
ar
X

iv
:1

40
5.

68
77

v1
  [

m
at

h.
D

S
]  

27
 M

ay
 2

01
4

Discrete Symmetric Planar Dynamics

B. Alarcón, S. B. S. D. Castro and I. S. Labouriau

Abstract We review previous results providing sufficient conditionsto determine
the global dynamics for equivariant maps of the plane with a unique fixed point
which is also hyperbolic.

1 Introduction

The Discrete Markus-Yamabe Question is a problem concerning discrete dynamics,
formulated in dimensionn by Cimaet al. [8] as follows:

[DMYQ( n)] Let f : Rn −→ Rn be a C1 map such that f(0) = 0 and for any x∈ Rn,
J f(x) has all its eigenvalues with modulus less than one. Is it truethat0 is a global
attractor for the discrete dynamical system generated by f ?

It is known that the answer is affirmative in dimension 1 and there are counter-
examples for dimensions higher than 2, see Cimaet al. [9] and van den Essen and
Hubbers [10].

In dimension 2, Cimaet al.[8] prove that an affirmative answer is obtained when
f is a polynomial map, and provide a counter example which is a rational map.
After this, research on planar maps focused on the quest for minimal sufficient con-
ditions under which the DMYQ has an affirmative answer. Alarcónet al.[6] use the
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existence of an invariant embedded curve joining the originto infinity to show the
global stability of the origin. Symmetry is a natural context for the existence of such
a curve, and this led us to a symmetric approach to this problem and to the results
in [1, 2, 3, 4, 5] that we review in this article.

The present article studies mapsf of the plane which preserve symmetries de-
scribed by the action of a compact Lie group. In this setting we characterise the
possible local dynamics near the unique fixed point off , that we assume hyper-
bolic. We establish for which symmetry groups local dynamics extends globally.
For the remaining groups we present illustrative examples.

2 Preliminaries

This section consists of definitions and known results abouttopological dynamics
and equivariant theory. These are grouped in two separate subsections, which are
elementary for readers in each field, containing material from the corresponding
sections of [1, 2, 3, 4, 5] and is included here for ease of reference.

2.1 Topological Dynamics

We consider planar topological embeddings, that is, continuous and injective maps
defined inR2. The set of topological embeddings of the plane is denoted by
Emb(R2).

Recall that forf ∈ Emb(R2) the equalityf (R2) = R2 may not hold. Since every
map f ∈ Emb(R2) is open (see [13]), we will say thatf is a homeomorphism iff is
a topological embedding defined ontoR2. The set of homeomorphisms of the plane
will be denoted by Hom(R2). WhenH is one of these sets we denote byH + (and
H −) the subset of orientation preserving (reversing) elements ofH .

We denote by Fix( f ) the set of fixed points of a continuous mapf : R2 → R2.
Let ω(p) be the set of pointsq for which there is a sequencen j →+∞ such that

f n j (q)→ p. If f ∈ Hom(R2) thenα(p) denotes the setω(p) under f−1.
Let f ∈ Emb(R2) andp∈ R2. We say thatω(p) = ∞ if ‖ f n(p)‖ → ∞ asn goes

to ∞. Analogously, if f ∈ Hom(R2), we say thatα(p) = ∞ if ‖ f−n(p)‖ → ∞ asn
goes to∞.

We say that a mapf ∈ Emb(R2) is dissipativeif there exists a compact setW ⊂
R2 that is positively invariant and attracts uniformly all compact sets. This means
that f (W)⊂W and for eachx∈ R2,

dist( f n(x),W)→ 0, as n→ ∞

uniformly on balls|x| ≤ r, r > 0. Observe that in the casef ∈ Hom(R2) the dissi-
pativity of h means that∞ is asymptotically stable forf−1.
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We say that 0∈ Fix( f ) is a local attractor if its basin of attractionU = {p ∈
R2 : ω(p) = {0}} contains an open neighbourhood of 0 inR2 and that 0 is aglobal
attractor if U = R2. The origin is astable fixed pointif for every neighborhoodU
of 0 there exists another neighborhoodV of 0 such thatf (V) ⊂ V and f (V) ⊂ U .
Therefore, the origin is anasymptotically local (global) attractoror a (globally)
asymptotically stable fixed pointif it is a stable local (global) attractor. See [7] for
examples.

We say that 0∈ Fix( f ) is a local repellor if there exists a neighbourhoodV of 0
such thatω(p) /∈V for all 0 6= p∈ R2 and aglobal repellorif this holds forV = R2.

We say that the origin is anasymptotically global repellorif it is a global repellor
and, moreover, if for any neighbourhoodU of 0 there exists another neighbourhood
V of 0, such that,V ⊂ f (V) andV ⊂ f (U).

When the origin is a fixed point of aC1-map of the plane we say the origin
is a local saddleif the two eigenvalues ofD f0, α,β , are both real and verify
0< |α| < 1< |β |. In case the two eigenvalues are strictly positive we say theori-
gin is a direct saddle. We say that the origin is aglobal (topological) saddlefor
a C1−homeomorphism if additionally its stable and unstable manifolds Ws(0, f ),
Wu(0, f ) are unbounded sets that do not accumulate on each other, except at 0 and
∞, and such that

R2\ (Ws∪Wu∪{∞}) =U1∪U2∪U3∪U4,

where for alli = 1, ...,4 Ui ⊂ R2 is open connected and homeomorphic toR2 veri-
fying:

i) either f (Ui) = Ui or there exists an involutionϕ : R2 → R2 such that( f ◦
ϕ)(Ui) =Ui

ii) for all p∈Ui both‖ f n(p)‖→ ∞ and‖ f−n(p)‖→ ∞ asn goes to∞.

We say thatf ∈ Emb(R2) hastrivial dynamicsif ω(p) ⊂ Fix( f ), for all p ∈
R2. Moreover, we say that a planar homeomorphism has trivial dynamics if both
ω(p),α(p)⊂ Fix( f ), for all p∈ R2.

Let f : RN → RN be a continuous map. Letγ : [0,∞) → R2 be a topological
embedding of[0,∞) . As usual, we identifyγ with γ ([0,∞)) . We will say thatγ is
an f -invariant ray if γ(0) = (0,0) , f (γ) ⊂ γ , and limt→∞ |γ(t)| = ∞, where| · |
denotes the usual Euclidean norm.

Proposition 1 (Alarcón et al. [6]). Let f ∈ Emb+(R2) be such that Fix( f ) = {0}.
If there exists an f -invariant rayγ, then f has trivial dynamics.

Corollary 1. Let f ∈ Hom+(R2) be such that Fix( f ) = {0}. If there exists an f -
invariant ray γ, then for each p∈ R2, as n goes to±∞, either fn(p) goes to0 or
‖ f n(p)‖→ ∞.

In order to explain the construction of examples in Section 5we need to introduce
the concept of prime end.

We say thatf : R2 → R2 is anadmissible homeomorphismif f is orientation
preserving, dissipative and has an asymptotically stable fixed point with proper and
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unbounded basin of attractionU ⊂ R2. Note thatU is non empty, so the proper
condition follows when the fixed point is not a global attractor. Sincef (U) =U , we
can obtain automatically the unboundedness condition if wesuppose thatf is area
contracting.

Let f : R2 → R2 be an admissible homeomorphism and consider the compact-
ification of f to the Riemann spheref : S2 → S2. HenceU ⊂ S2 = R2 ∪{∞}. A
crosscut Cof U is an arc homeomorphic to the segment[0,1] such thata,b /∈ U
and Ċ = C \ {a,b} ⊂ U , where a and b are the extremes ofC. Every cross-
cut dividesU into two connected components homeomorphic to the open disk
d= {z∈ C : |z|< 1}.

Let x∗ be a point inU . For convenience we will consider only the crosscut such
thatx∗ /∈C. We denote byD(C) the component ofU \C that does not containx∗. A
null-chainis a sequence of pairwise disjoint crosscuts{Cn}n∈N such that

lim
n→∞

diam(Cn) = 0 andD(Cn+1)⊂ D(Cn),

where diam(Cn) is the diameter ofCn on the Riemann sphere.
Two null-chainsareequivalent{Cn}n∈N ∼ {C∗

n}n∈N if given m∈ N

D(Cn)⊂ D(C∗
m) andD(C∗

n)⊂ D(Cm),

for n large enough. Aprime endis defined as a class of equivalence of a null-chain
and the space of prime ends is

P= P(U) = C /∼,

whereC is the set of all null-chains ofU .
The disjoint unionU∗ =U∪P is a topological space homeomorphic to the closed

disk d̄= {z∈ C : |z| ≤ 1} such that its boundary is preciselyP.
It is well studied in [14] that the Theory of Prime Ends implies that an admissible

homeomorphismf induces an orientation preserving homeomorphismf ∗ : P→ P
in the space of prime ends. This topological space is homeomorphic to the circle,
that isP≃ T, and hence the rotation number off ∗ is well defined, saȳρ ∈ T. The
rotation numberfor an admissible homeomorphism is defined byρ( f ) = ρ̄ .

2.2 Equivariant Theory

Let Γ be a compact Lie group acting onR2, that is, a group which has the structure
of a compactC∞-differentiable manifold such that the mapΓ ×Γ → Γ , (x,y) 7→
xy−1 is of classC∞. The folllowing definitions and results are taken from Golubitsky
et al. [11], especially Chapter XII, to which we refer the reader interested in further
detail.

We think of a group mostly through its action or representation onR2. A linear
actionof Γ onR2 is a continuous mapping
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Γ ×R2 → R2

(γ, p) 7→ γ p

such that, for eachγ ∈ Γ the mappingργ that takesp to γ p is linear and, given
γ1,γ2 ∈ Γ , we haveγ1(γ2p) = (γ1γ2)p. Furthermore the identity inΓ fixes every
point. The mappingγ 7→ ργ is called therepresentationof Γ and describes how
each element ofΓ transforms the plane.

We consider only standard group actions and representations. A representation of
a groupΓ on a vector spaceV is absolutely irreducibleif the only linear mappings
onV that commute withΓ are scalar multiples of the identity.

Given a mapf : R2 −→R2, we say thatγ ∈Γ is asymmetryof f if f (γx) = γ f (x).
We define thesymmetry groupof f as the biggest closed subset ofGL(2) containing
all the symmetries off . It will be denoted byΓf .

We say thatf : R2 → R2 is Γ -equivariantor that f commuteswith Γ if

f (γx) = γ f (x) for all γ ∈ Γ .

It follows that every mapf : R2 →R2 is equivariant under the action of its symmetry
group, that is,f is Γf -equivariant.

Let Σ be a subgroup ofΓ . Thefixed-point subspaceof Σ is

Fix(Σ) = {p∈ R2 : σ p= p for all σ ∈ Σ}.

If Σ is generated by a single elementσ ∈ Γ , we writeFix〈σ〉.
We note that, for each subgroupΣ of Γ , Fix(Σ) is invariant by the dynamics of

aΓ -equivariant map ([11], XIII, Lemma 2.1).
When f is Γ -equivariant, we can use the symmetry to generalize information

obtained for a particular point. This is achieved through the group orbit Γ x of a
pointx, which is defined to be

Γ x= {γx : γ ∈ Γ }.

Lemma 1. Let f : R2 → R2 beΓ -equivariant and let p be a fixed point of f . Then
all points in the group orbit of p are fixed points of f .

Proof. If f (p) = p it follows that f (γ p) = γ f (p) = γ p, showing thatγ p is a fixed
point of f for all γ ∈ Γ .

The relation between the group action and the Jacobian matrix of an equivariant
map f is obtained through the following

Lemma 2. Let f : V →V be aΓ -equivariant map differentiable at the origin. Then
D f (0), the Jacobian of f at the origin, commutes withΓ .

Proof. Since f is Γ -equivariant we havef (γ.v) = γ f (v) for all γ ∈ Γ andv ∈ V.
Differentiating both sides of the equality with respect tov, we obtainD f (γ.v)γ =
γD f (v) and, evaluating at the origin givesD f (0)γ = γD f (0).
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3 Symmetries in the plane

In this section, we describe the consequences for the local dynamics arising from the
fact that a map is equivariant under the action of a compact Lie groupΓ . These are
patent in the structure of the Jacobian matrix at the origin,obtained using Lemma 2.

Since every compact Lie group inGL(2) can be identified with a subgroup of the
orthogonal groupO(2), we need only be concerned with the groups we list below.

Compact subgroups ofO(2)

• O(2), acting onR2 ≃ C as the group generated byθ andκ given by

θ .z= eiθ z, θ ∈ S1 and κ .z= z̄.

• SO(2), acting onR2 ≃ C as the group generated byθ given by

θ .z= eiθ z, θ ∈ S1.

• Dn, n≥ 2, acting onR2 ≃ C as the finite group generated byζ andκ given by

ζ .z= e
2π i
n z and κ .z= z̄.

• Zn, n≥ 2, acting onR2 ≃ C as the finite group generated byζ given by

ζ .z= e
2π i
n z.

• Z2(〈κ〉), acting onR2 as
κ .(x,y) = (x,−y).

Since most of our results depend on the existence of a unique fixed point for f ,
it is worthwhile noting that the group actions we are concerned with are such that
Fix(Γ ) = {0}. Therefore, iff is Γ -equivariant thenf (0) = 0.

If the representation is absolutely irreducible, we know that D f (0) is a multiple
of the identity and thus it has one real eigenvalue of geometric multiplicity two.
Therefore, the origin is locally either an attractor or a repellor. We have the following

Lemma 3. The standard representation onR2 is absolutely irreducible for O(2)
and Dn with n≥ 3 and for no other subgroup of O(2).

Proof. The proof follows by direct computation.

• O(2): the generators of this group areθ andκ and it suffices to find the linear
matrices that commute with both. A real matrix

(

a b
c d

)
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commutes withκ if and only if b= c= 0. In order for such a matrix to commute
with any rotation it must be

(

a 0
0 d

)(

cosθ −sinθ
sinθ cosθ

)

=

(

cosθ −sinθ
sinθ cosθ

)(

a 0
0 d

)

which holds whena= d or sinθ = 0 for all θ ∈ S1. Therefore, the action ofO(2)
is absolutely irreducible.

• SO(2): the elements ofSO(2) are rotation matrices which commute with any
other rotation matrix, also non-diagonal ones.

• Dn, n ≥ 3: see the proof forO(2). In the last step, we must havea = d or
sin2π i/n= 0 which is never satisfied forn≥ 3. Hence, the action is absolutely
irreducible.

• Zn, n≥ 3: as forSO(2), any rotation matrix commutes with the rotation of 2π/n,
including non-diagonal ones.

• Z2(〈κ〉): see the proof forκ ∈ O(2) to conclude that linear commuting matrices
are diagonal but not necessarily linear multiples of the identity.

• Z2: all linear maps commute with−Id.
• D2 = Z2⊕Z2(〈κ〉): as above,Z2 introduces no restrictions and for commuting

with κ it suffices that the map is diagonal.

The following result is then a straightforward consequenceof the previous proof.

Lemma 4. The linear maps that commute with the standard representations of the
subgroups of O(2) are rotations and homotheties (and their compositions) forSO(2)
andZn, n≥ 3, linear multiples of the identity for O(2) and Dn, n≥ 3, any linear
map forZ2 and maps represented by diagonal matrices for the remaininggroups.

Proof. The only linear maps that were not already explicitly calculated in the pre-
vious proof are those that commute with rotations. We have

(

a b
c d

)(

cosθ −sinθ
sinθ cosθ

)

=

(

cosθ −sinθ
sinθ cosθ

)(

a b
c d

)

if and only if either sinθ = 0 for all θ ∈ S1 or a= d andb= −c. Hence, the only
maps commuting with eitherSO(2) or Zn, n≥ 3, are rotations and homotheties and
their compositions.

With the results obtained so far, we are able to describe the Jacobian matrix at
the origin for maps equivariant under each of the groups above.

Proposition 2 (Proposition 2.3 in [4]).Let f be a planar map differentiable at the
origin. The admissible forms for the Jacobian matrix of f at the origin are those
given in Table 1 depending on the symmetry group of f .

Furthermore, the symmetry constrains the normal form as described in [3, Theo-
rem 2.1] and in the next result, and its consequences for the linear part off appear
in Table 1.
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Symmetry group D f (0) hyperbolic local dynamics

O(2)

(

α 0
0 α

)

α ∈ R attractor / repellor

SO(2)

(

α −β
β α

)

α ,β ∈ R attractor / repellor

Dn, n≥ 3

(

α 0
0 α

)

α ∈ R attractor / repellor

Zn, n≥ 3

(

α −β
β α

)

α ,β ∈ R attractor / repellor

Z2 any matrix saddle / attractor / repellor

Z2(〈κ〉)
(

α 0
0 β

)

α ,β ∈ R saddle / attractor / repellor

D2 = Z2⊕Z2(〈κ〉)
(

α 0
0 β

)

α ,β ∈ R saddle / attractor / repellor

Table 1 Compact subgroups ofO(2) and the admissible forms of the Jacobian at the origin of
maps equivariant under the standard action of each group. Ifin addition the Jacobian at the origin
is hyperbolic, then this determines the local stability.

Proposition 3 (Proposition 3.1 in [3]).LetΓ be a compact Lie group acting onR2.
AssumeΓ is the symmetry group of a polynomial map f .

(i) If κ ∈ Γ , then f does not answer the DMYQ(2) in the affirmative unless f is of
the form:

f (x,y) =

(

d1 0
0 d2

)(

x
y

)

+ y2p(y2)

(

1
0

)

.

(ii)If there is an elementζ ∈Γ of order n≥ 3, then f does not answer the DMYQ(2)
in the affirmative unless f is linear. Moreover, the linear part of f is either a
homothety or a rotation matrix.
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4 Dynamics — local to global

a) b) c) d)

Fig. 1 Local/global attractor with symmetry: a)O(2); b) D4 (without symmetriesZ8 or SO(2));
c) D2 (without symmetryD4); d) Z2〈κ〉 (without symmetryD4)

Figure 1 illustrates the dynamics near the origin of equivariant maps for several
symmetry groups. A common feature of Figures 1 a)–d) is the existence of at least
one symmetry axis. This axis is the subspace fixed by a reflection and hence it is
invariant under the dynamics. Such a fixed-point subspace naturally contains an
invariant ray (see [4, Lemma 3.3]). This allows us to use Proposition 1 to obtain the
following results:

Proposition 4 (Proposition 3.4 in [4]).Let f ∈ Emb(R2) have symmetry groupΓ
with κ ∈ Γ , such that Fix( f ) = {0}. Suppose one of the following holds:

a) f ∈Emb+(R2) and f does not interchange connected components ofR2\Fix〈κ〉.
b) Fix( f 2) = {0}.

Then for each p∈ R2 eitherω(p) = {0} or ω(p) = ∞.

The next example shows that assumptionb) in Proposition 4 is necessary in the
case wheref interchanges connected components ofR2 \Fix〈κ〉.

Example:

Consider the mapf : R2 → R2 defined by

f (x,y) =
(

−ax3+(a−1)x,−
y
2

)

0< a< 1.

It is easily checked thatf has symmetry groupD2 and verifies (see Figure 2):

1. f ∈ Emb+(R2) is an orientation-preserving diffeomorphism.
2. Spec( f )∩ [0,∞) = /0.
3. 0 is a local hyperbolic attractor.
4. Fix( f 2) 6= {0}.
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Fig. 2 A local attractor which
is not a global attractor due
to the existence of periodic
orbits.

Theorem 1 (Theorem 3.5 in [4]).Let f ∈ Emb(R2) be dissipative with symmetry
group Γ with κ ∈ Γ such that Fix( f ) = {0}. Suppose in addition that one of the
following holds:

a) f ∈Emb+(R2) and f does not interchange connected components ofR2\Fix〈κ〉.
b) There exist no2-periodic orbits.

Then0 is a global attractor.

Corollary 2 (Corollary 3.6 in [4]). Suppose the assumptions of Theorem 1 are ver-
ified and f is differentiable at0. If every eigenvalue of D f(0) has norm strictly less
than one, then0 is a global asymptotic attractor.

For analogous results concerning a repellor see [4].

Fig. 3 Local/global saddle
with symmetry: a)D2; b)
Z2(κ); c) Z2. a) b) c)

For the groupsZ2, Z2(〈κ〉) andD2 = Z2 ⊕ Z2(〈κ〉) the origin may also be a
saddle as illustrated in Figure 3. ForD2, we have:

Proposition 5 ([5]). Let f ∈ Hom(R2) be a C1-homeomorphism with symmetry
group D2 such that Fix( f ) = {0}. Suppose also that one of the following holds:

a) f is orientation preserving and0 is a direct saddle.
b) There exist no2-periodic orbits.

Then if0 is a local saddle, then0 is a global saddle.

In order to obtain a global saddle forf with symmetry group eitherZ2 or
Z2(〈κ〉), we need the additional assumption thatf is a diffeomorphism, see [5].
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5 Strictly Local Dynamics

Figure 4 shows the local dynamics for maps equivariant underthe action of groups
that do not contain a reflection. These areSO(2) andZn. For these groups, local
dynamics of attractor/repellor type does not necessarily extend to global dynamics,
as we proceed to indicate.

We use examples referring to a local attractor, examples with a local repellor may
be obtained consideringf−1.

Fig. 4 Local attractor with
symmetry: a)Z2; b) Z4. a) b)

The dynamics of anSO(2)-symmetric embedding is mostly determined by its
radial component, as can be seen by writingf in polar coordinates asf (ρ ,θ ) =
(R(ρ ,θ ),T(ρ ,θ )). It is easily shown that sincef is SO(2)-equivariant, the radial
componentR(ρ ,θ ) only depends onρ andR∈ Emb(R+). The fixed points of the
radial component are invariant circles forf hence knowledge about local dynamics
does not contribute to the description of global dynamics unless Fix(R) = {0}.

The next two theorems show how a local attractor may be prevented from being
a global attractor in aZn-equivariant problem. Thus the examples in Figures 4 a)
and b) may or may not extend to the whole plane.

Theorem 2 (Theorem 3.1 in [2]).For each n≥ 2 there exists f: R2 → R2 such
that:

a) f is a differentiable homeomorphism;
b) f has symmetry groupZn;
c) Fix( f ) = {0};
d) The origin is a local attractor;
e) There exists a periodic orbit of minimal period n.

The idea of the proof is to start with aZ4-equivariant example due to Szlenk (see
[8]), sharing the same properties. Each quadrant of the plane is invariant under the
map f4 of this example. We deform the first quadrant into a sector of the plane, of
angle 2π/n and then use theZn symmetry to cover the rest of the plane, as illus-
trated in Figure 5. The main difficulty is to prove that the result is a differentiable
homeomorphism.

The Zm-equivariant homeomorphisms constructed in Theorem 2 haverotation
number 1/m. So we might be led to think that the presence of theZm-symmetry
implies that the rotation number of the homeomorphism should be rational. One
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Fig. 5 Construction of the
Zn-equivariant exampleFn

in a fundamental domain of
theZn-action, shown here for
n= 6.

F4

x x

y y

Fn

n

-1

x

y

h nh

x

y

consequence would be that the asymptotically stable fixed point is a global attractor
if and only if there are no periodic points different from thefixed point.

The next result shows that this is false. We prove in [1] the existence ofZm-
equivariant and dissipative homeomorphisms in the plane with an asymptotically
stable fixed point such that the induced map in the space of prime ends is con-
jugated to a Denjoy map, which is alsoZm-equivariant. The idea is to construct
Zm-equivariant Denjoy maps in the circle and then, in the context of symmetry, to
reproduce the construction used to prove the following:

Proposition 6 (Proposition 2 in [12]).Given w∈ (0,1) \Q and a Denjoy mapφ ,
there exists an admissible map f with rotation numberw̄ and such that f∗ is topo-
logically conjugated toφ .

Observe that two admissible homeomorphismsf1, f2 with the same basin of at-
tractionU verify that

( f1 ◦ f2)
∗ = f ∗1 ◦ f ∗2 .

Let f be an admissible homeomorphisms with basin of attraction U.Supposef
is Zm-equivariant andU is also invariant byR1

m
. Hence, the following holds:

f ∗ ◦R∗
1
m
= R∗

1
m
◦ f ∗.

SinceR∗
1
m

is a periodic homeomorphism ofT1 with rotation number 1/m, then

R∗
1
m

is conjugated to the linear rotationR1
m

and f ∗ is said to beZm-equivariant in

the space of prime ends.

Theorem 3 (Theorem 4.2 in [1]).Given an irrational numberτ /∈ Q, there exists
a Zm−equivariant and admissible homeomorphism inR2 with rotation number̄τ ∈
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T and such that induces a Denjoy map in the circle of prime ends which is also
Zm−equivariant.

Hence, [1] shows that forZm-equivariant homeomorphisms one cannot guaran-
tee that the rotation number is rational and proves the existence ofZm-equivariant
homeomorphisms with some complicated and interesting dynamical features.
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