iterated Ore extension
Klz1][z2; o1l[w; 2],

where 01(21) = —21, 02(22) = bz1, 02(21) = b~ '29. Therefore, gr(B?) is a noetherian domain,
which implies that so is B2. O
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