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Faculdade de Ciências da Universidade do Porto

R.Campo Alegre 687, 4169-007 Porto, Portugal

pbcarval@fc.up.pt; slopes@fc.up.pt

∗ Institute of Mathematics, Warsaw University,

Banacha 2, 02-097 Warsaw, Poland

jmatczuk@mimuw.edu.pl

Abstract

Motivated by the construction of new examples of Artin-Schelter regular algebras of
global dimension four, J.J.Zhang and J.Zhang (2008) introduced an algebra extension
AP [y1, y2; σ, δ, τ ] of A, which they called a double Ore extension. This construction seems
to be similar to that of a two-step iterated Ore extension over A. The aim of this paper is
to describe those double Ore extensions which can be presented as iterated Ore extensions
of the form A[y1; σ1, δ1][y2; σ2, δ2]. We also give partial answers to some questions posed
in Zhang and Zhang (2008).
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Introduction

In 2008, J.J. Zhang and J. Zhang introduced a new construction for extending a given algebra
A, by simultaneously adjoining two generators, y1 and y2. This construction resembles that
of an Ore extension, and it was indeed called a double Ore extension (or double extension,
for short). It should be noted that there are no inclusions between the classes of all double
extensions of an algebra A and of all length two iterated Ore extensions of A. The aim of
this paper is to describe the common part of these two classes of extensions of A.

In Section 1 we parallel the constructions of double extensions and Ore extensions, taking
the opportunity to correct some typos which occurred in Zhang and Zhang (2008, p. 2674) and
again in Zhang and Zhang (2009, p. 379), concerning the relations that the data of a double ex-
tension must satisfy. In Section 2 we present our main results, Theorems 2.2 and 2.4, which of-
fer necessary and sufficient conditions for a double extension AP [y1, y2;σ, δ, τ ] to be presented
as iterated Ore extensions of the form A[y1;σ1, δ1][y2;σ2, δ2] or A[y2;σ2, δ2][y1;σ1δ1]. These,
along with Lemma 2.3, give necessary conditions for a double extension AP [y1, y2;σ, δ, τ ] to
be presented as an iterated Ore extension A[x1;σ1, δ1][x2;σ2, δ2], with x1 and x2 a basis of
the vector space spanned by y1 and y2.
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In Zhang and Zhang (2009), the authors pursue the study of Artin-Schelter regular alge-
bras of global dimension four, by classifying certain types of double extensions and establishing
some of their properties. So as to simplify their task, they develop criteria for a double exten-
sion, of the type they considered, to be an iterated Ore extension. This is obtained in Zhang
and Zhang (2008, Proposition 3.6), which is a special case of Theorems 2.2 and 2.4 below.

We conclude with some applications and give partial answers to some questions posed in
Zhang and Zhang (2008).

1 Double Ore Extensions

Throughout this paper, K denotes a field of arbitrary characteristic and K∗ is its multiplica-
tive group of units. For a K-algebra B, the algebra of n by m matrices with entries in B will
be denoted by Mn×m(B).

Let A be a subalgebra of a K-algebra R and x ∈ R be such that R is a free left A-module
with basis {xi}∞i=0

and xA ⊆ Ax + A. Then, for any a ∈ A, there exist σ(a), d(a) ∈ A such
that xa = σ(a)x + d(a). It is well known (cf. Cohn (1971)) that the above conditions imply
that σ is an endomorphism of A and d is a σ-derivation of A, i.e., d is a K-linear map such
that d(ab) = σ(a)d(b) + d(a)b, for all a, b ∈ A. Conversely, if an endomorphism σ and a
σ-derivation d of a K-algebra A are given, then the multiplication in A and the condition
xa = σ(a)x + d(a) induce a structure of an associative K-algebra on the free left A-module
with basis {xi}∞i=0

. This extension is called an Ore extension and is denoted by A[x;σ, d]. One
can easily check that the Ore extension A[x;σ, d] is a free right A-module with basis {xi}∞i=0

if and only if σ is an automorphism of A if and only if σ is injective and xA + A = Ax + A.
We will now recall the definition of a double extension, as given in Zhang and Zhang

(2008).

Definition 1.1. Let A be a subalgebra of a K-algebra B. Then:

(a) B is called a right double extension of A if:

(i) B is generated by A and two new variables y1 and y2;

(ii) y1 and y2 satisfy the relation

y2y1 = p12y1y2 + p11y
2

1 + τ1y1 + τ2y2 + τ0, (1.I)

for some p12, p11 ∈ K and τ1, τ2, τ0 ∈ A;

(iii) B is a free left A-module with basis {yi
1
y

j
2

: i, j ≥ 0};

(iv) y1A + y2A + A ⊆ Ay1 + Ay2 + A.

(b) A right double extension B of A is called a double extension if:

(i) p12 6= 0;

(ii) B is a free right A-module with basis {yi
2
y

j
1

: i, j ≥ 0};

(iii) y1A + y2A + A = Ay1 + Ay2 + A.

Condition (a)(iv) from the above definition is equivalent to the existence of two maps

σ =

[

σ11 σ12

σ21 σ22

]

: A → M2×2(A) and δ =

[

δ1

δ2

]

: A → M2×1(A),
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such that
[

y1

y2

]

a = σ(a)

[

y1

y2

]

+ δ(a), for all a ∈ A. (1.II)

In case B is a right double extension of A, we will write B = AP [y1, y2;σ, δ, τ ], where P =
{p12, p11} ⊆ K, τ = {τ0, τ1, τ2} ⊆ A and σ, δ are as above. The set P is called a parameter
and τ a tail.

Suppose AP [y1, y2;σ, δ, τ ] is a right double extension. Then, it is clear that all maps σij

and δi are endomorphisms of the K-vector space A. In Zhang and Zhang (2008, Lemma 1.7)
the authors showed that σ must be a homomorphism of algebras and δ a σ-derivation, in
the sense that δ is K-linear and satisfies δ(ab) = σ(a)δ(b) + δ(a)b, for all a, b ∈ A. One can

easily check that, if the matrix

[

σ11 σ12

σ21 σ22

]

is triangular, then both σ11 and σ22 are algebra

homomorphisms.
It is known that a map d : A → A is a σ-derivation, where σ is an endomorphism of A, if

and only if the map from A to M2×2(A) sending a onto

[

σ(a) d(a)
0 a

]

is a homomorphism

of algebras. This, in particular, implies that for any algebra endomorphism σ of K[x] and
any polynomial w ∈ K[x], there exists a (unique) σ-derivation d of K[x] such that d(x) = w.

Let us observe that if τ ⊆ K, then the subalgebra of AP [y1, y2;σ, δ, τ ] generated by y1 and
y2 is the double extension KP [y1, y2;σ

′, δ′, τ ], where σ′ = σ |K is the canonical embedding of
K in M2×2(K) and δ′ = δ |K= 0 is the zero map. The following proposition shows that the
latter is always an iterated Ore extension.

Proposition 1.2. Let B = KP [y1, y2;σ
′, δ′, τ ]. Then B ≃ K[x1][x2;σ2, d2] is an iterated

Ore extension, where σ2 is the algebra endomorphism of the polynomial ring K[x1] defined by
σ2(x1) = p12x1 + τ2 and d2 is the σ2-derivation of K[x1] given by d2(x1) = p11x

2

1
+ τ1x1 + τ0.

Moreover, B is a double extension of K if and only if p12 6= 0.

Proof. The preceding remarks guarantee the existence (and uniqueness) of the σ2-derivation
d2. Thus, the iterated Ore extension K[x1][x2;σ2, d2] can be considered. It is routine to check
that x2x1 = p12x1x2 + p11x

2

1
+ τ1x1 + τ2x2 + τ0 holds in K[x1][x2;σ2, d2]. This means that

there is an algebra homomorphism from K[x1][x2;σ2, δ2] onto B mapping xi to yi, i = 1, 2.
Since {xi

1
x

j
2
| i, j ≥ 0} and {yi

1
y

j
2
| i, j ≥ 0} are bases of K[x1][x2;σ2, d2] and B over K,

respectively, the homomorphism is an isomorphism.
If p12 6= 0, then σ2 is an automorphism of K[x1]. This implies that the set {xi

2
x

j
1
| i, j ≥ 0}

is a basis of K[x1][x2;σ2, d2] as a (right) K-vector space, and thus the same is true for
{yi

2
y

j
1
| i, j ≥ 0} and B. Hence, B is a double extension.

Remark 1.3. Let C = K[y1][y2;σ2, d2] be as in Proposition 1.2. Then, for any K-algebra A,
we have:

A ⊗K C = AP [y1, y2;σ, δ, τ ],

where σ =

[

idA 0
0 idA

]

, δ =

[

0
0

]

, P = {p12, p11} and τ = {τ0, τ1, τ2} are as in Proposi-

tion 1.2.

Proposition 1.4. Given P = {p12, p11} ⊆ K, τ = {τ0, τ1, τ2} ⊆ K, σ : A → M2×2(A) an
algebra homomorphism and δ : A → M2×1(A) a σ-derivation, let C = K[y1][y2;σ2, d2] be as
in Proposition 1.2. Then, the following conditions are equivalent:
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(a) the right double extension AP [y1, y2;σ, δ, τ ] exists;

(b) one can extend the multiplications from A and C to a multiplication in the vector space

A ⊗K C, satisfying

[

y1

y2

]

a = σ(a)

[

y1

y2

]

+ δ(a), for all a ∈ A.

Proof. The remark just before Proposition 1.2 implies that for any sets P and τ of data, with
τ ⊆ K, the iterated Ore extension C exists. Now it is easy to complete the proof by using
Proposition 1.2 and the definition of a right double extension.

Using Bergman’s diamond lemma (Bergman (1978)), Zhang and Zhang gave a universal
construction for a right double extension. Unfortunately, there are three small typos in the
relations (R3.4)–(R3.6) appearing in Zhang and Zhang (2008, p. 2674). These come originally
from analogous typos in Zhang and Zhang (2008, Lemma 1.10(a) and Equation (E1.10.3)).
For the convenience of the reader, we re-write relations (R3.1)–(R3.6) of Zhang and Zhang
(2008) as relations (1.III)–(1.VIII) below, with the corrected typos underlined.

Proposition 1.5. (Zhang and Zhand, 2008, Lemma 1.10, Proposition 1.11) Given a K-
algebra A, let σ be a homomorphism from A to M2×2(A), δ a σ-derivation from A to M2×1(A),
P = {p12, p11} a set of elements of K and τ = {τ0, τ1, τ2} a set of elements of A. Then, the
associative K-algebra B generated by A, y1 and y2, subject to the relations (1.I) and (1.II), is
a right double extension if and only if the maps σij and ρk, i ∈ {1, 2}, j, k ∈ {0, 1, 2}, satisfy
the six relations (1.III)–(1.VIII) below, where σi0 = δi and ρk is a right multiplication by τk.

σ21σ11 + p11σ22σ11 = p11σ
2

11 + p2

11σ12σ11 + p12σ11σ21 + p11p12σ12σ21 (1.III)

σ21σ12 + p12σ22σ11 = p11σ11σ12 + p11p12σ12σ11 + p12σ11σ22 + p2

12
σ12σ21 (1.IV)

σ22σ12 = p11σ
2

12 + p12σ12σ22 (1.V)

σ20σ11 + σ21σ10 + ρ1σ22σ11 = p11 (σ10σ11 + σ11σ10 + τ1σ12σ11)

+ p12 (σ10σ21 + σ11σ20 + τ1σ12σ21) + τ1σ11 + τ2σ21 (1.VI)

σ20σ12 + σ22σ10 + ρ2σ22σ11 = p11 (σ10σ12 + σ12σ10 + τ2σ12σ11)

+ p12 (σ10σ22 + σ12σ20 + τ2σ12σ21) + τ1σ12 + τ2σ22 (1.VII)

σ20σ10 + ρ0σ22σ11 = p11

(

σ2

10
+ τ0σ12σ11

)

+ p12 (σ10σ20 + τ0σ12σ21) + τ1σ10 + τ2σ20 + τ0idA (1.VIII)

Remarks 1.6.

1. Proposition 1.4 can be used to obtain a direct proof of Proposition 1.5, i.e., one which
does not use Bergman’s diamond lemma, provided that τ = {τ0, τ1, τ2} ⊆ K.

2. Proposition 1.5 implies the uniqueness, up to isomorphism, of a right double extension
of A, with given σ, δ, P and τ , provided such an extension exists. Indeed, assume
B = AP [y1, y2;σ, δ, τ ] is a right double extension of A. Then, by Zhang and Zhang
(2008, Lemmas 1.7 and 1.10(b)), the data σ, δ, P and τ satisfy the conditions of Propo-
sition 1.5. Let B be as in this proposition. Then, there is an algebra homomorphism
from B to B which restricts to the identity on A and maps yi ∈ B to the corresponding
element yi ∈ B, i = 1, 2. Since B is a free left A-module with basis {yi

1
y

j
2

: i, j ≥ 0} and
the same holds for B, this map is an isomorphism, thus proving uniqueness.
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As noticed in Zhang and Zhang (2008, Remark 1.4), by choosing a suitable basis of the
vector space Ky1 + Ky2, we can prove:

Lemma 1.7. Let B = AP [y1, y2;σ, δ, τ ] be a right double extension.

(a) If p11 6= 0 and p12 = 1, then

B ≃ A{1,1}

[

y1, y2;

[

σ11 p11σ12

p−1

11
σ21 σ22

]

,

[

p11δ1

δ2

]

, τ

]

where τ = {p11τ0, τ1, p11τ2}, y1 = p11y1 and y2 = y2.

(b) If p12 6= 1, then

B ≃ A{p12,0}

[

y1, y2;

[

σ11 − qσ12 σ12

σ21 + q(σ11 − σ22) − q2σ12 σ22 + qσ12

]

,

[

δ1

δ2 + qδ1

]

, τ

]

where q = p11

p12−1
, τ = {τ0, τ1 − qτ2, τ2}, y1 = y1 and y2 = y2 + qy1.

Let B = AP [y1, y2;σ, δ, τ ] be a right double extension and suppose that p12 6= 1. Then,
as observed above, by choosing adequate generators yi and (possibly) modifying the data σ,
δ, τ , one can assume that p11 = 0. Now suppose B = AP [y1, y2;σ, δ, τ ] is a right double
extension with p11 = 0. Then B has a natural filtration, given by setting deg A = 0 and
deg y1 = deg y2 = 1. One can check, in view of relations (1.I) and (1.II), that the associated
graded algebra gr(B) is isomorphic to AP [y1, y2;σ, 0, {0, 0, 0}]. The above shows that the
following holds:

Corollary 1.8. Suppose that B = AP [y1, y2;σ, δ, τ ] is a right double extension of A, with
p12 6= 1. Then, there exists a filtration on B such that the associated graded algebra D = gr(B)
can be presented as follows: D is generated over A by indeterminates z1, z2; it is free as a
left A-module with basis {zi

1
z

j
2

: i, j ≥ 0}; multiplication in D is given by multiplication in A

and the conditions z2z1 = p12z1z2 and z1A + z2A ⊆ Az1 + Az2, with

[

z1

z2

]

a = σ(a)

[

z1

z2

]

,

where σ is obtained from σ and q = p11

p12−1
as in Lemma 1.7(b).

Furthermore, in case B is a double extension, then D is also free as a right A-module with
basis {zi

2
z

j
1

: i, j ≥ 0} and z1A + z2A = Az1 + Az2.

Suppose that P is a ring-theoretical property which passes from the associated graded
algebra gr(C) to the (filtered) algebra C. The above yields that, while investigating the
lifting of property P from A to a right double extension B of A, one needs only consider two
cases: P = {1, 1} and P = {p12, 0}, with p12 ∈ K.

2 Double extensions as iterated skew polynomial rings

In general, an iterated Ore extension of the form A[y1;σ1, d1][y2;σ2, d2] is not a right double
extension. In spite of this, one can check that if

σ2(A) ⊆ A, σ2(y1) = p12y1 + τ2,

d2(A) ⊆ Ay1 + A, d2(y1) = p11y
2

1
+ τ1y1 + τ0
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where pij ∈ K and τi ∈ A, then the given iterated Ore extension A[y1;σ1, d1][y2;σ2, d2]
is indeed a right double extension AP [y1, y2;σ, δ, τ ], with P = {p12, p11}, τ = {τ0, τ1, τ2},

σ =

[

σ1 0
σ21 σ2|A

]

and δ =

[

d1

δ2

]

, where σ21, δ2 : A → A are defined by the condition

d2(a) = σ21(a)y1 + δ2(a) ∈ Ay1 + A, for a ∈ A.
In our next theorem, we give necessary and sufficient conditions for AP [y1, y2;σ, δ, τ ] to be

an iterated Ore extension of the form A[y1;σ1, d1][y2;σ2, d2]. By this we mean that we deter-
mine when the identity map on A extends to an algebra isomorphism from AP [y1, y2;σ, δ, τ ] to
A[y1;σ1, d1][y2;σ2, d2] sending yi to yi, i = 1, 2. To proceed with this, we need the following:

Lemma 2.1. Let A[y1;σ1, d1][y2;σ2, d2] be an iterated Ore extension such that σ2(A) ⊆ A

and σ2(y1) = py1 + q, for some p ∈ K∗ and q ∈ A. Then, σ1σ2(a) = σ2σ1(a), for all a ∈ A.

Proof. Let a ∈ A. Applying σ2 to the equality y1a = σ1(a)y1 +d1(a), we obtain pσ1σ2(a)y1 +
pd1σ2(a) + qσ2(a) = pσ2σ1(a)y1 + σ2σ1(a)q + σ2d1(a). Since p ∈ K∗, the thesis follows.

Theorem 2.2. Let A,B be K-algebras such that B is an extension of A. Assume P =
{p12, p11} ⊆ K, τ = {τ0, τ1, τ2} ⊆ A, σ is an algebra homomorphism from A to M2×2(A) and
δ is a σ-derivation from A to M2×1(A).

(a) The following conditions are equivalent:

(i) B = AP [y1, y2;σ, δ, τ ] is a right double extension of A which can be presented as
an iterated Ore extension A[y1;σ1, d1][y2;σ2, d2];

(ii) B = AP [y1, y2;σ, δ, τ ] is a right double extension of A with σ12 = 0;

(iii) B = A[y1;σ1, d1][y2;σ2, d2] is an iterated Ore extension such that

σ2(A) ⊆ A, σ2(y1) = p12y1 + τ2,

d2(A) ⊆ Ay1 + A, d2(y1) = p11y
2

1
+ τ1y1 + τ0,

for some pij ∈ K and τi ∈ A. The maps σ, δ, σi and δi, i = 1, 2, are related by:

σ =

[

σ1 0
σ21 σ2|A

]

, δ(a) =

[

d1(a)
d2(a) − σ21(a)y1

]

, for all a ∈ A.

(b) If any of the statements from (a) holds, then B is a double extension of A if and only
if σ1 = σ11 and σ2|A = σ22 are automorphisms of A and p12 6= 0.

Proof. Notice that, if B = AP [y1, y2;σ, δ, τ ], then y1A ⊆ Ay1 + A if and only if σ12 = 0.
Therefore (a)(i) ⇒ (a)(ii).

Suppose now that (a)(ii) holds. Then y1A ⊆ Ay1 + A. Hence, every element of the
subalgebra A[y1] of B can be written in the form anyn

1
+ . . . + a0, for suitable n ≥ 0 and

ai ∈ A. Since B is a free left A-module with basis {yi
1
y

j
2
}∞i,j=0

, the elements {yi
1
}∞i=0

are
A-independent, i.e., A[y1] is a free left A-module with that basis. Multiplication in A[y1] is
given by multiplication in A and the condition y1a = σ1(a)y1 + d1(a), where σ1 = σ11 and
d1 = δ1. Thus, A[y1] = A[y1;σ1, d1].

Since B is a right double extension of A, B is a free left A[y1;σ1, d1]-module with basis
{yi

2
}∞i=0

. Relation (1.I) can be re-written as

y2y1 = (p12y1 + τ2)y2 + p11y
2

1 + τ1y1 + τ0 (2.IX)
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and, by (1.II), we also have:
y2A ⊆ Ay2 + (Ay1 + A). (2.X)

Thus, by the above,
y2A[y1] ⊆ A[y1]y2 + A[y1]. (2.XI)

This means that B = A[y1;σ1, d1][y2;σ2, d2], for some endomorphism σ2 and some σ2-derivation
d2 of A[y1;σ1, d1]. Conditions (2.IX) and (2.X) imply that σ2(y1) = p12y1 + τ2, σ2(A) ⊆ A,
d2(A) ⊆ Ay1 + A and d2(y1) = p11y

2

1
+ τ1y1 + τ0. By (1.II),

y2a = σ22(a)y2 + σ21(a)y1 + δ2(a), for all a ∈ A.

Thus, we also have σ2(a) = σ22(a) and d2(a) = σ21(a)y1 + δ2(a), for all a ∈ A. Hence (a)(iii)
holds.

As observed at the beginning of this section, (a)(iii) ⇒ (a)(i) holds, and the proof of (a)
is completed.

Assume now that B is a double extension, with σ12 = 0. Then, by definition, p12 6=
0. J.J. Zhang and J. Zhang introduced the determinant of σ, det(σ) : A → A, by setting
det(σ) = −p11σ12σ11 + σ22σ11 − p12σ12σ21, and showed (cf. Zhang and Zhang (2008, Lemma
1.9 and Proposition 2.1(a)(b))) that det(σ) is an automorphism of A, provided that B is a
double extension of A. As σ12 = 0, this implies that det(σ) = σ22σ11 is invertible in EndK(A).
Notice that Lemma 2.1 and (a)(iii) above yield that σ11 and σ22 commute. Therefore, both
σ11 and σ22 are automorphisms of A.

Conversely, suppose that σ1 = σ11, σ2|A = σ22 are automorphism of A and p12 6= 0.
Since σ2(y1) = p12y1 + τ2, this implies that σ2 is an automorphism of A[y1;σ1, d1]. Hence,
{yi

2
y

j
1

: i, j ≥ 0} is a basis of B = A[y1;σ1, d1][y2;σ2, d2] as a right A-module, i.e., B is a
double extension of A. This completes the proof of (b).

The following lemma gives a necessary and sufficient condition for the matrix correspond-
ing to σ to be triangularizable, by choosing adequate generators of AP [y1, y2;σ, δ, τ ] from
Ky1 + Ky2, i.e., it gives a necessary condition for a right double extension AP [y1, y2;σ, δ, τ ]
to be presented as an iterated Ore extension over A.

Lemma 2.3. Let B = AP [y1, y2;σ, δ, τ ] be a right double extension, k, l ∈ K and 0 6= z =
ky1 + ly2 ∈ B. Then:

zA ⊆ Az + A iff klσ11 + l2σ21 = klσ22 + k2σ12.

Proof. If either k = 0 or l = 0, then the identity above reduces to σ21 = 0 or σ12 = 0,
accordingly. This gives the thesis in this case.

Suppose k, l ∈ K∗. Let a ∈ A. One can compute that

za =
(

σ11(a) + l
k
σ21(a)

)

ky1 +
(

k
l
σ12(a) + σ22(a)

)

ly2 + kδ1(a) + lδ2(a).

This yields the thesis.

Suppose that the right double extension B = AP [y1, y2;σ, δ, τ ] can be presented as an
iterated Ore extension of the form A[y2, σ

′
2
, d′

2
][y1;σ

′
1
, d′

1
]. Then, we must have σ21 = 0, as

y2A ⊆ Ay2 + A. Notice also that p12 has to be nonzero, as otherwise the quadratic relation
(1.I) would imply that {yi

1
}∞i=0

is not a free basis of B as a left A[y2;σ
′
2
, d′

2
]-module. Now,
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relation (1.I) together with y1y2 ∈ A[y2, σ
′
2
, d′

2
]y1 + A[y2, σ

′
2
, d′

2
] imply that p11 = 0. In this

case, the quadratic relation (1.I) becomes

y2y1 = p12y1y2 + τ1y1 + τ2y2 + τ0. (2.XII)

Observe that, in any right double extension B satisfying relation (2.XII), the set {yi
2
y

j
1

:
i, j ≥ 0} still forms a basis of B as a left A-module. The fact that this relation is left-right
symmetric implies that there is an isomorphism

B ≃ A{p−1

12
,0}

[

y2, y1;

[

σ22 σ21

σ12 σ11

]

,

[

δ2

δ1

]

, {−p−1

12
τ0,−p−1

12
τ1,−p−1

12
τ2}

]

realized by interchanging the roles of y1 and y2.
The remarks above, together with Theorem 2.2, yield the following (cf. Zhang and Zhang

(2009, Proposition 3.6)):

Theorem 2.4. Let B = AP [y1, y2;σ, δ, τ ] be a right double extension of the K-algebra A,
where P = {p12, p11} ⊆ K, τ = {τ0, τ1, τ2} ⊆ A, σ : A → M2×2(A) is an algebra homomor-
phism and δ : A → M2×1(A) is a σ-derivation. Then, B can be presented as an iterated Ore
extension A[y2;σ

′
2
, d′

2
][y1;σ

′
1
, d′

1
] if and only if σ21 = 0, p12 6= 0 and p11 = 0. In this case, B

is a double extension if and only if σ′
2

= σ22 and σ′
1
|A = σ11 are automorphisms of A.

Let P denote one of the following ring-theoretical properties: being left (right) noetherian,
being a domain, being prime, being semiprime left (right) noetherian, being semiprime left
(right) Goldie. It is known that P lifts from a ring R to an Ore extension R[x;σ, d], provided
that σ is an automorphism of R (cf. Lam (1997), Matczuk (1995), McConnel and Robson
(2001)). Thus, Theorems 2.2 and 2.4 yield the following partial positive answers to some of
the questions posed in Zhang and Zhang (2008):

Corollary 2.5. Suppose that the K-algebra A possesses the property P. Then, the double
extension B = AP [y1, y2;σ, δ, τ ] also has the property P, provided that either σ12 = 0, or
σ21 = 0 and p11 = 0.

In Zhang and Zhang (2008), the authors asked whether primeness (resp. semiprimeness)
lifts from an algebra A to its double extension AP [y1, y2;σ, δ, τ ]. It is known that, in general,
semiprimeness does not lift from A to an Ore extension A[y1;σ1, 0] = A[y1;σ1], even if σ1

is an automorphism. For such a non-semiprime extension we know, by Theorem 2.2, that
A[y1;σ1][y2] is a double extension, which is clearly not semiprime. For a specific example, one
can take A =

∏

i∈Z
Ki, where Ki = K is a copy of the base field and σ1 is the “right shifting”

automorphism of A. Then ay1A[y1;σ1]ay1 = 0, for a = (ai) with a0 = 1 and ai = 0 if i 6= 0,
i.e., A[y1;σ1] is not semiprime. On the other hand, semiprimeness does lift from the algebra
A to an Ore extension A[y1;σ1], provided that σ1 is an automorphism and A is noetherian.
The problem of determining whether semiprimeness lifts from A to AP [y1, y2;σ, δ, τ ] when A

is noetherian still remains open.
One of the examples of a double extension which appeared in Zhang and Zhang (2008) is

the following:

Example 2.6. Let A = K[x] and fix a, b, c ∈ K with b 6= 0. Let σ : A −→ M2×2(A)

be the algebra homomorphism given by σ(x) =

[

0 b−1x

bx 0

]

and δ : A → M2×1(A) be the

8



σ-derivation determined by the condition δ(x) =

[

cx2

−bcx2

]

. Then, the double extension

B2(a, b, c) = A{−1,0}[y1, y2;σ, δ, {0, 0, ax2}] exists and it is the K-algebra generated by x, y1, y2,
subject to the relations:

y2y1 = −y1y2 + ax2, y1x = b−1xy2 + cx2, y2x = bxy1 − bcx2. (2.XIII)

It was stated in Zhang and Zhang (2008) that if a 6= 0, then the algebra B2(a, b, c) cannot
be presented as an iterated Ore extension over K[x]. The following proposition shows that
this is not so, in case the characteristic of the base field K is 2.

Proposition 2.7. Let a, b, c ∈ K with b 6= 0. The algebra B2 = B2(a, b, c) has the following
properties:

(a) Suppose that char(K) = 2. Then B2 is the differential operator algebra B2 = K[x, z][y2; d],
where d is the derivation of K[x, z] determined by d(x) = xz − bcx2 and d(z) = abx2.
In particular, B2 can be presented as an iterated Ore extension over A = K[x].

(b) B2 is a noetherian domain.

Proof. Suppose that char(K) = 2. Let us take z = by1 + y2. One can check, using (2.XIII),
that zx = xz. In particular, zA = Az. Notice also that zA + y2A + A = Az + Ay2 + A, as
y1A + y2A + A = Ay1 + Ay2 + A. Taking y2 as the second generator of B2 in the double
extension, we have:

y2z = −zy2 + 2y2

2
+ abx2 = zy2 + abx2, (2.XIV)

given that char(K) = 2. The above identity implies that B2 can be also presented as a double
extension B2 = A{−1,0}[z, y2;σ

′, δ′, {0, 0, abx2}], for suitable maps σ′ and δ′. The condition
zA ⊆ Az + A means that σ′

12
= 0. Thus, Theorem 2.2 implies that B2 is an iterated Ore

extension over A = K[x]. In fact, using (2.XIII) and the characteristic of K, one can check
that

y2x = −xy2 + xz − bcx2 = xy2 + xz − bcx2. (2.XV)

Then, the identities xz = zx, (2.XIV) and (2.XV) imply that B2 = K[x, z][y2; d], where d is a
derivation of K[x, z] as described above, i.e., d(x) = xz − bcx2 and d(z) = abx2. This proves
(a).

For(b), let char(K) be arbitrary. Notice that, as p11 = 0, the algebra B2 is filtered, as
described in the paragraph preceding Corollary 1.8. The associated graded algebra, gr(B2),
is generated by x, z1 and z2, subject to the relations (cf. (2.XIII)):

z2z1 = −z1z2;

z1x = b−1xz2;

z2x = bxz1.

Thus, gr(B2) is the iterated Ore extension

K[z1][z2;σ1][x;σ2],

where σ1(z1) = −z1, σ2(z2) = bz1, σ2(z1) = b−1z2. Therefore, gr(B2) is a noetherian domain,
which implies that so is B2.
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