Local bifurcation in symmetric coupled cell networks: linear theory

Ana Paula S. Dias! and Jeroen S.W. Lamb?

I Dep. de Matemaética Pura, Centro de Matematica, Universidade do Porto,
Rua do Campo Alegre, 687, 4169-007 Porto, Portugal
2 Department of Mathematics, Imperial College London, London SW7 2AZ, UK

February 23, 2006

Abstract

We consider a coupled cell network of differential equations with finite symmetry group T,
where I' permutes cells transitively. We show how the structure of the coupled cell network,
represented by a directed graph whose vertices represent individual cells and edges represent
couplings, can be taken into account in the bifurcation analysis of a fully symmetric steady-state
solution.

We focus on the analysis of the linearized vector field at a fully symmetric equilibrium and
show that in the case of active cells, if I' is Abelian the network structure does not influence the
types of codimension one local bifurcations. We also show that beyond this context, when I'
is not Abelian, cells are passive, or when considering local bifurcations of higher codimensions,
anomalies due to the network structure may arise.

1 Introduction

Coupled cell networks are dynamical systems comprising of components, called cells, which are
coupled together by connections. The corresponding networks structure is specified by a labelled
directed graph, see for instance Golubitsky et al. [11, 10, 20, 13] and Field [8].

Coupled cell networks naturally arise in the context of many applications in engineering, physics
and biology, and the corresponding relevant literature is enormous. For example networks of coupled
dynamical systems have been used to model biological oscillators [25, 17, 21, 4], Josephson junction
arrays [3, 24|, excitable media [9], neural networks [1, 5, 14], spatial games [18], genetic control
networks [16] and many other self-organizing systems.

Recently coupled cell networks have received increased attention in view of the question in
what way - if any - the network structure influences the dynamics of a coupled cell network, see
for instance Wang [22], Stewart [19]. As pointed out by Watts and Strogatz [23], although the
connection topology is usually assumed to be either completely regular or completely random,
many biological, technological and social networks lie somewhere between these two extremes.

1.1 Coupled cell networks

For the purpose of this paper, coupled cell networks are described by differential equations whose
structure is represented by a directed graph, with vertices representing cells and directed edges



representing the connections between cells. We denote the phase space for a coupled cell network
as 21 X --- x ,,, where n denotes the number of cells and €2; is a manifold representing the phase
space for the internal dynamics of cell i. We represent the state of the network by (xi,...,x,)
where x; € ;.

We consider the equations of the jth cell to be given by the differential equation

d

dt
Graphically, we may represent the coupled cell network by a directed graph with n vertices
and a directed edge from vertex ¢ to vertex j if f; depends on x;. Note that the absence of
a directed edge from vertex i to vertex j thus means that f;(x1,...,%Xi—1,%X,Xi41,...,Xp) =
fi(x1,...,%xi-1,0,%X41, ..., %p) for all xi,...,%-1,%Xi41,...,X,. We naturally assume that the
network is connected, in the sense that the network is not a disjoint union of smaller networks.

Instead of drawing edges from a vertex to itself to indicate the fact that the dynamics of cells
depend on their own state, we refer to the this property as cells being active. If cells are not
active, we call them passive. In the latter case, coupled cell network dynamics preserves volume
(as it is readily verified that the vector field has vanishing divergence). As a consequence, in this
case it is not surprising that codimension one local bifurcations may not follow those of general I'-
equivariant vector fields (fully connected coupled cell networks). Some illustrations are given below
in Section 1.3. In the context of certain applications, for instance in certain types of electronic
networks, coupled cell networks with passive components may well be of interest.

Our definition of a coupled cell network appears the least restrictive one relating directly to the
structure of a directed graph. We note that other concepts of coupled cell systems with additional
structure have been proposed in the literature, for instance the networks defined by the “symmetry
groupoid” formalism of Stewart et al. [20, 13]. It turns out that for the purpose of the linear
analysis discussed in this paper the difference between these types of coupled cell networks and the
ones discussed here is irrelevant, as differences in the equations of motion appear only at the level
of nonlinear terms.

We are interested in the consequences of a coupled cell network structure on local bifurcations.
This appears a hard problem in general, and as a starting point we make an important assumption
concerning the homogeneity of the coupled cell network: we assume that the network is such that
from the point of view of each individual cell, the network appears identical. More precisely, we
assume that for each pair of cells {i,7} there exists a permutation of the set of cells T', such that
the image of cell ¢ under T is cell j, and T leaves the equations of motion invariant. The latter
requirement is equivalent to stating that the coupled cell network is T-equivariant.

We thus assume the existence of a permutation group I' C S, of network symmetries acting
faithfully and transitively as permutations on the n cells. We recall that transitivity implies that
for each pair {i,j} there exists v € I' such that v(i) = j, and I' acts faithfully if (i) = i for all
ve€l'and i =1,...,n implies that v is the identity element of I'.

During the last decade, there has been a number of studies [6, 7, 10, 11] where assumptions of
symmetry properties of a coupled cell network were used to explain the occurrence of spatially and
spatiotemporally symmetric patterns in coupled cell networks. The formal setting for this theory
centred upon the symmetry group of the network, ignoring to a large extend the network structure.
However, in case coupled cell networks which are not fully connected, they possess a structure that
is independent of the symmetry which should naturally be taken into account when analyzing the
(typical) dynamics of coupled cell networks.

X; = fj(Xl, ce ,Xn).
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Figure 1: Two examples of graphs representing Z4-equivariant coupled cell networks. The left one
is fully connected, while the right one has nearest neighbor coupling.

We thus would like to address the question how the network architecture may affect the kinds of
bifurcations that can be expected to occur in a coupled cell network. It turns out that the problem
is quite a complicated one, and in this paper we focus on networks with a symmetry group that
permutes cells transitively, and local bifurcation from a fully symmetric equilibrium solution. In
this context, we assume without loss of generality that €; = R! for all 4 and that the equilibrium
is represented by (0,...,0).

The first concern is with the spectrum of the linearized vector field (Jacobian matrix) at the
equilibrium solution when parameters are varied, in particular with the analysis of how eigenvalues
typically cross the imaginary axis ¢R. The main aim of this paper is to discuss this problem. Before
discussing this in more detail, we first illustrate the problem with some examples.

Example 1.1 (Networks of four cells with Z, symmetry.) An example of the difficulties that
can arise is given in a ring of four cells with Z4 symmetry. We assume that each cell is one-
dimensional. The network architecture is shown in Figure 1 (left) with all possible couplings. We
assume that the network dynamics have a group invariant equilibrium. The Jacobian matrix at
such an equilibrium has the form

SO SR S U S
QO QL o
QU T O
SIS Y =¥

where a is the linearized internal cell dynamics. The eigenvalues of M are
AM=a+b+c+d X=a+c—(b+d) A3+ =a—cEi(b—d).

Consider the case of nearest-neighbor coupling (¢ = 0) as shown in Figure 1 (right). The
eigenvalues of M are then

)\1:a+(b+d) )\Qza—(b-i—d) Ag,i:aﬂ:’i(b—d).

It is straightforward to show that any one of these three eigenvalues can lie on the imaginary axis
while the other two have nonzero real part. Thus, the same three types of bifurcation that can
occur as codimension one bifurcations in the fully connected system also occur as codimension one
bifurcations in the nearest neighbor coupled system and no others.



g 2

o ofic
\?\\ \
e @ @ — @ S @

() —)-

Figure 2: Schematic representations of two Ds-equivariant coupled cell network structures where
D3 acts transitively on six cells (divided in two three-cycles Fy = {1,2,3} and F» = {4,5,6}). The
first network (a) has couplings between cells within each three-cycle (and admits Hopf bifurcation),
whereas the second network (b) has not (and does not admit Hopf bifurcation from a Ds-invariant
equilibrium in the case of one-dimensional cells).

Note, however, that anomalous behavior can occur in codimension two. Consider the steady-
state/steady-state mode interaction given by A1 = Ay = 0 (a mode interaction between the trivial
and nontrivial one dimensional representations of Z4). In this case a = 0 = b + d; these equalities
force A3 + = £i(b—d) to also lie on the imaginary axis, producing, in effect, a steady-state/steady-
state/Hopf mode interaction. In the fully connected case (¢ not constrained by network architecture
to be zero), \y = Ay = 0 implies that a + ¢ = 0 and b+ d = 0. Then, typically, the eigenvalues
A3+ = 2(a=%ib) do not lie on the imaginary axis. Note, however, that if the internal dynamics of each
cell is two-dimensional, the triple mode interaction is no longer forced by the steady-state/steady-
state mode interaction. O

Example 1.2 (Networks of six cells with D3 symmetry.) In Figure 2 we present two exam-
ples of Ds-equivariant coupled cell networks with six cells, represented by the corresponding directed
graphs.

We assume that D3 permutes the six cells transitively, generated by the two group elements
acting on the cells as the following permutations:

o = (123)(456), B = (14)(26)(35).

We suppose that the cells are one-dimensional. The Jacobian matrix at a fully symmetric equilib-
rium solution for the network of Figure 2 (left) has the following structure:

A B
MZ(BT AT>

where

b 0
A= a b |, B =
0 a

SO R

d 0
c d
0 ¢

QL OO

and AT denotes the transpose of the matrix A. The eigenvalues of M are

b
M=a+btc+d, A=a+tb—c—d, )\3,47i:a—§i\/—3b2—|—402—4cd—|—4d2.



The analysis for the network of Figure 2 (right) is obtained by setting b = 0. In this case, all
eigenvalues of M are real, since 4c? — 4cd + 4d? = 3¢? + (2d — ¢)? > 0. This can also be deduced
directly from the fact that, if b = 0, M is symmetric, that is, M = M7, and eigenvalues of
symmetric matrices are always real.

Thus, in the network of Figure 2 (right) a fully symmetric equilibrium cannot undergo a Hopf
bifurcation. It is thus possible for the network architecture to suppress the occurrence of Hopf
bifurcation. It is readily verified that in the network of Figure 2 (left), when in general b # 0, no
suppression of Hopf bifurcation occurs. %

1.2 Codimension one eigenvalue movements.

We consider coupled cell networks with symmetry group I' permuting cells transitively. Identical
couplings are thus induced by symmetry only, and no other conditions on the couplings are assumed
to hold. We recall that we say that a type of local bifurcation has codimension m if the corre-
sponding set of (smooth) vector fields satisfying the bifurcation condition has codimension m in the
ambient space. By usual considerations of transversality, this implies that within an m-parameter
family of vector fields the bifurcation condition is typically satisfied at isolated points and that
the occurrence of such isolated bifurcation points is persistent (as a consequence of the fact that
the m-parameter family is typically transverse to the bifurcation set in a bifurcation point). In
the context of this paper, the bifurcation conditions will always involve a statement about the
eigenvalues of the Jacobian matrix at a fully symmetric equilibrium.
The main question we address is the following:

Are the codimension one bifurcations associated to a symmetric coupled cell network
dependent on the network structure?

Examples 1.1 and 1.2 illustrate the fact that a general affirmative answer to this question is not
possible. But in case the symmetry group is Abelian, we show that the question, under some mild
assumption on the network, has an affirmative answer:

Theorem 1.3 Consider a symmetric connected coupled cell network, where the symmetry group
of the network is Abelian and acts transitively by permutation on the cells of the network. Then,
codimension one eigenvalue movements across the imaginary axis of the Jacobian matrix at a fully
symmetric equilibrium are independent of the network structure if the cells are assumed to be active.

Remark 1.4 In analogy with general equivariant linear systems [12], typically (codimension zero)
eigenvalues do not lie on the imaginary axis, and in the case of codimension one eigenvalue crossings
with the imaginary axis, the center subspace is either absolutely irreducible (in the case of steady-
state bifurcation) or I'-simple (in the case of Hopf bifurcation). See Section 3 for details. O

Remarks 1.5 (i) Once the codimension one eigenvalue movements described in Theorem 1.3
occur, one may directly deduce the existence of certain branches of equilibria and periodic
solutions whose existence can be obtained by application of the Equivariant Branching Lemma
and the Equivariant Hopf Theorem, as in [12]. It should be noted that although solution
branches are guaranteed to exist, due to possible anomalies in higher order terms, detailed
properties of the branches (like direction, growth, stability properties) may depend on the
network structure.



(ii) In Example 1.2 it was shown that the network structure may cause suppression of Hopf
bifurcation. This illustrates the fact that the validity of Theorem 1.3 does not extend to
coupled cell networks with non-Abelian symmetry.

(iii) It is natural to address local bifurcations with codimension higher than one. From Example 1.1
it follows that Theorem 1.3 does not extend to local bifurcations of coupled cell networks with
Abelian symmetry with codimension higher than one.

(iv) The occurrence of anomalous local bifurcations appears related to the cell dimension. It
appears that the higher the cell dimension, the less influence the network structure has on local
bifurcations. It would be interesting if this observation could be quantified more precisely,
but such is beyond the content of this paper.

O

1.3 Passive coupled cell networks

In the case of passive coupled cell networks, when f; does not depend on x;, the vector field
is divergence free, so that the flow preserves volume. As generic equivariant systems are rarely
volume preserving, it is not surprising that correspondence with generic equivariant systems may
not be always observed in such networks. This observation raises the question whether eigenvalue
bifurcations of symmetric passive coupled cell networks correspond to eigenvalue bifurcations of
volume preserving equivariant systems. This turns out to be not the case, as is illustrated below.

Example 1.6 (Passive four-cell Z, network.) We revisit the four-cell Z, network discussed in
Section 1, but now assume that it is passive so that a = 0.
When we consider such a network, the eigenvalues of M are

M=btctdro=c—(b+d), st =—cEi(b—d).

We thus observe that when one of the eigenvalues is passing through the imaginary axis, this does
not imply that any of the other eigenvalues passes at the same time, like in the case of general
Z4-equivariant linear systems.
If we consider the same network, but now with only nearest neighbor coupling (¢ = 0), the
eigenvalues of L are
M=b+d X =—(b+d), N34+ =xi(b—d).

Now, whenever A\; = 0 we have at the same time Ay = 0.

Surprisingly, the pair of eigenvalues A3 1 is always positioned on the imaginary axis. The
eigenvalues here thus do behave very differently than in generic volume preserving Z4-equivariant
systems. O

1.4 From cells to isotypic components

We briefly sketch the approach we take to understand the implications of the network structure on
the eigenvalues of the linearized vector field M at a fully symmetric equilibrium.

The vector space R ~ R! @ R™, as the phase space of a coupled cell network whose cells are
permuted transitively by a symmetry group I', has a natural basis {¢; ® €;}j=1,.4, i=1,...n Where the



index i labels the cells and €; = R {¢; ® €;}j=1,.;. It is then natural to choose the basis such that
a permutation v € I' acts as y(¢; ® €;) = (¢ @ e-1(;))-

The absence of a connection from cell k to cell m implies the following condition on the linear
vector field M € gl(R™) commuting with T':

(ci®em, M(a®eg)) =0, i,t=1,...1, (1.1)

where (-,-) denotes the standard (Euclidean) inner product on R™,

The consequences of the I'-equivariance on M are best viewed in relation to the I'-isotypic
decomposition of its domain. Recall that an irreducible subspace is an indecomposable I'-invariant
subspace of R™. When T is a finite group the number of different (that is, non-isomorphic) irre-
ducible subspaces is finite, and the span of the union of one irreducible subspace V,, together with
all others that are isomorphic, is called a T-isotypic component of R™. We denote the corresponding
1sotypic decomposition by

R = @, W,.

Because I' acts essentially on R", we have in fact W, = R! ® U, where R" = @,U, is the isotypic
decomposition for the transitive permutation representation of I' on R™. It follows from a real
version of Schur’s Lemma [2] that M preserves the isotypic decomposition, and that the set of I'-
equivariant real matrices in gl(R'®U,,) is isomorphic (as an algebra) to gl(ml, k) with k € {R, C, H}
if dimU, = mdimV, and V, is of type K. We write the blockdiagonalization M = ®&,M®.

The equivariant linear vector fields thus decouple into a set of independent linear equivariant
vector fields M on isotypic components W,,.

For a symmetric coupled cell network, the absence of certain connections between cells leads to
relations between the otherwise independent linear vector fields M. These relations can be derived
from (1.1), and using projections to isotypic components. Such projections are well known from
group representation theory, see for instance James and Liebeck [15]. In the following sections,
these relations will be derived, and the consequences — in particular Theorem 1.3 — discussed.

Example 1.7 We return to Example 1.1 and recall we are assuming the cells are one-dimensional
and so the total phase space is V = R*. This space is decomposed into 3 isotypic components
that in this case are irreducible: the trivial and nontrivial one-dimensional representations, and
the two-dimensional representation which is of type C. That is, V = V; ® Vo ® V3, where V1, V3
are one-dimensional irreducibles where Z, acts trivially on V7, and non-trivially on V3, and V5 is
the two-dimensional irreducible subspace of V' where the action of Z, is generated by an element
that corresponds to the rotation by 7/2 on the plane. It follows then that M = M' @ M? @ M3,
Here M*', M3 are linear maps corresponding to the restrictions of M to Vi, Vi, respectively and M?
corresponds to the restriction of M to Va. Since V5 is of complex type and M? commutes with Zg4,
a basis of V5 can be chosen such that M? with respect with this basis is:

ME:  M?
M? = < R I >
—-M? M3

which has eigenvalues M3 & iM?. Recall the expressions for the eigenvalues of M obtained at
the beginning of Example 1.1: M!' = \; = a+b+c+d, M> = Xy = a+c— (b+d) and
MZ+iM?=X3_=a—c—i(b—d).



Corollary 2.10 of Section 3 applied to the Example 1.1 gives the following equivalences:

MY+ M?+2M% =0 & a=
M'— M3 —2M} =0 & b=0,
MY+ M3 -2M3% =0 &

M'—M3+2M? =0 & d=0,

which are easily verified. If we assume the cells are [-dimensional, the same relations hold, where
now the matrices M1, M3, M]%, M12 are [ x [-matrices. O

The remainder of this paper is organized as follows. In Section 2 we discuss in some detail the
projections to isotypic components and the corresponding conditions imposed on the M®s by the
absence of connections. Moreover, we illustrate in detail the implications of these conditions for
networks with cyclic and dihedral symmetry groups. Finally, in Section 3 we prove Theorem 1.3
on codimension one eigenvalue movements across the imaginary axis for coupled cell networks with
Abelian symmetry.

2 Linear analysis

In this section we describe the restrictions on the eigenvalue structure of linear transformations
M < gl(R! ® R") commuting T' C S,,, where T acts trivially on R!, and transitively and faithfully
on R"”, satisfying restrictions of the type

(ci®e,M(ct ®eg)) =0, i,t=1,...1.

Here ¢;, i = 1,...,1is a basis of R, ej, 7=1,...,nis a basis of R" and (,-) is an inner product
on R! @ R™.

We start by addressing the question for M € gl(R"™) commuting with I", where I" acts transitively
and faithfully on R™. We begin by complexifying the state space to V' = C" in order to use the
theory of complex representations of finite groups. See for example [15] for the basic definitions
and results on this subject, which we use throughout this section. We then interpret the results in
terms of real representations. Finally, we generalize our results to C! @ C" (and R ® R") and we
illustrate them with the cyclic and dihedral groups.

2.1 Linear analysis on C"

Let T' be a subgroup of the symmetric group S, permuting transitively and faithfully the set
{1,...,n}. Consider a n-dimensional complex vector space V, a basis b = {ej,...,e,} of V,
and the action of I' on V given by permutation of the corresponding coordinates. Thus we can
assume that V = C" and this action corresponds to a representation 71" of I' on V' through a linear
homomorphism from I' to the group GL(V') of invertible linear transformations on V' defined by

T()(vi,y...,0n) = (qu(l),...,qu(n)) , YET, (v,...,0,) €V. (2.2)

A subspace W of V is said to be I'-invariant if T(y)W C W for all v € T'. If V possesses
a proper invariant subspace we say that V is reducible, otherwise V is called rreducible. Two
I’-invariant vector spaces W1, W are ['-isomorphic if the corresponding representations, say 77 and



Ts, are equivalent. That is, there exists an invertible linear transformation S from W5 to Wj such
that T1(y) = STa(y)S~* for all y € T.

Since I is finite there appear in V' at most s distinct complex irreducible representations, where
s is the number of conjugacy classes of I'. Denote those that appear by Vi,...,V,. and so r < s.
We can decompose V' into isotypic components

V=U,6 U

where each Uj is the isotypic component of type V; for the action of I' on V. Thus if W is a
I-invariant subspace of V' and I'-isomorphic to V; then W C U;.
Suppose now that M € gl(V') commutes with I':

MT(v)=T(y)M, VyeT.

Since M commutes with I', it preserves the isotypic components for the action of I' on V. Thus
M(U;) CUj for j =1,...,r. Denote by M7 the restriction of M to U;:

M) =My, : U; — Uj.

It follows that M7 commutes with T.
Consider the vector space V' equipped with the following inner product:

(Ao A, (an,om)) = ) A,
j=1

where (A1,..., ), (a1,...,0p) € V. Thus (ej,e) = 1if j = k, and 0 otherwise. Observe that the
inner product is I'-tnvariant. That is,

(T(v)w, T(y)w2) = (w1, wa)

for all v € I' and wy,we € V.

Given an irreducible I'-invariant vector space Vj;, then the character of V; is the function y; :
I" — C defined by

xij(v) =tr (T(v)lv;), ~vel.

The dimension of Vj is called the dimension (or degree) of x;. Characters of dimension 1 are called
linear characters. We review the following properties of the characters: if e denotes the identity
element of the group I' then x;(e) = dim Vj; if v € I" has order m, then x;(v) is a sum of mth roots
of unity; if x; is linear then it is a homomorphism from I' to the multiplicative group of non-zero
complex numbers {z € C: |z| =1}

Definition 2.1 Define the projection operator of V' onto the I'-isotypic component U; by

. dimV; —
P == 2N i T (),
vyel
where x; is the character corresponding to the irreducible V. %



For i,7 =1,...,n denote
M;; = (e;, Mey).

We use now the projection operators P’ to describe the restrictions on the M7 imposed by a
condition of the type
My, = 0. (2.3)

Observe that since M commutes with I', if My, = 0 then M, (1)) =0 for all vy € T,
Denote by H the subgroup of I' defined by

H={yel: (1) =1}
Choose permutations s, ...,v, € I' such that
J=(1)
(recall that I" acts transitively on {1,...,n}) and set ; = e. It follows then that
Fr=HUy»wHU - Uy, H
where U denotes disjoint union and
e; =T(yj)er, j=1,...,n.
In the following lemma, given z € C we denote |2|? = 2Z.
Lemma 2.2 Forj=1,...,r, let P/ denote the projection of V onto the isotypic component Uj of

type Vj, x; the character of the irreducible I'-invariant vector space V; and d; the dimension of V;.

Then:
2

. . di \2 &
Prenpic) = () 3| T w0
‘ E:I yeEVLH
Plep, = T(yw)Pley, k=1,...,n.
In particular, if x; is a linear character of I', then

Plej, = Xj('yk)Pjel, k=1,...,n.

Proof: By definition of P/ we have

Pley = 8 "G00 = £ | 3 X i

yer k=1~ev,H

As (ej,e;) = 0 if i # j, and (e;,€;) = 1, the formula for (P/ey, Ple;) follows. Now for the second
equality, recall that ey = T'(yx)e; for k =1,...,n. Therefore

Plej, = ’ﬁ D XiMTWT(w)er = T() ﬁ > x5 )T (v ) | en = T(w) Pley.
~el ~vel

Moreover, if x; is linear, as Pie; € Uj, it follows that T(yi)Pley = Xj (vx)Pley. O

10



Proposition 2.3 Suppose the conditions of Lemma 2.2 and let I = {1,...,r}. Givenk € {1,...,n}
My, =0 < > (Pley, MIPley) =0 < Y (Pley, T(y) M7 Pley) = 0. (2.4)
jel jel
Proof: Recall that My = (e1, Mey), and Uy,...,U, are the isotypic components for the ac-
tion of F on V, of type V4,...,V,, respectively. Thus Zje[ Pi = Idy and so (e;,Mep) =
(X jer Pler, MY e, Pley). As Pley, € Uy, it follows that

MY Pley=> M'Ple.
lel lel

Also (uj,u;) = 0if u; € Uj, wy € Uy and j # [. (This property is valid for any I'-invariant inner
product defined on V'.) Moreover by Lemma 2.2 and because M' commutes with I" we obtain (2.4).
O

Remark 2.4 Observe that if I' C S,, is Abelian and acts transitively on {1,...,n} then if v(i) =1
for some 7, then ~(j) = j for all j. That is, v is the identity. To verify this point use transitivity
to choose ¢ € I" such that 0(i) = j. Since I' is Abelian, it follows that

V(j) = 70(i) = o(i) = 6(i) = j.

We have then that |I'| = n. Moreover, all the irreducible I'-invariant vector spaces are one-
dimensional and r = n, see for example [15, Proposition 9.5]. We obtain that U; = V; for
j =1,...,n, where the V; form a complete set of non-isomorphic irreducible and one-dimensional
I'-invariant vector spaces. The representation V is called the regular representation of T O

Corollary 2.5 Suppose the conditions of Lemma 2.2 and assume that T' is an Abelian group (of
order n). Given k € {1,...,n} then

Mi=0 6 Y e =0 (25)
je{l,...,n}

Proof: By Proposition 2.3 and Remark 2.4 we get

My, =0 & > (Pley,x;(w)M Pler) =0 & Y x;()MI(Pley, Pler) = 0.
je{l,...,n} je{l,...,n}

As (Pley, Pley) = 1/|T'| by Lemma 2.2, formula (2.5) follows. O

2.2 Linear analysis on C' @ C"
We extend now the action of I' on V = C" to the space C'" = C! ® V given by

Ty ev)=y® (T(), yel,yeC,veV.

11



Thus I acts trivially on C! and on V as in (2.2). It follows then that the isotypic decomposition of
C!'® V for the action of I' on C' ®@ V is

(Cl®V:<(Cl®U1)@---@(Cl®UT)

where Uy, ..., U, are the isotypic components of the action of I on V. Observe that if P/ denotes
the projection operator onto the isotypic component C! ® Uj, we have that

Pl(y®v) =y P (v)

where P7 is the projection operator defined on V and onto the isotypic component U. ; for the action

of 'on V.
Suppose now that M € gl(C! ® V) commutes with I'. Thus we have that

M(C'® U;) C C' & U;.

Denote by M7 the restriction of M to C! ® U;.

We can define an inner product (-,-) on C' ® V by extending the inner product (-,-) on V in
the following way. Denote by ¢; = (1,0,...,0,1), ..., ¢, = (0,0,...,0,1). Thus {¢1,...,¢} is the
canonical basis of C!. Define then:

(ci @ v, 00 @v2) = Git(v1,v2), G, t=1,....1; vi,v2 €V,

where d;; is equal to 1 if i = ¢ and 0 otherwise. This corresponds to the standard (Euclidean) inner
product on C'™ and so we use the same symbol.

Given k € {1,...,n}, we are now interested in using the projection operators P’ to describe
the restrictions on the M7 imposed by the set of {? conditions of the type

(ci®@e,M(cg®e)) =0, i,t =1,...,1L.
We have the following generalization of Lemma 2.2:

Lemma 2.6 Forj=1,...,r, let P/ denote the projection of V onto the isotypic component Uj of
type V;, x; the character of the irreducible I'-invariant vector space V; and d; the dimension of V;.
Given i,t € {1,...,l} we have:

2 n
(Pi(c;®er),Pl(cy@er)) = 6(Pler, Pler) = <|F|> Z Z
k= ’Y i
Pla®ey) = a@Pe=c@T(yw)P, k=
In particular, if x; is a linear character of I', then

Pj(ct ®ep) =ct ®Xj(’yk)Pjel, k=1,...,n

The generalization of Proposition 2.3 is:
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Proposition 2.7 Suppose the conditions of Lemma 2.6 and let I = {1,...,r}. Givenk € {1,...,n}
and i,t € {1,...,l} then

(@e, M @e)) =0 & 3 (Pe;@er), MPI (o @ey) =0,

Jel

& (e Pen), Ml (e, @ Pi(ey))) =0, (26)
Jel

& (e Pen),Mi (e & T(y) PA(e))) = 0.
Jel

Corollary 2.8 Suppose the conditions of Lemma 2.6 and assume that T' is an Abelian group (of
order n). Given k € {1,...,n} and i,t € {1,...,l} then

(ci®e,M(g®ep)) =0 < Z Xj(’Yk:)Mgt =0 (2.7)
je{l,...n}

where Mgt = (¢; @ P'(e1), M7 (¢; @ PI(eq))).
Proof: By Proposition 2.7 and Remark 2.4 we get
(e, Ma®e) =0 < > (¢ ® P(er), M (c; ® xj(3) P (er))) = 0,

je{1,...n}
< Z X5 (ve) M, = 0.
]e{lvvn}
O
2.3 Examples
We apply the above results to the cyclic and dihedral groups.
2.3.1 The cyclic group 7Z,
Let Z,, be a cyclic group of order n generated by an element a satisfying a™ = e. Put w = €27/,
Then Z,, has n distinct linear characters x;, 7 =1,...,n, given by
xj(a") =l j=1.. n.

Here r € {1,...,n — 1} where @ = e. Consider now I' the subgroup of S, isomorphic to Z,
permuting transitively (and faithfully) the set {1,...,n} and generated by

a=(12...n).

Let V.= C"™ and b = {e1,...,e,} a basis of V and consider the action of I on V given by
permutation of the corresponding coordinates (recall (2.2)). Thus if v, = o*~! for k = 1,...,n
then e, = T'(yx)e1. The action of I on V' corresponds to the regular representation of I' = Z,,: each
distinct I'-irreducible appears in the I'-isotypic decomposition of V', with multiplicity one. Thus

V=VieV® eV,

where each irreducible V; has character type x;. Direct application of Corollary 2.5 leads to:

13



Proposition 2.9 Suppose M € gl(V) and assume that M commutes with the above action of T'.
For k,j=1,...,n denote by My, = {e1, Mey) and M the restriction of M to Vj. Then

My, =0 & > w0 DEUpd =, (2.8)
je{1,...,n}

Corollary 2.10 Suppose the conditions of Proposition 2.9 and write M/ = MIJ% + ZM; where
M3, Mi € R. Assume M € gl(R™).
(i) If n is odd then

(n—1)/241

My=0 & M'+2 Y (cos (2”%_ DG~ 1)) MY, — sin (2”(1“_ DG~ 1)> M}) — 0.

n n

j=2
(ii) If n is even then

=0 e M 03 (oo (DG gy g (HEZDGDY ) g

j=2

Proof: Let V; be an isotypic component. Thus V} is I'-irreducible and has character x;. If x; is
real, then M7 € gl(R). If x; is not real , then there is another isotypic component V; = Vj, so that
M7 = M?. The decomplexification acts on Vi=V;®V,, as

= Mr M
Sy
where M7 = Mlj%—l—iM}. Accordingly, let us write x; € C as x; = (x;)r+i(x;)1 with (x;j)r, (xj)1 €
R. In (2.8) the sum x; M7 + x;M* yields 2(x;)rRMgr — 2(x;) 1M, so that

Z WU=DE=D A — 0

je{1,...,n}
S oM 2 > (rGME - (G(mM]) =0, (29)
7 s.t. 7 s.t.
X; real X; complex

where we note that in the latter sum, for each real irreducible YA/]-, only one irreducible representation
is taken. 0

Example 2.11 Revisiting the Z4-symmetric networks used as examples in the Introduction, one
readily verifies that

k=1 = M'+M*+2M%=0<a=0,
k=2 = M'—-M*-2M}=0&0b=0,
=3 = M'+M-2M3=0&c¢=0,
k=4 = M'-M*+2M}=0«d=0.

14



2.3.2 The dihedral group D,,

Consider D, the dihedral group of order n = 2m. Recall that D,, is the symmetry group of a
regular m-sided polygon generated by elements a,b satisfying the relations a™ = b = (ab)? = e.
If m is odd then D, has (m + 3)/2 conjugacy classes with representatives e, a,a?,---,a™=D/2 b,
and so (m + 3)/2 distinct non-isomorphic irreducible I'-invariant vector spaces: two of dimension
one and (m — 1)/2 of dimension two. If m is even then D, has m/2 + 3 conjugacy classes with
representatives e, a,a?, - - - ,a™2=1 qm/2 b ogb, and so m/2 + 3 distinct non-isomorphic irreducible
I-invariant vector spaces: four of dimension one and m /2 — 1 of dimension two. See Table 1 where
the linear characters are denoted by x; and the two-dimensional by ;.

m is odd
v e d(1<t<(m—1)/2 b
Cp,, ()] 2m m 2
X1 1 1 1
X2 1 1 -1
Q/Jj 2 Ejt +Ejt 0
G=1...,(m—-1)/2)
m is even
v e al(l1<t<m/2-1) a? b ab
|Cb,, (7)] 2m m 2m 4 4
X1 1 1 1 1 1
X2 1 1 1 -1 -1
X3 1 (=1) D= 1 -1
X4 1 (=1)f (-D% -1 1
oy 2 et et 2(-1 0 0
(Gj=1,...,m/2-1)

Table 1: Character table for the dihedral group D,, according to the parity of m [15]. Here
e = e2™/™ and Cp,, (v) is the centralizer of v in D,,.

Throughout let

. { 92 if m is odd, = { > if m is odd, (2.10)

4 if m is even, 7 —1 if mis even.

There are essentially two ways that I' = D,,, acts faithfully and transitively on a finite set. As

before, let H = {y € I': (1) = 1}. Either H is the trivial group. This corresponds to the regular

representation of D, and ' C S,, where n = 2m. Or H = {e,a’b} for some integer i between 0 and

m —1 and T' C S,,. Observe that only the trivial group and the subgroups of I, of type {e,a’b}
do not contain nontrivial normal subgroups of D,,.

Regular representation

Consider I' the subgroup of S,, permuting transitively and faithfully the set {1,...,n} and generated
by

a = 12...m(m+1m+2...2m),

B = Im+1)22m)32m—1)...(mm+2)

15



where n = 2m. Note that I' is isomorphic to D,,, and the group H is trivial.
Let V.= C"™ and b = {ej,...,e,} a basis of V' and consider the action of I" on V' given by
permutation of the corresponding coordinates (recall (2.2)). Observe that if we denote

[ ot ifk=1,...,m,
k= afF=m=lg ifk=m+1,...,2m,

0=

where v, = « e then

er =T(vw)e, k=1,...,2m.

Moreover, the action of I' on V' corresponds to the regular representation of I' 2 ID,,,. That is, each
distinct I'-irreducible appears in the I'-isotypic decomposition of V', with multiplicity equals to its
dimension. The decomposition of V' as a sum of its isotypic components is then given by:

V=0 --eUlotholo- - -aU,

where Uol,...,UéD are one-dimensional (distinct) irreducible I'-invariant subspaces of V' of type
X1,---,Xp, and Uy, ..., Uy are each the sum of two irreducible I'-invariant subspaces of V' of dimen-
sion 2 and of type 91, ...,1,. Recall that p,q are defined by (2.10).

Given j between 1 and ¢, define

w] =L (ey + ey + - +emVie,), w) =L (er + ey + -+ elMmVie,,),

m

_ . L o By o
wh =L (epy1 + Eemyn + -+ €™M ey} wh =L (e + Tempa + -+ EM ey,

where € = €?27/™ and
—fd ond G
bj = {wy, wy, w3, wy}.

The vectors w{,w%,wé,wi € V are linearly independent, <wi,wlj )y =0if k # [, and <wl] ,wlj ) =

1/m for I = 1,...,4. Moreover, C ({w{,w%}) and C ({w%,wi}) are I'-isomorphic irreducible

subspaces of V' of character type ;. It follows then that

U = © ({uf, wh, wh,wi}) = € ({fuf, wg}) @ C (fuh wi}) = V& Vi,

Moreover, if we consider the projection operator P/ : V — V onto the isotypic component Uj:

ﬂ=ﬁ%§j%@ﬂw

’YGDm
we obtain , )
pig, — ) T wi+@EDuy it <k <m, (2.11)
T ek tmmigd o i-lom)yd i 1< k< 2m. '

Suppose M € gl(V) commutes with I'. For j = 1,...,q denote by M7 the restriction of M
to the isotypic component U; with respect to the basis b;. Thus each M7 is a 4 x 4 matrix with
complex entries commuting with I'" of the following form:

My, 0o M, o0
0 M, 0 M,
Mi, 0 M, 0
0 M, 0 M,

M7 = (M|y,)s; = (2.12)
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For k =1,...,p denote by M(lf = M|U§. We have the following result:

Proposition 2.12 (i) If 1 < k < m then

1< 04 o S .
My =0 & 53 (n) M+ 3 (400, +@E0ar] ) = 0.
j=1 3=1
(i) If m+ 1 < k < 2m then

1L R . , . ,
Mip =0 & 53 % (n) Mg+ Y (47 + @6 ) = o,
P =

Proof: We apply Proposition 2.3. Denote by P; the projections onto the one-dimensional I'-
irreducibles Uj, for j = 1,...,p. By Lemma 2.2 we have Pje, = x;(v)Pje1 and <Pjel,Pjel> =
1/|T| = 1/2m. Thus

. . D — 1 -
(Pjer, Mg Pjex) = (Pjer, Myx; () Pjer) = x; () Mg (Pjer, Pjer) = 5—x;j(g1) M.

Recall that P’ denotes the projection onto the isotypic component Uj, for j = 1,...,q, and
M7 = (M|y,)s, is given by (2.12). Using (2.11), if k € {1,...,m} then
(Pler, M/ Pley) = Eﬂ%7D<H€;A4j@€>4‘€ﬂ€7U<U€zA4jWif+
& D (w), MIwl) + D (wy, MIw)).

As (w! w?) =1/m for i = 1,2,3,4 and (wl,wl) =0 if r # s, it follows that

% 7

(Piey, M Piey) = (eﬂ’“*l)M{,l + ef'(’H)Mg,g) .

1
m
The proof of (ii) is similar. O

Corollary 2.13 Suppose the conditions of Proposition 2.12 where now M € gl(R™).
(i) If 1 < k < m then

1<& . a o .
My =0 < 3 ZXJ () Mg + 2ZR6 <€J(k UMf,l) =0.
j=1 j=1

(ii) If m+ 1 < k < 2m then

1 , q _— ,
My, =0 & 52)@ () M —I—QZRe (e](k ! m)Mf73) = 0.
j=1 j=1
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Proof: For j=1,...,q define

Bj = {w] + wy, wy + wy, i(w] — wy), i(wy — wy)}.

It follows that B; is a basis of U;. Moreover, since M € gl(R") we have that M|y, with respect to
this basis has real entries. Comparing the matrices of M|y, with respect to b; (recall (2.12)) and
Bj we obtain that

i _ VI v
Mg’3 =M, ]\4371 = M.

The result now follows from Proposition 2.12. O

Example 2.14 Revisiting the Ds-symmetric networks used as examples in the Introduction, ob-
serve that the absence of connections from cells 2,3 to cell 1 leads to the following two conditions:

1 1
k=2 = oMy+ 5 Mg+ 2Re (M) =0,

1 1
k=3 = 5MO1 + ng + 2Re (€M) =0,

i2m/3

where e = e . Subtracting these equations, we obtain

Re ((¢ — e)M{,) =0< Im(M] ) =0 M|, €R.

Thus the eigenvalues of M as in (2.12) for j = 1, and where Mll,1 = M31,3 € R, M1173 = Mil e C,

are the eigenvalues of the matrix
1 1
Mi, M3
1 1
Mg My,

each with multiplicity two. Moreover, this matrix has real eigenvalues. Thus no Hopf bifurcation
can occur for coupled cell networks with the structure given by Figure 2 (right) as we had shown
before in the Introduction by other method. O

Suppose now that M € gl(C! ® V) commutes with I' where the action of I on C' is trivial.

For j =1,...,p, if {w;} is a basis of Ug then {c; ®wj,...,q®w;} is a basis of C! ®Ug. Denote
by Mé the restriction of M to the isotypic component C! ® Ug with respect to this basis which is
a [ x [ matrix of complex entries.

For j =1,...,q, since b; = {w],w}, w}, w}} is a basis of Uj, it follows then that

b; = {c ®w{,...,cl®w{,cl ®w%,...,cl ®w%,cl ®w§,...,cl ®w§,cl ®wi,...,cl ®wi}
is a basis of C! ® U;. Denote by MY the restriction of M to the isotypic component C'® U; with
respect to this basis which is a 4] x 4] matrix with complex entries of the following form:
M{, 0 Mi; 0
0 M]L1 0 1\/13173
M?M 0 Mé,g 0
0 M%,l 0 M§73

M = (Mlgigr, )b, = (2.13)

where M7, M 5, M |, M, are | x [ matrices with complex entries.
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Proposition 2.15 (i) If 1 <k < m then

(c;®e,M(cg®er)) =0 1 <& . e e '
(0 0 M) =0} 18 5 (s ) o,
, e - <

(i) If m+ 1 < k < 2m then

(ci®er, M @er) =0\, 1 j jk—1-m) cith—1-mpg ) =
Vit € {1,...,1} ‘i’iZlXj(’Y’“)MOJFZl( s +e ngl)_o.
Jj= J=

Proof: Direct application of Proposition 2.7. g

Nonregular representation

We consider now I' = I, permuting transitively and faithfully the set {1,...,m}. Thus I C §,,
and H 2 {e,a’b} for some integer i between 0 and m — 1.
(i) Let m be odd and consider I' the subgroup of S,, generated by

a = (12...m),
B = 2m@Bm—-1)...(m+1)/2 (m+1)/2+1).

Note that H = {e,}. Let V= C"™ and {ey,...,en} a basis of V and consider the action of I' on

V' given by permutation of the corresponding coordinates (2.2).
Observe that if we denote by v, = o*~1, k=1,...,m where v = «
We have the following general result:

(2.14)

U= e then ep = T'(y)er

Lemma 2.16 Let x; be an irreducible character of I' and H a subgroup of I' acting trivially on e;.
Then the multiplicity of the irreducible x; that appears in the I'-isotypic decomposition of V is the

number 1/|H| Y, xi(h).

Proof: Denote by ¢r the character of the action of I' on V' as defined above, and let ¢y be the
trivial character of H.

The action of H on U = C({e1}) is trivial. Thus U C V is H-invariant and has character
Y. Now observe that V= C({yu: v €TI',u € U}). That is, V is the I-invariant subspace of V'
induced from U and it is denoted by U T I'. Also, vr is denoted by ¥y T I

Now as V is I'-invariant, then V is H-invariant and V' | H is called the restriction of V' to H.
The character of V' | H is obtained from the character x on the elements of H only and is denoted

by x | H.
Recall that if x; and x3 are two functions from I' to C, then

(Xj» Xk)T =T ZX]

gerl

is an inner product on the complex vector space of functions from I' to C.

The multiplicity of an irreducible with character x; appearing in the I'-isotypic decomposition
of V' is given by (¢r, xi)r = (¥g T T, xi)r. Now by the Frobenius Reciprocity Theorem [15, page
232] we have that <1/)H T F,Xi>p = <¢H7Xi 1 H>H O
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Recall Table 1, where x1, x2 are the one-dimensional characters of I' 2 I,,, (m is odd), and 1;

for j =1,...,q where ¢ = (m — 1)/2 are the two-dimensional irreducible characters of I'. Taking
H = {e, 5} = {e,b} we obtain

xi(e) =1, xi(@'B) =1,

xz(e) =1, xe(a'f) = —1,

Pile) =2, $i(@'B) =0, j=1,....q

Herei = 0,...,m—1. Using Lemma 2.16 the irreducibles that appear in V' are of type x1,¥1,...,%y,
and all appear once:

Yr=x1+¢1 4+
and
V=UioUoUsd- - aU,
where U, U ; are irreducible with character type x1,v;, respectively. Other transitive and faithful
actions of I' 2 D, on {1,...,m} where m is odd and such that H = {e,a’3} = {e,a’b} give the
same representation.

(ii) Let m be even and consider I" the subgroup of S,,, isomorphic to D,,, permuting transitively and
faithfully the set {1,...,m} and generated by

a = (12...m),

8 = @m)Bm—1)...(m/2 m/2+2). (2.15)
Again, we take 7, = o* "1 and so e = T'(y)ey for k=1,...,m.

Recall Table 1, where x1, x2, X3, x4 are the one-dimensional characters of I' 2 D,,, (m is even),
and 9; for j = 1,...,q where ¢ = m/2 — 1 are the two-dimensional irreducible characters of I'.
Taking H = {e, 5} = {e, b}, we have that

xi(e) =1, xi(@*p) =1 x1(a®*1p) =1,
X2(€) =4 X?(a%ﬁ) = -1, X?(a2i+1ﬁ) =-1,
xs(e) =1, xs(aB) =1, x3(®t1B) = -1,
X4(€) =1, X4(a21ﬁ) = -1, X4(a2i+1ﬁ) =1,
vile) =2, B =0, j=1,....q

By Lemma 2.16 the I'-irreducibles that appear (once) in V' are x1, x3, %1, ..., %q:
Yr=x1+tx3+P1+-+

and
V=UieUjoUielU:® - dU,

where U, U3, U ; are I'-irreducible with character types x1, x3,¢; respectively.

Taking another transitive and faithful action of I' & D, on {1, ..., m} such that H = {e, a3} =
{e,a?b} corresponds to the same representation of I'. If H = {e, a? 13} = {e,a?'b} then we ob-
tain a quasi-equivalent representation, that is, equivalence composed with an outer automorphism

of T':

Yr=Xx1+xa+ Y1+ + Y
and
V=UioUieU, el - -aU,

where U(}, Uél, U; are I'-irreducible with character type x1, x4, ;.
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Proposition 2.17 LetI' = D, and V = C™ with basis b = {e1,...,en}, and consider the action
of I' on V' by permutation of coordinates given by (2.14) if m is odd, and (2.15) if m is even. Let
M € gl(V) commuting with T. For 1 <k <m let vz = o*~1 and recall that ey, = T (yx)e;.

(i) Suppose that m is odd, and let V = U& QU1 UD--- DUy, where UO1 1s 1rreducible of trivial type
and U; is T-irreducible with character type ;. Consider M} = M]Ué and M7 = M|y, = M Tdaxs.
Then

q
My, =0 & My+Y_ j(y)Mi, =0.
j=1
(i3) Suppose that m is even and let V = Ut @ U3 @ Uy @ Uy @ -+ @ Uy, where U(},Ug’,Uj are
[-irreducible with character types x1,x3,v; and M} = M, MI = M|y, = M{ 1dawxo. Then
g ;

q
My =0 & M& + Xg(vk)Mg + Z@Z)j('Yk)Mf,l =0.
j=1

Proof: We apply Proposition 2.3. Denote by P; the projection of V' onto the isotypic component
Ug with linear character type x;. By Lemma 2.2, if x; is linear then Pje, = x;(vx)Pjer. If j =1,
or if j = 3 and m is even, then (Pje;, Pje;) = 1/m.

For j =1,...,q, consider

w = p- <61 +éey+ - —|—E(m71)]em> , wy = p— (61 +elea+ -+ 6(m71)36m> (2.16)
where € = €27/™_ Then (w{,wj> = <wi,wi> = 1/m and <w{,wi> = 0. Moreover, C({w{,wi})
is an irreducible I-invariant subspace of V with character type ;. Thus U; = C({w],w}}) and

Pi(ey) = ej(k_l)w{ + Ej(k_l)wi. The proof now follows as in the proof of Proposition 2.12.
O

Corollary 2.18 Suppose the conditions of Proposition 2.17 where now M € gl(R™).
(i) If m is odd then

L omj(k —1) ,
My, =0 < M+ 2cos <7>Mf1:0.
m ’
j=1

(ii) If m is even then
q .
2mj(k —1 ;
My =0 & M}+ (~)F 1M+ 2cos <M> M, =o0.

. m
J=1

Proof: Recall Table 1. Note also that from (2.16) we get that {w] +w?, i( 7 _wl)} is a basis of

U; = C({w],w]}) where M7 = M|y, has real entries. Comparing with M7 ;Idaxg we obtain that
M{, eR. O
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3 Codimension one eigenvalue movements

In this section we show that codimension one eigenvalue movement through the imaginary axis
for coupled cell networks with Abelian symmetry are independent of the network structure, if the
network is connected and the cells are active, thus proving Theorem 1.3.

Suppose G is a coupled cell network with n cells, and assume that the phase space of the
cells is R and so the total phase space is R™. To facilitate the analysis we first consider the
complexification C™ of R™ and later deduce the consequences implied by the fact that the phase
space is real.

Assume that the network is equivariant with respect to a transitive and faithful permutation
action of an Abelian group I" on the set of cells {1,...,n}. Thus the total phase space is C' @ V'
where V' = C" and we assume that with respect to the cell coordinates v, ..., v, the action of ' is
given by the homomorphism T from T' to GL(C! ® V) defined by

Ty ®v) =y @ (T(yv), vel,yeC veV,
where T': T' — GL(V) is
T(Y)(v1,. - 50n) = (Ug=1(1)s - Vy=1()) » Y ET, (v1,...,0,) € V. (3.17)
Following the notation of Section 2, the isotypic decomposition of C! ® V under the action of I is
CloVv=Ceon)ae---oC eV,

where V1,...,V, form a complete set of I'-isomorphic irreducible spaces under the action of I' on
V. Recall Remark 2.4.

The linearization M € gl(C! ® V) at a fully symmetric equilibrium of a system of ordinary
differential equations defined on C! ® V' corresponding to the network G is assumed to be I'-
equivariant and hence M leaves each isotypic component C! ® V; invariant. As before we denote
by M7 the restriction of M to C! ® V.

Since I' is Abelian, each irreducible V; has complex dimension one. In view of the complexifi-
cation, we need to be aware that there are two types of irreducible representations. Either x; is
real and V; corresponds to the complexification of an irreducible real space W; with character x;
and the real commuting matrices on W; are the real scalar multiples of the identity on W;. In this
case, W; is called I'-absolutely irreducible and Vj is said to be of real type. The other case is when
X; is complex. Then the conjugate Xj is also an irreducible character distinct from x;, associated
say with V] Moreover, V; © V] is a real I'-irreducible with character x; + Xj and the vector space
of the real commuting matrices defined on V; @& V; is isomorphic to C. In this case V; is said to be
of complez type. For details, see for instance [15]. A space W is called T'-simple if W is the direct
sum of two isomorphic absolutely irreducible spaces, or if it is irreducible of complex type.

In the case of general equivariant linear vector fields, it is well known that codimension one
eigenvalue movements through the imaginary axis can be characterized by the following conditions
[12]: a one-parameter family M(u), where M(0) satisfies:

(a) The critical eigenspace E. of M(0) is I'-simple (in case eigenvalues intersect iR away from 0)
or I-absolutely irreducible (in the case eigenvalues intersect at 0).
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(b) The eigenvalues A(p) of M(u) such that Re(A(0)) = 0 satisfy:

d

B0 #0.

We now consider how the codimension one movement of eigenvalues through the imaginary axis
is affected by the absence of network connections.

Recall that we say that a coupled cell network is connected if there exists a path (formed by
concatenation of edges, not necessarily uni-directional) connecting i and j (for all i # j). We
say that the network is disconnected otherwise. Note that if ' is transitive then the network is
connected if and only if there are directed paths from any cell to any other cell.

We may summarize the connectivity information of an n-cell network in an n X n connectivity
matrix C, where

. { 1 if there is a connection from j to 1,
e 0 otherwise.

As the network is I'-equivariant, we have C,; ;) = Ci; for all v € I'. We note that because of
the transitivity of the action of I', the connectivity matrix C'is fully determined by its first row (or
first column).

By Remark 2.4, the number n of cells equals the order of I'. Moreover, the representation of
I" on V corresponds to the regular representation. We consequently may identify cells uniquely
with group elements once we have identified for example cell 1 with the identity element in I'. In
particular, we may label each cell i by a unique element ; € I" such that ~;(1) = i, so that v = e,
etc. With this identification we have C' (1) = Ce 4.

There exists a group theoretic description of connectedness for a network with transitive sym-
metry group I'.

Lemma 3.1 The network with transitive symmetry group I is connected if and only if [ =< .S >,
where

S={yel: C.,y=1}. (3.18)

Proof: Let C be the connected component of cell e, that is, the set of cells v that are connected
to cell e. We show that C =< § > and the lemma then follows.

It is obvious that S C C.

Next we show that C C I' is a subgroup and hence that < .S >C C, that is, we show that the
subgroup generated by S is contained in C. Note that if § € C and 6% = e, then d, ..., 6*~! are all
connected to cell e. Thus 6~ = 6*~1 is connected to e and that e is connected to §~!; so 61 € C.
Suppose that v,0 € C. We must show that v§ € C. By assumption there is a path of coupled cells
from e to §. It follows that there is a path of coupled cells from v to 4. Since there is also a path
of coupled cells from e to v there is a path from e to vd. A similar argument shows that there is a
path of coupled cells from ~«é to e and 6 € C.

Finally, we show that C C< S >. Let § € Cand lete, 61, ..., ds = d be a directed path of coupled
cells, which exists because I' is transitive. It follows that 6; € S. In addition, 1 = Cj, 5, = €67 16"

So 6710 € S and &5 = §;(07'69) is in < S >. By induction, § €< S >. O
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By Corollary 2.8, the matrix M satisfies the following conditions (corresponding to the absence
of the connections between cells v € I\ S with e):

> (ML =0, Vite{l,...,n}, VyeTl\S (3.19)
je{l,...n}
Here Mgt = (¢; ® P¥(e1), M (¢; ® P?(eq))) where MY is the restriction of M to the isotypic com-
ponent C! @ Vj.

Lemma 3.2 Let S denote the set of group elements corresponding to the present couplings, so that
if v € S there is a coupling from cell y to cell e. Then for all i,5 € {1,...,l}

(ML, ME) = 3 () (a0 () (3.20)

yeS

where ¢;3 : S — C are arbitrary.

Proof: By standard application of the character theory for compact Lie groups it is known that
the character vectors x(7v) = (x1(7),---,xn(7)), ¥ € I' form an orthonormal basis of C". Hence,
the solution space to (3.19) is spanned by all character vectors corresponding to group elements
whose couplings are present. O

We incorporate now the fact that in the context of coupled cell networks we work with real
linear maps, rather than with their complexification. We thus need to decomplexify the answer
obtained above.

Let V; be an isotypic component for the action of I' on V. Then:

e If V; is of real type, then M/ should be interpreted as a matrix in gl(RY).

e If Vj is of complex type, then there is another isotypic component V; = Vj, so that MJ = M.
The decomplexification acts on R! ® Vi where V; =V, @ V; & R?, as

W (M
-M; Mg
where ‘ ' '
M/ = M, + iM7.
Accordingly, let us write x; € C as x; = (x;)r + t(x;)r with (x;)r, (x;)1r € R. In (3.19) the
sum x; M7 +x; M yields 2(x;)rRM% — 2(x;)1M7, so that

ZXj(’Y)Mj =0 <

S oM a2 3 ((rIME - (pi(IME) =0 (321)

v; real v; complex

where we note that in the latter sum, for each real invariant YA/]-, only one irreducible repre-
sentation is taken.
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In general equivariant systems with Abelian symmetry, we have the following result [12]: If in
a one-parameter family of real linear equivariant vector fields, an eigenvalue crosses the imaginary
axis then, typically, one of the following scenarios applies:

(a) The eigenvalues are restricted to the real axis, crossing the imaginary axis at zero, and the
associated eigenvectors lie in one absolutely irreducible representation of I'.  The number
of eigenvalues simultaneously crossing the imaginary axis is equal to the dimension of the
irreducible representation, and they all have the same value.

(b) The eigenvalues are not restricted to lie on the real axis, crossing the imaginary axis at
+iw (w # 0). The associated eigenvectors lie in the direct sum of two isomorphic absolutely
irreducible representations of I'. The number of eigenvalues simultaneously crossing the imag-
inary axis is equal to twice the (complex) dimension of the irreducible representation, half
taking one same value and the remaining half its complex conjugate.

(¢) The eigenvalues are not restricted to lie on the real axis, crossing the imaginary axis at +iw
(w # 0). The associated eigenvectors lie in one irreducible representation of I' of complex
type. The number of eigenvalues simultaneously crossing the imaginary axis is equal to twice
the (complex) dimension of the irreducible representation, half assuming one value and the
remaining half its complex conjugate.

The eigenvalue movement in (a) is associated with steady-state bifurcation, and the remaining
cases (b) and (c) with Hopf bifurcation.
We now make the following observation:

Lemma 3.3 Codimension one movements of eigenvalues crossing the imaginary axis in an Abelian
symmetric coupled cell network, are identical to the corresponding eigenvalue movements in general
equivariant vector fields, if the conditions (3.21) for v € I'\ S on the MV (if V; is of real type),
MP, M7 (if V; is of complex type) imposed by the absence of connections, do not imply one of the
following relations:

(i) M7 = cM?, where V; and V; are distinct absolutely irreducible representations and ¢ € R.

(ii) MJ = cM% where V; is absolutely irreducible, and V; is an irreducible representation of
complex type and c € R.

(i) M% = cMY,, where V;, Vi are distinct irreducible representations of complex type and c € R.

Proof: If we have linear relations between more than two of the matrices M7 € gl(R!) (where
V7 is absolutely irreducible) and M%, € gl(R!) and/or Mi € gl(R!) (where Vi is irreducible of
complex type), there are no forced degenerate codimension one eigenvalue movements through the
imaginary axis.

Before we demonstrate this, we first remark that if we make perturbations of the form M’I'%—i—z-: rld
and M’I + e71d, then the eigenvalues A of M change to A +ep tiey.

We assert that if we have a relation between four or more matrices, no forced degenerate
codimension one eigenvalue movements across the imaginary axis will arise.
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To illustrate this, suppose we have a relation of the type
4
D ajA; =0 (3.22)
j=1

where a; € R for all j, and the A; € gl(RY) are of the above mentioned types.

First suppose that in this equation M’I features, but not M%. Then it is immediate that if M!
has eigenvalues on the imaginary axis, they can be moved off this axis by a small perturbation of
the form M% + erld without affecting the relation.

Now suppose that M’I and M% both appear. Then if M has eigenvalues on the imaginary axis,
they can be moved off this axis by a small perturbation of the form Mﬁé + egrld and M’I + erld,
where er and €7 can now be chosen such that the relation holds without changing any of the other
matrices involved.

Let us assume that the relation involves no matrix of the type M. Suppose there is more than
one isotypic component containing eigenvectors with corresponding eigenvalues on the imaginary
axis that are involved in the relation. Then there exists a perturbation after which eigenvectors
with corresponding eigenvalues on the imaginary axis occur in only one isotypic component. For
instance, we can fix A; and make the perturbation Ag + €ld and Az — cay/asld. The latter
perturbations change the real parts of eigenvalues of the other isotypic components involved (and e
can always be chosen such that they come to lie off the imaginary axis) while leaving A; invariant.

Now suppose that eigenvectors with corresponding eigenvalues on the imaginary axis occur in
only one isotypic component, but that the centre subspace is not I'-simple or absolutely irreducible.
Then, by [12] there exists a perturbation of M restricted to this isotypic component such that the
centre subspace is of the desired form. By adjusting the size of this perturbation, we can adjust M
so as to satisfy the relation without enlarging the centre subspace.

Subsequently, the obtained linear system M can be unfolded by the perturbation M + uld,
yielding the desired codimension one eigenvalue crossing through the imaginary axis. O

We now will state two lemmas that, in connection with Lemma 3.3 lead to a proof of Theorem 1.3
of the Introduction.

Lemma 3.4 Suppose a coupled cell network is active, then in Lemma 3.8 we have ¢ = 1.

Proof: If the network is active (e € ), then the identity vector field Id is admissible as a coupled
cell network. For this vector field, M/ is the identity on C!' ® Vj for all j, from which the values of
c directly follow. O

Lemma 3.5 Suppose a coupled cell network is connected and active. Then the conditions (3.21)
for v €T\'S on the MY (if V; is of real type), M%, MY (if V; is of complex type) imposed by the
absence of connections, do not imply the conditions (i), (ii) or (iii) of Lemma 3.5.

Proof: By Corollary 2.5, the character vectors x(v) = (Xl('y),...,xn('y)> with v € S must

satisfy the above conditions. All the components of these vectors have modulus one. A condition
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of type MJ = M, where V7, V; are of type R, implies that the corresponding components of the
character vectors must satisfy

X (7) = xi(7)

for all v € S. As S generates I since the network is connected it follows that x; = x;, a contra-
diction. In the condition of type MY = MY, where V7 is of type R and V; is of complex type, this
implies that the corresponding components of the character vectors must satisfy

+1 = (xi)r(7)

where xi(7) = (xj)r(7) +i(x;j)1(7) € C is the character, which has modulus one. In turn this
implies that (x;)r(y) = 0. Consequently, as this property holds for all ¥ € S and S generates T', it
follows that x; is of real type, a contradiction.

In a similar way, the condition of type M% = Ml}év leads to the equation

(x;)r(Y) = (xi)r(7)

for v € S, which implies that x; = x; or x; = Xj, equivalently, YZ = Y/}j, a contradiction. O

Proof of Theorem 1.3: From the above lemmas we see that with active cells, conditions (i), (ii),
(iii) of Lemma 3.3 leading to degenerate codimension one eigenvalue behavior, can not happen,
unless the network is not connected.

By Lemma 3.3, hence with active cells, in one-parameter families, we generically have eigen-
value movements through the imaginary axis, following the codimension one eigenvalue behavior
in generic (general) equivariant vector fields. O
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