
CONTRIBUTIONS TO THE GEOMETRIC AND ERGODIC THEORY
OF CONSERVATIVE FLOWS
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Abstract. We prove the following dichotomy for vector fields in a C1-
residual subset of volume-preserving flows: for Lebesgue almost every
point all Lyapunov exponents equal to zero or its orbit has a dominated
splitting. Moreover, we prove that a volume-preserving and C1-stably
ergodic flow can be C1-approximated by another volume-preserving flow
which is non-uniformly hyperbolic.
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1. Introduction and statement of the results

Let M be a d-dimensional, d ≥ 3, compact, connected and boundaryless
Riemaniann manifold endowed with a volume-form ω and let µ denote the
Lebesgue measure associated to it. We denote by X1

µ(M) the space of C1

vector fields X over M such that X is divergence-free, that is its associated
flow Xt preserves the measure µ. We consider X1

µ(M) endowed with the
usual Whitney C1-topology.

Given a flow Xt one usually deduces properties of it by studying its linear
approximation. One way to do that is by considering the Lyapunov expo-
nents which, in broad terms, detect if there are any exponential behavior
of the linear tangent map along orbits. Given X ∈ X1

µ(M) the existence of
Lyapunov exponents for almost every point is guaranteed by Oseledets’
theorem ([31]). Positive (or negative) exponents assure, in average, expo-
nential rate of divergence (or convergence) of two neighboring trajectories,
whereas zero exponents give us the lack of any kind of average exponen-
tial behavior. A flow is said to be nonuniformly hyperbolic if its Lyapunov
exponents are all different from zero. In [25] Hu, Pesin and Talitskaya
gave examples of nonuniformly hyperbolic flows in any compact manifold.
Non-zero exponents plus some smoothness assumptions on the flow allows
us to obtain invariant manifolds dynamically defined (see [32]). Since this
stable/unstable manifold theory is the base of capital results on dynami-
cal systems nowadays it is of extreme importance to detect when we have
nonzero Lyapunov exponents.

In the beginning of the 1980s Ricardo Mañé, in [28], announced a di-
chotomy for C1-generic discrete-time conservative systems which in broad
terms says that for Lebesgue almost every point its Lyapunov exponents are
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all equal to zero or else there exists a weak form of uniform hyperbolicity
along its orbit.

It is well-known that hyperbolicity plays a crucial role if one wants to
obtain stability. Briefly speaking, hyperbolicity means uniform expansion
(or contraction) by the tangent map along the orbits and when restricted
to particular invariant subbundles. A quintessential example is an Anosov
flow [1].

By a weak form of hyperbolicity we mean uniform contraction of the
ratio between the dynamical behavior of the tangent map when computed
in an invariant subbundle and the dynamical behavior of the tangent map
restricted to another invariant subbundle which is most contracting (or less
expanding) than the first mentioned.

Later, in [29], Mañé presented the guidelines for the proof of the afore-
mentioned dichotomy in the surfaces case. However, more ingredients
and new tools were necessary to obtain a complete proof (see the work of
Bochi [14]). Then, in a remarkable paper [17], Bochi and Viana extended
the Bochi-Mañé theorem to any dimensional manifolds and recently Bochi
(see [15]) was able to obtain the full statement announced in [28] for the
symplectomorphisms setting.

For the flow setting the first author proved in [7] the three-dimensio-
nal version for vectors fields without equilibrium points and also a weak
version for general divergence-free vector fields. Later, in [2, Theorem A], a
global version for vector fields with equilibrium points was obtained. In [8]
was proved a version for linear differential systems with conservativeness
properties and in [9] was obtained a similar result in the Hamiltonians
setting.

After the perturbation techniques developed in [7] and in [8] we expected
to obtain Bochi-Viana’s theorem for a C1-dense subset of X1

µ(M), however
by an upgrade refinement on the perturbation framework we were able to
obtain this result for a C1-residual subset of X1

µ(M), thus achieve the full
counterpart of [17, Theorem 2].

More precisely we prove the following result.

Theorem 1. There exists a C1-residual set E ⊂ X1
µ(M) such that if X ∈ E then

there exist two Xt-invariant subsets of M,Z andD, whose union has full measure
and such that:

• if p ∈ Z then all the Lyapunov exponents associated to p are zero;
• if p ∈ D then its orbit admits a dominated splitting for the linear Poincaré

flow.

We point out that the abundance of zero exponents from the generic
point of view seems to be strongly related to the topology used, namely to
the C1-topology. On the other hand recent results obtained by Viana ([36])
show that, in a prevalent way, Hölder continuous linear cocycles based on
a uniformly hyperbolic system with local product structure have nonzero
Lyapunov exponents.

We recall that a closed orbit p with period ` is called elliptic if the linear
Poincaré flow on the period ` has non-real eigenvalues of norm one. In
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the three-dimensional setting of divergence-free vector fields we know,
by [10], that far from vector fields exhibiting (dense) elliptic points we have
hyperbolicity, say an Anosov flow. It is natural to ask if, for dimensions ≥ 4,
global hyperbolicity prevails when we are far from local non-hyperbolicity
(e.g. elliptic points). Somehow related with this question Ferreira [22]
proved, using Theorem 1, that, if a divergence-free vector field X has all
its singularities and closed orbits of hyperbolic type and, moreover, this
property prevails for any C1-neighborhood of X, within the divergence-free
class, then X is an Anosov vector field. We denote the set of divergence-free
vector fields with this property by G1

µ(M). Moreover, she proved that any
X ∈ X1

µ(M) can be C1 approximated by another field Y ∈ X1
µ(M) such that

Y is Anosov or else Y exhibits a heterodimensional cycle. Related to this
subject we also mention the remarkable paper by Gan and Wen ([24]).

LetKS ⊂ X1
µ(M) be the set of Kupka-Smale divergence-free vector fields

([34]).

Corollary 1.1. Let X ∈ KS. If Sing(X) , ∅, then X can be C1-approximated by
a divergence-free vector field exhibiting a non-hyperbolic closed orbit.

In fact, if X ∈ KS and Sing(X) , ∅, then X is not Anosov. So, by [22],
X < G1

µ(M); therefore X is C1-arbitrarily approximated by a vector field Y ∈
X1
µ(M) exhibiting a non-hyperbolic critical point (closed orbit or singularity).

Using the fact that X ∈ KS, it is easy to show that, if Y is sufficiently C1-close
to X, then the non-hyperbolic critical point is a closed orbit.

Recall that X ∈ X1
µ(M) is ergodic if any measurable Xt-invariant set is a

zero measure set or is a full measure set. Let α > 0; we say that X ∈ X1+α
µ (M)

is a C1-stably ergodic flow if there exists a C1-neighborhood of X such that
any Y ∈ X1+α

µ (M) is ergodic.
In [13] we considered the open class of C1 partially hyperbolic volume-

preserving flows with one dimensional central direction endowed with the
C1-Whitney topology. Then, we proved that, within this class, any flow can
be approximated by an ergodic C2 volume-preserving flow. Therefore, we
obtained that, within this class, ergodicity is dense. Our next result deals
with a somehow counterpart statement, i.e., ergodic assumptions assure
some geometric and dynamical consequences.

Let us denote by SE the space of the C1-stably ergodic flows in X1+α
µ (M).

We refer the reader to the survey of Pugh and Shub ([33]) on properties of
these systems. It follows from [12] that if X is stably ergodic then it does
not have any singularities. From Theorem 1 it follows that if X ∈ E ∩ SE
then either the set Z has full measure or else D is a full measure set. In
the next result we prove that, for an open and dense subset of SE, actually
Z has zero measure and the pointwise domination given by Theorem 1
for points in the full measure set D is in fact uniform. This result is the
continuous-time version of Bochi-Fayad-Pujals Theorem for conservative
diffeomorphisms ([16]).

Theorem 2. There exists a C1-open and dense set U ⊂ SE such that if X ∈ U
then Xt is a non-uniformly hyperbolic flow and X admits a dominated splitting (for
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the linear Poincaré flow) that separates the spaces corresponding to positive and
negative Lyapunov exponents.

2. Notation, definitions and basic results

In this section we introduce some notation, fundamental definitions and
basic results needed to prove our theorems.

2.1. The setting. Let M be a d-dimensional compact, connected and bound-
aryless Riemaniann manifold endowed with a volume-form ω. The mea-
sure µ associated toω is called the Lebesgue measure. As mentioned before
we denote by Xr

µ(M) the set of all divergence-free vector fields X : M → TM
of class Cr (r ≥ 1), endowed with the usual Whitney C1-topology. Let X ∈
X1
µ(M); X is the infinitesimal generator of Xt, that is, dXt

dt |t=s(p) = X(Xs(p)). We
are interested in the study of the tangent map DXt

p : TpM→ TXt(p)M. Notice
that DXt

p is a solution of the linear variational equation u̇(t) = DXXt(p) · u(t).
Is is easy to see that |det(DXt)| = 1 for any t ∈ R, that is the flow Xt is
volume-preserving.

Let Sing(X) := {x ∈ M : X(x) = ~0} denote the set of singularities of X and
let R(X) := M \ Sing(X) denote the set of regular points.

2.2. Linear Poincaré flow. Fix X ∈ X1
µ(M), p ∈ R(X) and let Np ⊂ TpM

denote the normal fiber at X(p), that is, the subfiber spanned by the orthogonal
complement of X(p). We denote by N ⊂ TM the normal bundle which, of
course, is only defined on R(X). Now, let Np and NXt(p) be two (d − 1)-
dimensional manifolds contained in M whose tangent spaces at p and Xt(p),
respectively, are Np and NXt(p). We can be careful and chose these (d − 1)-
dimensional submanifolds to vary continuously along the orbit. Let also
Vp be a small neighborhood of p in Np. If Vp can be taken small enough,
then the usual Poincaré map Pt

X(p) :Vp ⊂ Np →NXt(p) is well defined.
The linear Poincaré flow was first used by Liao (e.g. [27]) and formally

introduced in [21]. It is the differential of the Poincaré map. To define it
properly for each t ∈ R we consider the tangent map DXt : TRM −→ TRM
which is defined by DXt(p, v) = (Xt(p),DXt(p) · v) and let ΠXt(p) be the
canonical projection on NXt(p). The linear map Pt

X(p) : Np −→ NXt(p) defined
by Pt

X(p) = ΠXt(p)DXt(p) is called the linear Poincaré flow at p associated to
the vector field X.

2.3. Local coordinates. Given a linear map A we define its norm in the
usual way, i.e.,

sup
v,~0

‖A · v‖
‖v‖

.

By Lemma 2 of [30], given a volume form ω in M there exists an atlas
A
∗ = {(αi,U∗i )i} of M, such that (αi)∗ω = dx1 ∧ dx2 ∧ ... ∧ dxd. The fact that

M is compact guarantees thatA∗ can be taken finite, sayA∗ = {(αi,U∗i )}
k
i=1.

Moreover, we can always choose U∗i containing the closure of an open set
Ui, i = 1, .., k, such that {(αi,Ui)}ki=1 is an atlas.
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Given any x ∈ M we define i(x) := min{i ∈ {1, ..., k} : x ∈ Ui}. The Rie-
mannian norm a priori fixed at TM will not be used, instead we use the
equivalent norm ‖v‖x := ‖(Dαi(x))x · v‖.

Let p and q be points in the same domain Ui and t be such that Xt(p) and
Xt(q) are in the same domain U j. Given linear maps At(p) : Np → NXt(p) and
Bt(q) : Nq → NXt(q) we define the distance ‖At(p) − Bt(q)‖ in the following
way. Let

• at
i, j = (Dα j(Xt(p)))Xt(p)|NXt(p)

◦ At(p) ◦ (Dαi(p))−1
p |Dαi(Np), and

• bt
i, j = (Dα j(Xt(q)))Xt(q)|NXt(q)

◦ Bt(q) ◦ (Dαi(q))−1
q |Dαi(Nq).

Now we define
‖At(p) − Bt(q)‖ = ‖at

i, j − bt
i, j‖. (2.1)

2.4. Flowboxes and the modified volume-preserving property. Given the
Poincaré map associated to X and to a non-periodic point p, Pt

X(p) : Vp ⊆

Np → NXt(p), where Vp is chosen sufficiently small and given B ⊆ Vp the
set

F
n

X (p)(B) := {Pt
X(p)(q) : q ∈ B, t ∈ [0,n]},

is called the time-n length flowbox at p associated to the vector field X and to
the sectionsNp andNXt(p). We observe that, although the flowboxes depend
on the initial choice of the traversal sections, in fact this is not relevant since
we will take Vp arbitrarily small and this gives a uniform control of the
angles.

Given v1, v2, ..., vd−1 ∈ Np we can define a pair of (d − 1)-forms by

ω̂p(v1, v2, ..., vd−1) := ωp(X(p), v1, v2, ..., vd−1),

and
ωp(v1, v2, ..., vd−1) = ωp(‖X(p)‖−1X(p), v1, v2, ..., vd−1),

both induced by the volume form ω. It turns out that (Pt
X(p))∗ω̂p = ω̂Xt(p).

The measure µ induced by the (d−1)-formω is not necessarilyPt
X-invariant,

however both the associated measures µ̂ and µ are equivalent. We call µ
the Lebesgue measure at normal sections or modified section volume. In fact,
given v1, v2, ..., vd−1 ∈ Np we have that

(Pt
X(p))∗ωp(v1, ..., vd−1) = x(t)−1ωXt(p)(Pt

X(p) · v1, ...,Pt
X(p) · vd−1),

where x(t) = ‖X(Xt(p))‖ ‖X(p)‖−1. Since the flow is volume-preserving we
have |det Pt

X(p)| = x(t)−1. Therefore it follows that we can give an explicit ex-
pression for the infinitesimal distortion volume factor of the linear Poincaré
flow, which is expressed by the following simple adaptation of ([7, Lemma
2.2]).

Lemma 2.1. Fix a non-periodic point p ∈ M and let Np be a (d − 1)-dimensional
manifold contained in M whose tangent spaces at p is Np. Given ν > 0 and T > 0,
there exists r > 0 such that for any measurable set K ⊆ B(p, r) ⊆ Np we have∣∣∣∣∣∣ µ(K)

x(t).µ(Pt
X(p)(K))

− 1

∣∣∣∣∣∣ < ν, for all t ∈ [0,T].
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2.5. Multiplicative ergodic theorem for the linear Poincaré flow. Let

RX(p) := {v ∈ TpM : v = ηX(p), η ∈ R},

be the line field direction at p. Recalling that DXt
p(X(p)) = X(Xt(p)) we

conclude that the vector field direction is DXt-invariant. The existence of
other DXt-invariant fibers is guaranteed, at least for Lebesgue almost every
point, by a theorem due to Oseledets (see [31]) that we re-write for the linear
Poincaré flow.

Theorem 2.2. (Oseledets’ Theorem for the linear Poincaré flow) Given X ∈ X1
µ(M)

such that µ(Sing(X)) = 0, then for µ-a.e. p ∈M there exist

• a Pt
X-invariant splitting of the fiber Np = N1

p ⊕ ...⊕Nk(p)
p along the orbit of

p (Oseledets’ splitting) and
• real numbers λ̂1(p) > ... > λ̂k(p)(p) (Lyapunov exponents),

with 1 ≤ k(p) ≤ d − 1, such that:

lim
t→±∞

1
t

log ‖Pt
X(p) · ni

‖ = λ̂i(p), (2.2)

for any ni
∈ Ni

p \ {
~0} and i = 1, ..., k(p).

We observe that the hypothesisµ(Sing(X)) = 0 holds if all the singularities
of X are hyperbolic, thus, it is satisfied for a C1-open and dense subset of
X1
µ(M).
Let O(X) denote the set of µ-generic points given by this theorem. We

note that if we take into account the multiplicities of the λ̂i(p), then we have
d − 1 Lyapunov exponents: λ1(p) ≥ λ2(p) ≥ ... ≥ λd−1(p).

In [26] is presented a proof of Theorem 2.2 in the context of linear differ-
ential systems.

Remark 2.1. Actually, the Oseledets Theorem gives us a splitting of TpM =

E1
p⊕ ...⊕Ek(p)

p ⊕RX(p) and Lyapunov exponents associated to these DXt-invariant
directions for µ-a.e. point p. Due to the fact that for any of these subspaces
Ei

p ⊂ TpM, with non-zero Lyapunov exponent, the angle between this space and
RX(p) along the orbit has sub-exponential growth, that is

lim
t→±∞

1
t

log sin(](Ei
Xt(p),RX(Xt(p)))) = 0. (2.3)

Therefore we conclude that the Lyapunov exponent λ̂i(p) , 0 for DXt with as-
sociated subspace Ei

p is also a Lyapunov exponent for Pt
X associated to subspace

Ni
p = Πp(Ei

p), i ∈ {1, ..., k(p)}, where Πp is the projection into Np. When the
Lyapunov exponent associated to the direction Ei

p is equal to zero then, since the
flow direction has also a zero exponent, we conclude that any direction of the plane
defined by Ei

p and the flow direction has zero Lyapunov exponent; in particular the
direction Ni

p.
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2.6. Multilinear algebra for the linear Poincaré flow. The kth exterior
power of N, denoted by ∧k(N), is a

(d−1
k
)
-dimensional vector space. Let

{e j} j∈J be an orthonormal basis of N, then the family of exterior powers
e j1 ∧ e j2 ∧ ... ∧ e jk for j1 < ... < jk with jα ∈ J forms an orthonormal basis of
∧

k(N). Given Pt
X(p) : Np → NXt(p) we define

∧
k(Pt

X(p)) : ∧
k(Np) −→ ∧

k(NXt(p))
ψ1 ∧ ... ∧ ψk −→ Pt

X(p) · ψ1 ∧ ... ∧ Pt
X(p) · ψk.

This formalism of multilinear algebra reveals to be the adequate to prove
our results. This is because we can recover the spectrum and the splitting
information of the dynamics of∧k(Pt

X(p)) from the one obtained by applying
Oseledets’ Theorem to Pt

X(p). This is precisely the meaning of the next
theorem ([5, Theorem 5.3.1]). For a deeper discussion of exterior power
algebra see [5, §3.2.3].

Theorem 2.3. (Oseledets’ Theorem for the exterior power of the linear Poincaré
flow) The Lyapunov exponents λ∧k

i (p) for i ∈ {1, ..., (d−1
k )} (repeated with multiplic-

ity) of the kth exterior power operator ∧k(Pt
X(p)) are the numbers of the form:

k∑
j=1

λi j(p), where 1 ≤ i1 < ... < ik ≤ d − 1.

This nondecreasing sequence starts with
• λ∧k

1 (p) = λ1(p) + λ2(p) + ... + λk(p) and ends with
• λ∧k

q(k)(p) = λd−k(p) + λd+1−k(p) + ... + λd−1(p).

Take an Oseledets basis {e1(p), ..., ed−1(p)} of Np such that ei(p) ∈ N`
p for

dim(N1
p) + ... + dim(N`−1

p ) < i ≤ dim(N1
p) + ... + dim(N`

p).

Then the Oseledets space ∧k(N j
p) of ∧k(Pt

X(p)) is the subspace of ∧k(Np) which is
generated by the k-vectors:

ei1 ∧ ... ∧ eik such that 1 ≤ i1 < ... < ik ≤ d − 1 and
k∑

j=1

λi j(p) = λ j(p).

2.7. Dominated splitting for the linear Poincaré flow. Letm(A) = ‖A−1
‖
−1

denotes the co-norm of a linear map A.
Take a Xt-invariant set Λ, without singularities, and fix m ∈ N. A non-

trivial Pt
X-invariant and continuous splitting NΛ = UΛ⊕SΛ is said to have an

m-dominated splitting for the linear Poincaré flow of X over Λ if the following
inequality holds for every p ∈ Λ:

‖Pm
X(p)|Sp‖

m(Pm
X(p)|Up)

≤
1
2
. (2.4)

The index of the splitting is the dimension of the bundle UΛ. The domi-
nated splitting structure is a “weak” form of uniform hyperbolicity, in fact
behaves like a uniform hyperbolic structure in the projective space RPd−2.
We enumerate some basic properties of an m-dominated splitting on a set
Λ, for the detailed proofs of these properties see [18] Section B.1.
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(H) (Higher Domination) There exists m0 > m such that, for all ` ≥ m0,
UΛ ⊕ SΛ is an `-dominated splitting.

(E) (Extension) It can always be extended to an m-dominated splitting
over Λ \ Sing(X).

(T) (Transversality) The angles between the Up and Sp are uniformly
bounded away from zero, for p ∈ Λ.

(U) (Uniqueness) For a fixed index the dominated splitting is unique.
(P) (Persistence) The dominated splitting persists under C1-perturba-

tions of X.
Fix X ∈ X1

µ(M), k ∈ {1, ..., d − 2} and m ∈ N. The subset of M formed by
the points p ∈ M \ Sing(X) such that there exists an m-dominated splitting
of index k along the orbit of p is denoted by Λk(X,m). The set Γk(X,m) =

M \ Λk(X,m) is open and each element of it has an iterate where inequality
(2.4) does not hold (for index k) or else it is a singularity of X. We also know,
by [34], that generic divergence-free vector fields have only a finite number
of (hyperbolic) singularities, thus the singularities form a zero measure set.

Along this paper we will be mainly interested in dominated splittings
related to the natural Pt

X-invariant splitting given by Oseledets’ Theorem
(obtained in Subsection 2.5) and over the orbit of some p ∈ O(X), namely,

U j
p = N1

p ⊕ ... ⊕N j
p and S j

p = N j+1
p ⊕ ... ⊕N`

p,

where ` ≤ d − 1, Ni
p ⊂ Np for i = {1, ..., `} and j is some fixed index of the

splitting, j ∈ {1, ..., d − 2}.
Now, we define some sets which will be used in the sequel:

• Γ]k(X,m) := {p ∈ Γk(X,m) ∩ O(X) : λk(X, p) > λk+1(X, p)};

• Γ∗k(X,m) := Γ]k(X,m)\Per(X), where Per(X) denotes the periodic points
of the flow Xt including the fixed points;
• Γk(X,∞) :=

⋂
m∈N

Γk(X,m) and

• Γ]k(X,∞) :=
⋂

m∈N
Γ]k(X,m).

The next lemma (see [17, Lemma 4.1]) allows us to focus our attention
only on the non-periodic points.

Lemma 2.4. For every δ > 0 and k ∈ {1, ..., d − 2}, there exists m0 ∈N such that
for all m ≥ m0 we have that

µ(Γ]k(X,m) \ Γ∗k(X,m)) < δ.

We consider a measurable function ρX,m : Γ∗k(X,m) −→ R defined by

ρX,m(p) =
‖Pm

X(p)|Sp‖

m(Pm
X(p)|Up)

.

It is clear that if p ∈ Γ∗k(X,m), then there exists t ∈ R satisfying the inequality
ρX,m(Xt(p)) > 1

2 . We define the set ∆∗k(X,m) by those points in Γ∗k(X,m) such
that ρX,m(p) > 1

2 . Clearly, Γ∗k(X,m) is the superset of ∆∗k(X,m) saturated by
the flow, i.e., Γ∗k(X,m) =

⋃
t∈RXt(∆∗k(X,m)).
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In [8, Lemma 2.2] it is proved the following result relating the measures
of these two sets.

Lemma 2.5. Given ∆∗k(X,m) and Γ∗k(X,m) as above, if µ(Γ∗k(X,m)) > 0, then
µ(∆∗k(X,m)) > 0.

2.8. The integrated upper Lyapunov exponent of exterior power of the
linear Poincaré flow. We consider the following function:

LEk : X1
µ −→ [0,+∞)

X 7−→

∫
M λ1(∧k(X), p)dµ(p),

(2.5)

where λ1(∧k(X), p) = λ∧
k

1 (X, p). In the same way we define the function
LEk(X,Γ), where Γ ⊆M is an Xt-invariant set, defined by:

LEk(X,Γ) =

∫
Γ

λ1(∧k(X), p)dµ(p).

Let Σk(X, p) denote the sum of the first k Lyapunov exponents of X, that is
Σk(X, p) = λ1(X, p) + ... + λk(X, p). It is an easy consequence of Theorem 2.3
that for k = 1, ..., d − 2 we have Σk(X, p) = λ1(∧k(X), p) and so LEk(X,Γ) =

LE1(∧k(X),Γ), for any Xt-invariant set Γ. By using [17, Proposition 2.2] we
get immediately that:

LEk(X,Γ) = inf
j∈N

1
j

∫
Γ

log ‖ ∧k (P j
X(p))‖dµ(p), (2.6)

concluding that, for all k ∈ {1, ..., d − 2}, the function (2.5) is an upper semi-
continuous function.

3. Proof of Theorem 2

Our arguments to prove Theorem 2 are borrowed from the ones used by
Bochi, Fayad and Pujals in [16].

Let us now discuss the three fundamental steps of the proof of Theorem 2
and at the end of the section we complete the proof.

We recall that X ∈ X1+α
µ (M) is C1-robustly transitive if Xt has a dense orbit

and any Y ∈ X1+α
µ (M) sufficiently C1-close to X has also a flow with a dense

orbit. It is easy to see that if X ∈ SE, then X must be C1-robustly transitive.
Let us first observe that, by [12, Theorem 1.1], a C1-stably ergodic vector

field X does not have singularities. As Cs, s ≥ 2, divergence-free vector
fields are C1-dense in X1

µ(M) ([37]), by Theorem 1.2 of [12] there exists a C1-
dense subset of SE, DSE whose vector fields admit a dominated splitting
over M.

We say that a dominated splitting N = N1
⊕ ... ⊕ N j of X is the finest

dominated splitting if there is no dominated splitting with more that j sub-
bundles. As is pointed out in [16] it is possible that the continuation of the
finest dominated splitting is not the finest dominated splitting of the per-
turbed vector field. Hence, we say that a dominated splitting of X ∈ X1

µ(M)
is stably finest if, for every Y sufficiently C1-close vector field in X1

µ(M), it has
a continuation which is the finest dominated splitting of Y. Flows with sta-
bly finest splittings are open and dense in the class of flows with dominated
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splitting. Given X ∈ DSE we take X1 ∈ X
1+α
µ (M) C1-close to X and having

a stably finest dominated splitting N = N1(X1) ⊕ ... ⊕Nk(X1). We denote by

Σi(X1) =

∫
M

log |det P1
X1

(p)|Ni(X1)|dµ(p)

the sum of the Lyapunov exponents of the subbundle Ni(X1). Clearly, by
domination, there is at most one index i such that Σi(X1) = 0. In [11] we
proved the following result:

Theorem 3.1. Let X1 ∈ X
1+α
µ (M) be a stably ergodic vector field having a (stably

finest) dominated splitting. Then, either Σi(X1) , 0, or else X1 may be approxi-
mated, in the C1-topology, by X2 ∈ X

2
µ(M) for which Σi(X2) , 0.

We observe that the vector field X2 given by the previous result is stably
ergodic and has a finest dominated splitting.

We are ready to give the proof of Theorem 2:

Openness; Let U be the set of vector fields X ∈ SE such that X has a
dominated splitting Nu

⊕ Ns where dim(Nu) = j, λ j(X) > 0 is the lowest
exponent in Nu and λ j+1(X) < 0 is the largest exponent in Ns. By § 2.7
property (P) any Y ∈ X1

µ(M), arbitrarily close to X, has a dominated splitting
Nu(Y)⊕Ns(Y). Moreover, since the function that gives the largest exponent
λ j+1(·) (in Ns) defined by

Y 7→ inf
n∈N

∫
M

log
(
‖Pn

Y(x)|Ns(Y,x)‖
1/n

)
dµ(x)

is upper semicontinuous, we obtain that λ j+1(Y) cannot increase abruptly.
Therefore, if Y is close enough to X, we have that λ j+1(Y) < 0. In the same
way the function that gives the lowest exponent λ j(·) in Nu and is defined
by

Y 7→ sup
n∈N

∫
M

log
(
m(Pn

Y(x)|Nu(Y,x))1/n
)
dµ(x)

is lower semicontinuous. Hence, as λ j(Y) cannot decrease abruptly, we
have λ j(Y) > 0 and we obtain thatU is open.

Density; Let X ∈ SE. We want to prove that X can be C1-approxima-
ted by a vector field in U. First we choose X1 ∈ DSE arbitrarily close
to X. The vector field X1 has a dominated splitting and by a small C1-
perturbation we obtain a vector field X2 ∈ X

1+α
µ (M) having a dominated

splitting which is stably finest. Fix some i ∈ {1, ..., k}; by Theorem 3.1,
X2 may be approximated, in the C1-topology, by X3 ∈ X

2
µ(M) for which

Σi(X3) , 0. For each pair of consecutive Oseledets fibers in Ni we do not
have domination, thus, arguments developed in the proof of Theorem 1
allow us to C1-perturb to obtain that the associated Lyapunov exponents
are equal. Applying this argument a finite number of times we conclude
that the Lyapunov exponents in Ni are all equal and, since their sum is
nonzero, we conclude that they are all different from zero and have the
same sign. Finally, Y is a nonuniformly hyperbolic vector field and Y ∈ U.
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4. Proof of Theorem 1

Next we consider an abstract object called a realizable sequence which
will play a central role in the proofs of the two main theorems. Briefly, it
consists of the following: we want to change the action of the linear Poincaré
flow along the orbit of a given Oseledets point with lack of hyperbolic
behavior, in order to decay its exponential asymptotic behavior. However,
one single point is meaningless since we consider the Lebesgue measure
and, moreover, the chosen point may not be an Oseledets point for the
perturbed vector field. So, in broad terms, we consider time-t modified
volume-preserving linear maps acting in the normal fiber at p, Lt(p) : Np →

NXt(p) which perform exactly the action that we want. Then, we build a
divergence-free vector field, C1-close to the original one such that the time-t
linear Poincaré map at q ∈ K of this new vector field has almost the same
behavior as the map Lt(p), where K is a measurable set contained in a pre-
assigned open set inside a small transversal section of p such that both these
sets have almost the same measure.

With this definition in mind we are able to “realize dynamically” the
perturbations performed in [8] concerning the skew-product flows version
of Theorem 1.

This may be seen as a Franks’ Lemma (see [23] or [3, 19, 12] for the flows
version) of a measure theoretical flavor type.

Definition 4.1. Given X ∈ X1
µ(M), ε > 0, κ ∈ (0, 1), ` ∈ N, and a non-

periodic point p, we say that the modified volume-preserving sequence of linear
maps L j : NX j(p) → NX j+1(p) for j = 0, ..., `− 1 is an (ε, κ)-realizable sequence of
length ` at p if the following occurs.

For all γ > 0, there is r > 0 such that for any (d − 1)-manifold Np (tangent to
Np) and any non-empty open set U ⊆ B(p, r) ⊆ Np, there exist a measurable set
K ⊆ U and a divergence-free vector field Y satisfying:

(a) µ(K) > (1 − κ)µ(U);
(b) ‖Y − X‖C1 < ε;
(c) Y = X outside F `

X(p)(U); and
(d) if q ∈ K, then ‖P1

Y(Y j(q)) − L j‖ < γ for all j = 0, 1, ..., ` − 1.

Let us consider some observations about this definition.

Remark 4.1. We note that this definition only requires C1-closeness of vector
fields. Also observe that realizable sequences of length ` ∈ R are also allowed and
are defined in the obvious way by considering non-integers cut-points.

Remark 4.2. It is easy to see that, taking r > 0 very small, it is sufficient to prove
the property of realizability for a single submanifoldNp.

Remark 4.3. By basic Vitali’s covering arguments we only have to prove the
realizability of the linear maps for open sets U = B(p′, r′) where U ⊆ B(p, r).

Remark 4.4. It is obvious that the time-t linear Poincaré flow is itself (ε, κ)-
realizable of length t for every ε and κ.

Remark 4.5. Condition (c) in the Definition 4.1 enables one to concatenate an
(ε, κ1)-realizable sequence of length `1 at p with an (ε, κ2)-realizable sequence of
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length `2 at X`1(p), obtaining an (ε, κ1 + κ2)-realizable sequence of length `1 + `2
at p. Notice that if κ1 + κ2 ≥ 1 then we do not have any useful estimate for the
measure of the set K = K1 ∩ X−`1(K2). Actually we are just interested in the
concatenation of b realizable sequences in the cases where

∑b
j=0 κ j < 1 (in fact close

to zero) obtaining a measurable set K such that the measure of U \ K is less than∑b
j=0 κ j.

The next proposition, which is the flow-version of [17, Proposition 3.1] is
a key result that allows us to mix the Oseledets directions in the absence of
domination. Once we get this result the two lemmas of this section and the
proof of Theorem 1 are obtained borrowing [17].

Proposition 4.1. Given X ∈ X1
µ(M), ε > 0 and κ ∈ (0, 1) there exists m0 ∈ N

such that for every real number m ≥ m0 the following property holds.
For any non-periodic point p with a splitting S j

Xt(p) ⊕ U j
Xt(p), t ∈ R and j ∈

{1, ..., d − 2} fixed, satisfying
‖Pm

X(p)|S j
p
‖

m(Pm
X(p)|U j

p
)
≥

1
2
, (4.1)

there exist (εi, κi)-realizable sequences of length `i ≥ 1 at Xτi(p), denoted by {Li}
b
i=1,

where b ∈ N is the number of cut-points (b ≤ [m]), with
∑b

i=1 `i = m and
τi =

∑i−1
j=1 ` j, and there are vectors u ∈ U j

p \ {
~0} and s ∈ S j

Xm(p) \ {
~0} such that:

(a) The concatenation of the b realizable sequences is an (ε, κ)-realizable se-
quence of length m at p and

(b) Lb ◦ ... ◦ L1(u) = s

This proposition will be proved in sections 5.1, 5.2 and 5.3. In Section 5.1
we consider the easiest case, that is when we only need to do, at most,
two perturbations to achieve our goal. Section 5.2 is technically harder,
because we need to do many perturbations along the orbit and each time
we concatenate two realizable sequences the relative measure in U of the
associated set K decreases. In Section 5.3 we complete the proof.

Once we are able to realize dynamically the action which mixes the
Oseledets directions, to prove Theorem 1 we need to use the following two
results.

Lemma 4.2. (Local) Let X ∈ X1
µ(M). Then, given any ε, δ > 0, a small κ > 0

and k ∈ {1, . . . , d − 2}, there exist m0 ∈ N and, for each m ≥ m0, a measurable
function T̃ : Γ∗k(X,m)→ R satisfying the following properties: for µ-almost every
point q ∈ Γ∗k(X,m) and every t > T̃(q) there exists a modified volume-preserving
sequence of linear maps L j : NX j(q) → NX j+1(q) for j = 0, ..., t − 1 which is an
(ε, κ)-realizable sequence of length t at q satisfying

1
t

log ‖ ∧k (Lt−1 ◦ · · ·L1 ◦ L0)‖ < δ +
1
2
(
Σk−1(X, q) + Σk+1(X, q)

)
.

This lemma corresponds to Proposition 4.2 of [17] adapted to the flow
setting and, in view of Proposition 4.1, its proof follows exactly as the proof
of Lemma 4.2 of [8]. In rough terms it uses the lack of domination and
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also the different Lyapunov exponents to cause a decay, via a small C1-
perturbation, of the top Lyapunov exponent of the kth exterior power of the
linear Poincaré flow.

The next lemma is a global version of the previous one. Once we have the
local version (Lemma 4.2) its proof follows directly the proof of Proposition
4.17 of [17] and uses a Kakutani’s tower argument. We also refer to [7] for
the ingredients used in the flow framework.

Lemma 4.3. (Global) Let X ∈ X1
µ(M). Then, given any ε, δ > 0, and k ∈

{1, . . . , d − 2}, there exists Y ∈ X1
µ(M), ε-C1-close, such that∫

M
Σk(Y, p) dµ(p) <

∫
M

Σk(X, p) dµ(p) − 2Jk(X) + δ,

where Jk(X) =
∫
Γk(X,∞)

(
λk(X, p) − λk+1(X, p)

)
dµ(p).

Now to prove Theorem 1 we argue exactly as in [17, pp 1467].
For k ∈ {1, ..., d − 2} let Ek be the subset of X1

µ(M) corresponding to the
points of continuity of the map LEk, see (2.5), and define E = ∩d−2

1 Ek. If
follows from semicontinuity of LEk that the sets Ek are residual and so is E.
If X ∈ Ek then, by the definition of this set and by Lemma 4.3, Jk(X) = 0.
Therefore λk(X, p) = λk+1(X, p) for a.e p ∈ Γk(X,∞). For X ∈ E let:

• Z = O(X) ∩ (∩d−2
k=1Γk(X,∞)) and

• D = O(X) \ (∩d−2
k=1Γk(X,∞))

If p ∈ Z then all the Lyapunov exponents of p are equal to zero. On the
other hand if p ∈ D then p < Γk(X,∞) for some 1 ≤ k ≤ d − 2, therefore, by
the definition of these sets, there exists m ∈ N such p ∈ Λk(X,m), meaning
that there exists an m-dominated splitting of index k along the orbit of p.
This ends the proof of Theorem 1.

5. Main perturbation lemmas

5.1. Local perturbations. We start by proving a key tool that, in broad
terms, assures that a time-one linear map, obtained by composing a small
rotation with the linear Poincaré flow of a vector field, is realizable.

The next lemma, proved in [11, Lemma 2.1], together with an improve-
ment of the well known Pasting Lemma ([4]), see Lemma 5.2, and Zuppa’s
Theorem ([37]), will be crucial to perform this construction. We recall that
the result of Zuppa says that C∞ divergence-free vectors fields are C1-dense
in the class of C1 divergence-free vectors fields.

Lemma 5.1. Given a vector field X ∈ X2
µ(M) a non-periodic point p ∈ M and

t0 ∈ R+, there exists a volume-preserving C2 diffeomorphism Ψ, defined in a
neighborhood of the arc {Xt(p); t ∈ [0, t0]}, into Rd and such that T = Ψ∗X, where
T = ∂

∂x1
.

The proof of the next lemma was suggested to us by Carlos Matheus.

Lemma 5.2. (Smooth C1-Pasting lemma) Let M be a compact and boundaryless
Riemannian manifold of dimension ≥ 2. Given ε > 0, X ∈ X1

µ(M), a compact
K ⊂ M and an open neighborhood U of K , there are δ > 0 and an open set



14 M. BESSA AND J. ROCHA

K ⊂ V ⊂ U such that, if Y ∈ X2
µ(M) is δ-C1-close to X in U, then there exists

Z ∈ X1
µ(M) satisfying

a) Z is ε-C1-close to Y inV,
b) Z is of class C2 inV,
c) Z is ε-C1-close to X and
d) Z = X outsideU.

Proof. We considerV ⊃ K such that ∂V is C∞,V ⊂ U and {U, int(M \ V)}
is an open covering of M.

Let α : M→ [0, 1] be a C∞ function such that α = 1 inV, α = 0 outsideU
and |∇α| ≤ K, where K is a positive constant depending only onU andV.
Define

Z0(·) := α(·)Y(·) + (1 − α(·))X(·) (5.1)

where Y ∈ X2
µ(M) is δ-C1-close to X on a small open neighborhoodU of K .

We observe that Z0 = Y insideK and Z0 = X outsideU. However, although
the divergence ∇ · Z0 is close to zero, in general ∇ · Z0 , 0. Actually,

∇ · Z0 = (∇α) · Y + α(∇ · Y) − (∇α) · X + (1 − α)∇ · Y
= (∇α) · Y − (∇α) · X
= (∇α) · (Y − X),

and we have |∇ · Z0| < Kδ.
Now we will make use of [20, Theorem 2] in order to obtain Z1 ∈ X

2
µ(M)

(supported inU) such that ∇ · Z1 = −∇ · Z0.
Finally, we define

Z := Z0 + Z1. (5.2)

Clearly ∇ · Z = 0 and b) and d) hold.
InU we have

‖Z − Y‖C1 = ‖Z0 + Z1 − Y‖C1

≤ ‖Z1‖C1 + ‖Z0 − Y‖C1

≤ C‖∇ · Z1‖C0 + ‖Z0 − Y‖C1 ,

where C > 0 is a constant given in Dacorogna-Moser theorem (see [4,
Theorem 2.3]) and depending onU satisfying ‖Z1‖C1 ≤ C‖∇ · Z1‖C0 .

Going back to the beginning of the proof we take δ < min
{
ε, ε

2CK

}
.

Now, using |∇ · Z0| < Kδ we get,

‖Z − Y‖C1 ≤ C‖∇ · Z1‖C0 + ‖Z0 − Y‖C1

≤ CKδ + ‖αY + (1 − α)X − Y‖C1

≤
ε
2

+ ‖(1 − α)X − (1 − α)Y‖C1

≤
ε
2

+ |1 − α|‖X − Y‖C1

≤
ε
2

+ ‖X − Y‖C1 ≤
ε
2

+ δ < ε.

�
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We fix X ∈ X1
µ(M) and we choose a non-periodic point p. Let Vp be a

two-dimensional subspace of Np; given ξ ∈ R let Rξ : Vp → Vp denote the
rotation of angle ξ. Let V⊥p denote the orthogonal complement of Vp in Np

and define Rξ : Np → Np as Rξ = Rξ ⊕ Id, that is Rξ(v + v⊥) = Rξ(v) + v⊥,
where v ∈ Vp and v⊥ ∈ V⊥p .

Lemma 5.3. Given X ∈ X1
µ(M), ε > 0 and κ ∈ (0, 1), there exists ξ0 > 0 such

that for any ξ ∈ (0, ξ0), any p ∈ M (non-periodic or with period larger than
one) and any two-dimensional vector space Vp ⊂ Np one has that the time-one map
L1 = P1

X(p)◦Rξ is an (ε, κ)-realizable sequence of length 1 at p, where Rξ = Rξ⊕Id
and Rξ is the rotation of angle ξ in Vp.

Proof. Fix ε, κ, X, and take ξ0 to be fixed later. Let p ∈ M be a non-periodic
point or a periodic point with period larger than one, and let Vp be a two-
dimensional subspace of Np.

Once fixed γ > 0 of the definition of realizable sequence, the first step is to
get r > 0 as a function of X, ε, κ, γ and p and then, for each U ⊂ B(p, r) ⊂ Np,
perturb X in V, a flowbox to be defined below, in order to obtain K ⊂ U
and Y as in Definition 4.1. The way we get r is by shrinking step by step
its value along the proof. According to Remark 4.3 we can assume that
U = B(p′, r′) ⊂ B(p, r) ⊂ Np, for some p′ ∈ B(p, r) and r′ < r. We observe that
if we prove the lemma for this particular normal section then the general
case follows just by shrinking r.

Now, for fixed U and κ, we will choose K and the vector field Y such
that Y = X outside the flowbox U := F 1

X(p′)(U). Let K = B(p′, r′′), where
r′′ < r′ is chosen such that µ(K) > (1 − κ)µ(U), and fix V = B(p′, s), where
r′′ < s < r′. Let us define K := F 1

X(p′)(K) and V := F 1
X(p′)(V). Let Y1 be

a C2-divergence-free vector field, arbitrarily close to X, given by Zuppa’s
theorem ([37]); in particular their C1-distance is less then δ. Now we apply
Lemma 5.2 in order to get a vector field Z as in the conclusions of that
lemma.

As Z is of class C2 inV we use Lemma 5.1 to obtain a C2 local change of
coordinates Ψ which trivialize Z, that is T = Ψ∗Z inV.

Let K := Ψ(K), V := Ψ(V) and U := Ψ(U). If the initial r is small enough
there are two balls B1 and B2, centered at 0 ∈ Rd and contained in {0}×Rd−1,
such that K ⊂ B1 ⊂ B2 ⊂ V .

The perturbation will be done in B2× [τ, 1−τ], for a small τ > 0. Consider
p := Ψ−1(Tτ(0)) = Ψ−1((τ, 0, · · · , 0)), and let Vτ := DΨp(Vp), where Vp is
the parallel transport of Vp to p. In Figure 1 we illustrate the sets we are
considering.

Now to obtain the conclusions of the lemma, we are going to induce a
rotation in Vτ and obtain the desired perturbed vector field Y by making a
pullback via Ψ.

Actually, following the proof of [11, Lemma 2.2], we obtain a constant
ξ̃0 > 0 and, for any 0 < ξ < ξ̃0, a divergence-free vector field T +P satisfying
the following conditions:

(i) P is C1-arbitrarily close to the null vector field and is supported in
B2 × [τ, 1 − τ];
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(ii) P1−2τ
T+P (q)|Wq

is the identity, where Wq is the orthogonal complement

of q + Vp in Nq , for all q ∈ B1, where Vp := DΨp(Vp);
(iii) P1−2τ

T+P (q) · v = P1−2τ
T (p) ◦ Rξ · v, ∀v ∈ q + Vp , where Rξ is the rotation

of angle ξ on q + Vp , for all q ∈ B1.

X  (p)

X     (p)

X  (p)
1

B

p

p’

ψ

U
K

B(p,r)

p

2

(τ,0,...,0)

τ

1−2τ

V
τ

ψ

Figure 1

Notice that condition (i) completely determines ξ0.
As we mention before we take Y := Ψ∗(T+P). It straightforward to verify

that we can obtain such an Y satisfying the properties:
(i) Y is C1-arbitrarily close to X and equal to X outside Ψ−1(B2×[τ, 1−τ]);

(ii) P1
Y(q)|Wq is the identity, where Wq is the orthogonal complement of

Vq in Nq, for all q ∈ K;
(iii) P1

Y(q) · v is close to P1
X(p′) ◦ Rξ · v, ∀v ∈ Vq, where, for all q ∈ K, Rξ is

the rotation of angle ξ on Vq ,

as long as we consider r and ξ̃0 small enough.
Now it is easy to check that L1 = P1

X(p)◦Rξ is an (ε, κ)-realizable sequence
of length 1 at p.

�

Remark 5.1. A completely analog proof of the previous lemma, this time consid-
ering the vector field (−X) and a rotation of angle (−ξ), guarantees that the time-1
map Rξ ◦ P1

X(X−1(p)) is also (ε, κ)-realizable sequence of length 1 at X−1(p), for
small ξ.

If we want to prove that certain time-2 map is (ε, κ)-realizable sequence,
which is a rotation in a fixed two-dimensional subspace V of the normal
space, we can try to do it by concatenating two (ε, κi)- realizable sequences
being the first one a rotation on V and the other one being an elliptical
rotation on the image of V by the time-one linear Poincaré flow. For that
we need to adapt Lemma 5.3 for elliptical rotations. Note that, according
to Remark 4.5, the resulting linear flow is (ε, κ1 + κ2)-realizable, and so the
measure of the set K (see Definition 4.1) decreases. Therefore there is no
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hope to use directly this concatenation argument to prove that a rotation of
a given angle is (ε, κ)-realizable sequence of length `, for large `, although
we need large time to get the desired rotation by a composition of rotations
of small angle. Lemma 5.5 below solves this problem.

Fix a regular point p ∈ M and a two-dimensional subspace Vp of Np. A
right cylinder centered at p is a subset of Np of the form B ⊕ A, where B
is called the basis of the cylinder and it is an ellipse contained in Vp, and
A is called the axis of the cylinder and it is a (d − 3)-dimensional ellipsoid
contained in the V⊥p , the orthogonal complement of Vp in Np (see Figure 2).

0

Np

Vp

Vp

⊥

A

B

Figure 2

Let B ⊕A be a right cylinder centered at p. Let h : Vp → R2 be an area-
preserving map such that h(B) is a disk. An elliptical rotation of angle θ
of the cylinder is a map Rθ : B ⊕ A → B ⊕ A of the form Eθ ⊕ Id, where
h ◦ Eθ ◦ h−1 is a rotation of angle θ. We point out that in the sequel, and
since we are in an almost conformal case (see (5.10)), we will deal with
deformations h close to the identity.

Concerning the case of elliptical rotations a direct adaptation of the proof
of the previous lemma jointly with the strategy followed in [17, Lemma 3.4]
give the following result.

Lemma 5.4. Given X ∈ X1
µ(M), ε > 0 and σ ∈]0, 1[. There exists ξ > 0 such that

for any p ∈ M a non-periodic point or with period larger than one, the following
holds: LetB⊕A be a right cylinder centered at p and consider an elliptical rotation
Rξ = Eξ⊕ Id close to the identity. For a, b > 0, consider the cylinderC = bB⊕aA.
There exists τ > 1 such that if a ≥ τb and diam(C) < ε, then there exists Y ∈ X1

µ(M)
satisfying

• Y = X outside F 1
X(p)(Ĉ), where Ĉ = α(C) for some volume-preserving

chart α (according to Section 2.3);
• ‖P1

Y(q) − P1
X(q) ◦ Rξ‖ � ξ, for all q ∈ σC, and

• Y and X are ε-C1-close.

5.2. Large length perturbations. Next lemma is the continuous-time ver-
sion of [17, Lemma 3.3] that allows us to realize a large concatenation of
time-one perturbations under certain conditions. The proof of the lemma
follows closely the arguments of Bochi-Viana’s aforementioned lemma with
some extra care when dealing with the involved measure. We present the
guidelines of the proof emphasizing these aspects.



18 M. BESSA AND J. ROCHA

Lemma 5.5. Given X ∈ X1
µ(M), ε > 0 and κ > 0, there exists ξ > 0 with the

following properties: assume that p ∈ M is a non-periodic point and that for some
n ∈N, and for each j ∈ {0, 1, ...,n − 1} we have

• co-dimension two spaces H j ⊂ NX j(p) such that H j = P j
X(p)(H0);

• ellipses B j ⊂ (NX j(p))/H j centered at zero1 such that

B j = (P j
X(p)/H0)(B0) and

• linear maps E j : (NX j(p))/H j → (NX j(p))/H j such that E j(B j) = B j and
‖E j − Id‖ < ξ.

For each j ∈ {0, 1, ...,n − 1} we define L j = P1
X(X j(p)) ◦ R j, where R j = E j ⊕ Id.

Then {L0,L1, ...,Ln−1} is an (ε, κ)-realizable sequence of length n at p.

Proof. Let us fix a small γ > 0 according to the definition of realizable se-
quence. We have to choose a sufficiently small r > 0 such that F n

X (p)(B(p, r))
is a flowbox, and

‖P1
X(q) − P1

X(X j(p))‖ · ‖R j‖ <
γ

2
,

for every q ∈ P j
X(p)(B(p, r)) and j ∈ {0, 1, ...,n−1}. This r will be shrunk along

the proof.
We start with a ballA0 ⊂ H0 and, for j ∈ {1, ...,n − 1}, letA j = P j

X(p)(A0).
By [17, Lemma 3.6], for each j, there exist τ̂ j > 1 such that if a > τ̂ jb then,

P1
X(X j(p))(bB j ⊕ aA j) ⊃ bB j+1 ⊕ λaA j+1, (5.3)

for some λ ∈ (0, 1) chosen sufficiently close to 1 and depending on κ. This
allows us to “rightify”, at each step, the basis of the iterated cylinder and
keeping almost the same µ-measure.

We feed Lemma 5.4 with ε, σ and we get ξ j > 0 and, for each j, τ j > 1
such that if a ≥ τ jb and the diameter of each cylinderC j is sufficiently small,
then we can realize a rotation on the basis B j for ε-close vector fields Y j.

Let τ = max j=0,··· ,n{τ j, τ̂ j} and ξ = min j=0,··· ,n{ξ j}. We have to consider
cylinders with the axis much larger than the basis. Actually, we fix a0, b0 > 0
satisfying a0 > b0λ−nτ.

We define, for each j, C j = λ jb0B j ⊕ λ2 ja0A j.
By linear approximation properties (see [17, Lemma 3.5]), there exists

{r j}
n
j=0 such that for ρ > 0 and q j ∈ B(X j(p), r j) ⊂ NX j(p), if2 ρC j + q j ⊂

B(X j(p), r j), then

X1(ρC j + q j) ⊃ λP1
X(X j(p))(ρC j) + X1(q j).

Now, if necessary, we decrease r in order to have, for each j, X j(B(p, r)) ⊂
B(X j(p), r j).

Let Y be the divergence-free vector field and K the set defined by:
• Y|

F 1
X(X j(p))(C j) = Y j;

• K = P−n
Y (Yn(p))(σρCn + qn).

1We can identify each B j ⊂ (NX j(p))/H j as a subset of a 2-dimensional space H⊥j using an
inner product that makes de projection H⊥j → (NX j(p))/H j an isometry.

2In order to simplify the presentation, instead of using the Moser atlas (cf. §2.3) we
perform the computations assuming that we are working in the Euclidian space.
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Note that

σρCn + qn = σρ(λnbBn ⊕ λ
2naAn) + qn.

Let µ∗ be the Lebesgue measure with a density given by the pull-back of
µ by the volume-preserving charts. Given a right cylinder C defined by
ellipses B and A, applying the Rokhlin Theorem ([35]), locally, using the
right cylinder structure we can decompose this measure as µ∗ = µB × µA.

As a consequence of Lemma 2.1 we get that, for S ∈ Np, µ(S) is close to
x(t)µ(Pt

X(p)(S)). For a sufficiently small set S the disintegration gives

µ∗(S) =

∫
S

dµBdµA =

∫
Pt

X(p)(S)
δ(·)dµBtdµAt ,

where

• δ(·) is the density with respect to the (n− 1)-volume and depends on
t and on a space variable of dimension n − 1;
• Bt = (Pt

X(p)/H0)(B) and
• At = Pt

X(p)(A).

Since S is taken arbitrarily small, the density δ can be replaced by a
density ϕ depending only on t such that µ∗(S) is close to∫

Pt
X(p)(S)

ϕ(·)dµBtdµAt

Note that the same holds if one considers the restriction toA or to B. Now

µ(K)
µ(U)

=
µ(P−n

Y (Yn(p))(σρCn + qn))

µ∗(ρbB0 ⊕ ρaA0)

=
‖X(p)‖µ(P−n

Y (Yn(p))(σρCn + qn))

‖X(p)‖µ∗(ρbB0 ⊕ ρaA0)

≈
‖X(Xn(p))‖µ∗(σρλnbBn ⊕ σρλ2naAn + qn)

‖X(p)‖µ∗(ρbB0 ⊕ ρaA0)

= x(n)
µ∗

(
σλnb(Pn

X(p)/H0)(B0) ⊕ σλ2naPn
X(p)(A0) + qn

)
µ∗(bB0 ⊕ aA0)

= x(n)
µ∗

(
σλn(Pn

X(p)/H0)(B0) ⊕ σλ2nPn
X(p)(A0) + qn

)
µ∗(B0 ⊕A0)

= x(n)
(λnσ)3µBn((Pn

X(p)/H0)(B0))(λ2nσ)d−3µAn(Pn
X(p)(A0))

µB(B0)µA(A0)

≈ x(n)
(λnσ)3(λ2nσ)d−3x(n)−1µB(B0)µA(A0)

µB(B0)µA(A0)
,

and we obtain that µ(K)
µ(U) is of order of λ2nd−3nσd. Now it is clear that λ and

σ can be chosen such that condition (a) of Definition 4.1 is satisfied.
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We are left to prove that if q ∈ K, then ‖P1
Y(Y j(q)) − L j‖ < γ for j =

0, 1, ..., ` − 1. Since L j = P1
X(X j(p)) ◦ R j we get

‖P1
Y(Y j(q)) − L j‖ = ‖P1

Y(Y j(q)) − P1
X(X j(p)) ◦ R j‖

= ‖P1
Y(Y j(q)) − P1

X(X j(q))

+ P1
X(X j(q)) − P1

X(X j(p)) ◦ R j‖

≤ ‖P1
Y(Y j(q)) − P1

X(X j(q))‖ +
γ

2
< γ,

where the last inequality is assured if we take r small enough. �

5.3. Proof of Proposition 4.1. In order to prove Proposition 4.1 we follow
the strategy in [17, Proposition 3.1]. This proposition has an easy proof
when the lack of dominated splitting comes from a small angle between the
two fibers U and S or else comes from the fact that S “expands” much more
than U.

Let X ∈ X1
µ(M), ε > 0 and 0 < κ < 1 be given as in Proposition 4.1. Take

κ′ ∈
(
0, 1

2κ
)

and let ξ0 = ξ0(X, ε, κ′) be given by Lemma 5.3.
Finally, take:

c ≥
1

sin2(ξ0)
and c ≥ sup

t∈[0,2]

 sup
x∈R(X)

‖Pt
X(x)‖

m(Pt
X(x))

 (5.4)

Let θ > 0 be such that 8
√

2c sinθ < ε sin6(ξ0). Take m ≥ 2π/θ.
Given a non-periodic point p and a splitting of the normal bundle at p,

Np = Up ⊕ Sp such that

‖Pm
X(p)|Sp‖

m(Pm
X(p)|Up)

≥
1
2
,

and we assume that

there exists t ∈ [0,m] such that ](Ut,St) = ξ ≤ ξ0, (5.5)

where we use the notation Ut = Pt
X(p)(Up) and St = Pt

X(p)(Sp) for t ∈ [0,m].
Then we take unit vectors st ∈ St and ut ∈ Ut with ](st,ut) < ξ0. If

t ∈ [0,m − 1], then we use Lemma 5.3 with VXt(p) = 〈st,ut〉, where 〈e1, e2〉

denotes the vector space spanned by e1 and e2, and we define the sequence:

L1 = Pt
X(p) , L2 = P1

X(Xt(p)) ◦ Rξ and L3 = Pm−t−1
X (Xt+1(p)) (5.6)

On the other hand, if t ∈ (m − 1,m], then we use Remark 5.1 and we define:

L1 = Pt−1
X (p) , L2 = Rξ ◦ P1

X(Xt−1(p)) and L3 = Pm−t
X (Xt(p)) (5.7)

It is clear, using Remark 4.4, that the concatenation of three realizable se-
quence (5.6) is an (ε, κ)-realizable sequence of length m at p. The same works
for (5.7).

In both cases we obtain vectors u ∈ Up \ {~0} and s ∈ Pm
X(Sp) \ {~0} such

that L3 ◦ L2 ◦ L1(u) = s. Therefore, under the hypothesis (5.5), the proof of
Proposition 4.1 is completed.
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Now we assume that there exist r > 0 and t ∈ R with 0 ≤ t + r ≤ m such
that:

‖Pr
X(Xt(p))|St‖

m(Pr
X(Xt(p))|Ut)

≥ c. (5.8)

Observe that, by the choice of c, we have that r ≥ 2.
We consider the unit vectors:
• st ∈ St such that ‖Pr

X(Xt(p)) · st‖ = ‖Pr
X(Xt(p))|St‖;

• ut ∈ Ut such that ‖Pr
X(Xt(p)) · ut‖ = m(Pr

X(Xt(p))|Ut);

• ut+r =
Pr

X(Xt(p))·ut

‖Pr
X(Xt(p))·ut‖

∈ Ut+r and

• st+r =
Pr

X(Xt(p))·st

‖Pr
X(Xt(p))·st‖

∈ St+r.

The vector ût = ut + sin(ξ0)st is such that ](ût,ut) < ξ0 so we consider
L2 = P1

X(Xt(p)) ◦R2, where R2 is the rotation on VXt(p) = 〈st,ut〉, which sends
ut into ût

‖ût‖
.

Let

% =
‖Pr

X(Xt(p)) · ut‖

sin(ξ0) ‖Pr
X(Xt(p)) · st‖

.

Let us define a vector in NXt+r(p) by ŝt+r = %ut+r + st+r. We have that,

Pr
X(Xt(p)) · ût = Pr

X(Xt(p)) · ut + sin(ξ0)Pr
X(Xt(p)) · st

= Pr
X(Xt(p)) · ut +

‖Pr
X(Xt(p)) · ut‖

%‖Pr
X(Xt(p)) · st‖

Pr
X(Xt(p)) · st

=
1
%
‖Pr

X(Xt(p)) · ut‖ · (%ut+r + st+r)

=
1
%
‖Pr

X(Xt(p)) · ut‖ · ŝt+r.

It follows from (5.4), (5.8) and definition of %, ut and st, that

% =
m(Pr

X(Xt(p))|Ut)

‖Pr
X(Xt(p))|St‖ sin ξ0

≤
1

c sin ξ0
< sin ξ0.

So, ](st+r, ŝt+r) < ξ0. Let L4 = R4 ◦ P1
X(Xt+r−1(p)), where R4 acts in VXt+r(p) =

〈st+r, ŝt+r〉 and sends ŝt+r
‖ŝt+r‖

into st+r. By Remark 5.1 we obtain that L4 is a
realizable sequence of length 1 at Xt+r−1(p). Now we concatenate as follows:

Np
L1
−→ NXt(p)

L2
−→ NXt+1(p)

L3
−→ NXt+r−1(p)

L4
−→ NXt+r(p)

L5
−→ NXm(p),

where L1 = Pt
X(p), L3 = Pr−2

X (Xt+1(p)) and L5 = Pm−t−r
X (Xt+r(p)), and L3 = Id

if r = 2. In this way, applying Lemma 5.3 twice and recalling that L2 and
L4 are (ε, κ′)-realizable sequence of length 1, we obtain an (ε, κ)-realizable
sequence of length m at p such that L5 ◦ L4 ◦ L3 ◦ L2 ◦ L1(u) = s, where
u = P−t

X (Xt(p)) · ut and s is a vector co-linear with Pm−t
X (Xt(p)) · st.

So, assuming (5.8), the proof of Proposition 4.1 is done.

Now we shall finish the proof of Proposition 4.1 by considering the last
case, that is, when we have that neither (5.5) nor (5.8) is satisfied, that is:

for all t ∈ [0,m] we have that ](Ut,St) > ξ0, (5.9)



22 M. BESSA AND J. ROCHA

and for all r > 0 and t ∈ R with 0 ≤ r + t ≤ m we have:
‖Pr

X(Xt(p))|St‖

m(Pr
X(Xt(p))|Ut)

< c. (5.10)

We define unit vectors u ∈ U0 and s ∈ S0 such that
• ‖Pm

X(p) · u‖ = m(Pm
X(p)|U0) and

• ‖Pm
X(p) · s‖ = ‖Pm

X(p)|S0)‖.

Now define s′ =
Pm

X (p)·s
‖Pm

X (p)·s‖ ∈ Sm. Like in [17, Lemma 3.8] we consider G0 =

U0 ∩ u⊥, Gt = Pt
X(p)(G0) ⊆ Ut for t ∈ [0,m], Fm = Sm ∩ (s′)⊥ and Ft =

Pt−m
X (p)(Fm) ⊆ St for t ∈ [0,m]. We consider unit vectors vt ∈ Ut ∩ G⊥t and

wt ∈ St ∩ F⊥t for t ∈ [0,m].
We continue defining some useful objects; let, for t ∈ [0,m], Ht = Gt ⊕ Ft

and It = vt · R ⊕ wt · R. Let B0 ⊂ Np/H0 be a ball and, for t ∈ [0,m],
Bt = (Pt

X(p)/H0)(B0).
The conditions (5.9) and (5.10) together with [17, Lemma 3.8] allows us

to conclude that for every t ∈ [0,m] we have

‖Pt
X(q)/H0‖

m(Pt
X(q)/H0)

≤
8c

sin6(ξ0)
, (5.11)

where the norm in the quotient space is defined in a standard way (see [17,
pp. 1441]).

Since m ≥ 2π/θ we take {θ j}
m−1
j=0 such that |θ j| ≤ θ for all j and

∑m−1
j=0 θ j =

](v0 + H0,w0 + H0).
Let Eθ j be the rotation of angle θ j in Np/H0 and define:

Rθ j = (P j
X(p)/H0) ◦ Eθ j ◦ (P j

X(p)/H0)−1.

Clearly we have Rθ j(B j) = B j for all j. Moreover, by (5.11) we obtain,

‖Rθ j − Id‖ ≤
‖P j

X(p)/H0‖

m(P j
X(p)/H0)

‖Eθ j − Id‖ ≤
8c

sin6(ξ0)

√

2 sinθ < ε.

For each j ∈ {0, 1, ...,n − 1} we define L j = P1
X(X j(p)) ◦ R j. Then, by

Lemma 5.5, {L0,L1, ...,Ln−1} is an (ε, κ)-realizable sequence of length n at p.
Notice that L j|H j = P1

X(X j(p))|H j and

L j/H j = (P1
X(X j(p))/H j) ◦ Rθ j = (P j+1

X (p)/H0) ◦ Eθ j ◦ (P j
X(p)/H0)−1.

By composing the sequences we obtain,

(Lm−1 ◦ ... ◦ L0)/H0 = (Pm
X(p)/H0) ◦ Eθ j ◦ ... ◦ Eθ1 .

Applying to v0 + H0 we get

(Lm−1 ◦ ... ◦ L0)(v0 + H0) = (Pm
X(p)/H0)(w0 + H0) = Pm

X(p)(w0) + Hm.

Note that Hm = Gm ⊕ Im. Then,

(Lm−1 ◦ ... ◦ L0)(v0) = Pm
X(p)(w0) + gm + im,

where gm ∈ Gm and im ∈ Im.
Let g0 = (Pm

X(p))−1(gm) ∈ G0 ⊂ H0 ∩U0.



GEOMETRIC AND ERGODIC THEORY OF CONSERVATIVE FLOWS 23

Clearly, (Lm−1 ◦ ... ◦ L0)(g0) = gm, therefore the vector v0 − g0 ∈ U0 is such
that

(Lm−1 ◦ ... ◦ L0)(v0 − g0) = Pm
X(p)(w0) + im ∈ Sm,

and Proposition 4.1 is proved.
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