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Given two non negative integersa andb, with b , 0, we denote bya modb the
remainder of the division ofa by b. A modular Diophantine inequality(see [6]) is
an expression of the formax modb ≤ x. The set M(a,b) of the integer solutions
of this inequality is a numerical semigroup, that is, a subset of the setN of the non
negative integers that is closed under addition, contains 0 and whose complement
in N is finite. Not all numerical semigroups can be described by an inequality of
this form. We say that a numerical semigroupS is modularwith modulus band
factor a if S = {x ∈ N | ax modb ≤ x}.

WhenS is a numerical semigroup, we denote the finite setN \ S by H(S). The
elements of H(S) are called thegapsof S, and its cardinality, denoted #H(S), is
an important invariant of the semigroup which is called thesingularity degreeof
S (see [2]). Another important invariant ofS is the greatest integer that does not
belong toS, which is called theFrobenius numberof S and it is denoted by g(S)
(see [3]). Givenm ∈ S \ {0}, theApéry set(so called due to Aṕery’s paper [1]) of
S with respect tom is defined by Ap(S,m) = {s ∈ S | S−m < S}. It is well-known
and easy to prove (see, for instance, [4]) that Ap(S,m) = {w(0),w(1), . . . ,w(m−1)}
wherew(i) is the least element inS that is congruent withi modulom. The set
Ap(S,m) completely determines the semigroupS, sinceS = 〈Ap(S,m) ∪ {m}〉
(where by〈A〉 we denote the submonoid of (N,+) generated byA, that is, the set of
non negative integer linear combinations of elements ofA). Besides that, Ap(S,m)
contains, in general, much more information than an arbitrary system of generators
of S; in particular the Frobenius number and the singularity degree can be easily
computed from Ap(S,m).

In the first section we will give an explicit form of the set Ap(M(a,b),b). As
a consequence we obtain formulas for g(M(a,b)) and #H(M(a,b)). Note that the
formula we give for #H(M(a,b)) was already obtained in [6]; we offer here an
alternative proof.
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In the second section we introduce the concept of rotation of a numerical semi-
group and see how it is related with modular numerical semigroups. More pre-
cisely, ifS is a numerical semigroup,m ∈ S\{0}, Ap(S,m) = {w(0),w(1), . . . ,w(m−
1)} anda is a positive integer, then we define the (a,m)-rotationof S as R(S,a,m) =
{x ∈ N | w(ax modm) ≤ x}. We will see that R(S,a,m) is a numerical semi-
group that containsm and is contained in M(a,m). Furthermore we will prove
that R(S,a,m) = M(a,m) if and only if (a,m) ∈ S, where (x, y) denotes the
greatest common divisor of the integersx and y. In particular, we obtain that
M(a,b) = R(N,a,b) to any positive integersa andb.

If S is a numerical semigroup andd is a positive integer, thenSd = {x ∈ N | dx ∈
S} is a numerical semigroup which clearly containsS (see [5]). Such a semigroup
will be called thequotientof S by d.

In Section 3 we will see how to construct Ap(R(S,a,m),m) from Ap(S,m). This
will allow us to give formulas or bounds for the Frobenius number and the singu-
larity degree of R(S,a,m) in terms of the Frobenius number and the singularity
degree of a quotient ofS in Section 5.

In Section 4 we show that whend is a positive divisor ofm the set Ap
(

S
d ,

m
d

)
is obtained dividing byd the elements of Ap(S,m) that are multiples ofd. This
will allow us, in Section 5, to prove that if (a,m) = d, then #H(R(S,a,m)) =
d#H

(
S
d

)
+

m+1−d−(a−1,m)
2 and thatdg

(
S
d

)
+(d−1)m

d ≤ g(R(S,a,m)) ≤ dg
(

S
d

)
+m−1.

Notice that whena andb are coprime, asS1 = S, these results relate the invariants
of S under study with the corresponding invariants of R(S,a,m).

Throughout this paper, and unless otherwise stated,S is a numerical semigroup
anda, d andm are positive integers, withm ∈ S \ {0} andd = (a,m). Furthermore
we will write Ap(S,m) = {w(0),w(1), . . . ,w(m− 1)}. As Proposition 10 states that
R(S,a,m) is a numerical semigroup containingm, we will already announce the
notation that will be used: Ap(R(S,a,m),m) = {w(0),w(1), . . . ,w(m − 1)}. For
clarity, in the statments of many of our results we recall the notations fixed here.

1. M  

Recall that given two non negative integersa andb, with b , 0, the set M(a,b)
of integer solutions of an inequality of the formax modb ≤ x is a numerical
semigroup, which is said to bemodular. Recall also that ifS is a numerical semi-
group andm ∈ S \ {0}, then the Aṕery set ofS with respect tom is Ap(S,m) =
{w(0),w(1), . . . ,w(m− 1)}, wherew(i) is the least element inS that is congruent
with i modulom.

The proof of the following result is immediate.

Lemma 1. Let a and b be positive integers. If i∈ {0,1, . . . ,b− 1}, then

(b+ 1− a)i modb =

{
i − (ai modb) if ai modb ≤ i,
i − (ai modb) + b if ai modb > i.

It is clear thatb ∈ M(a,b) and, in addition, that every integer greater thanb also
belongs to M(a,b).
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Proposition 2. Let a and b be positive integers. Then

Ap(M(a,b),b) = {(ai modb) + (b+ 1− a)i modb | i = 0,1, . . . ,b− 1}.

Proof. By Lemma 1 we know that

(ai modb) + (b+ 1− a)i modb =

{
i if ai modb ≤ i,
i + b if ai modb > i.

Thus

(ai modb) + (b+ 1− a)i modb =

{
i if i ∈ M(a,b),
i + b if i < M(a,b).

The proof of the proposition now follows easily from the definition of the Apéry
set. �

Recall that ifS is a numerical semigroup, then #H(S) and g(S) denote the sin-
gularity degree and the Frobenius number ofS, respectively.

The following result is well-known and easy to prove.

Lemma 3. If S is a numerical semigroup and m∈ S \ {0}, then

g(S) = max(Ap(S,m)) −m.

As an immediate consequence of Proposition 2, we get this result.

Corollary 4. Let a and b be positive integers. Then

g(M(a,b)) = max{(ai modb) + (b+ 1− a)i modb | i = 0,1, . . . ,b− 1} − b.

The next result appears in [7] and shows how to compute the singularity degree
of a numerical semigroup, once the Apéry set with respect to any of its non-zero
elements is known.

Lemma 5. Let S be a numerical semigroup andAp(S,m) = {w(0),w(1), . . . ,w(m−
1)}, where m∈ S \ {0}. Then

#H(S) =
1
m

(w(1)+ · · · + w(m− 1)) −
m− 1

2
.

A usefull reformulation of this lemma is the following:

Lemma 6. If Ap(S,m) = {0, k1m+ 1, . . . , km−1m+ (m− 1)}, then

#H(S) = k1 + k2 + · · · + km−1.

Recall that we are aiming to give a formula for #H(M(a,b)). In view of the
formula given by Lemma 5 and due to the way Proposition 2 allows us to express
the elements of Ap(M(a,b),b), an important step is the observation contained in
the following lemma. It provides a way to calculate the value of expressions of the
form

∑b−1
i=1 ai modb.

Lemma 7. If a and b are positive integers and d= (a,b), then
b−1∑
i=1

ai modb =
b(b− d)

2
.
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Proof. Clearly

b−1∑
i=1

ai modb = d
b−1∑
i=1

a
d

i mod
b
d
= d2

b
d−1∑
i=1

i = d2
b
d

(
b
d − 1

)
2

=
b(b− d)

2
.

�

Now we exhibit a formula for #H(M(a,b)), which already appeared in [6, The-
orem 12].

Proposition 8. Let a and b be positive integers. Then

#H(M(a,b)) =
b+ 1− (a,b) − (a− 1,b)

2
.

Proof. By Proposition 2 and Lemma 5 we know that

#H(M(a,b)) =
1
b

b−1∑
i=1

ai modb+
b−1∑
i=1

(b+ 1− a)i modb

 − b− 1
2
.

By Lemma 7 we have that
b−1∑
i=1

ai modb =
b(b− (a,b))

2

and
b−1∑
i=1

(b+ 1− a)i modb =
b(b− (b+ 1− a,b))

2
=

b(b− (a− 1,b))
2

.

Thus

#H(M(a,b)) =
1
b

(
b(b− (a,b))

2
+

b(b− (a− 1,b))
2

)
−

b− 1
2

=
b− (a,b)

2
+

b− (a− 1,b)
2

−
b− 1

2

=
b+ 1− (a,b) − (a− 1,b)

2
.

�

2. R   

Recall that we use the notation R(S,a,m) = {x ∈ N | w(ax modm) ≤ x} and
say that R(S,a,m) is an (a,m)-rotation of S. The main result of this section, The-
orem 17, shows that (a,m) ∈ Sif and only if R(S,a,m) = M(a,m).

The following result can be easily deduced from [4, Proposition 10.5]. It plays
an important role in the proofs of Proposition 10 and Lemma14.

Lemma 9. Let x∈ N. Then x∈ S if and only if w(x modm) ≤ x. Furthermore, if
i, j ∈ {0,1, . . . ,m− 1}, then w(i) + w( j) ≥ w((i + j) modm).

Proposition 10. R(S,a,m) is a numerical semigroup containing m.
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Proof. As 0 = w(0) = w(ammodm) ≤ m, we have that 0,m ∈ R(S,a,m). Let
x, y ∈ R(S,a,m). Thenw(ax modm) ≤ x andw(aymodm) ≤ y. By applying the
preceding lemma, we have thatw(a(x+y) modm) ≤ w(ax modm)+w(aymodm) ≤
x + y, and thereforex + y ∈ R(S,a,m). Let α = max{w(0),w(1), . . . ,w(m− 1)}.
Clearly if x is an integer such thatx ≥ α, thenx ∈ R(S,a,m). ThusN \ R(S,a,m)
is finite and consequently R(S,a,m) is a numerical semigroup. �

Now we can fix the notation Ap(R(S,a,m),m) = {w(0),w(1), . . . ,w(m − 1)}
already announced.

When (a,m) ∈ S the following lemma guarantees that ifi ∈ {0,1, . . . ,m− 1} is
a multiple of (a,m), thenw(i) is not greater thatm− 1. As a consequence we will
be able to prove a part of the main result of this section.

Lemma 11. If (a,m) = d ∈ S and w(i) = kim+ i for all i ∈ {0,1, . . . ,m− 1}, then
kd = k2d = · · · = k( m

d −1)d = 0.

Proof. As d ∈ S we have that
{
d,2d, . . . ,

(
m
d − 1

)
d
}
⊆ S. From

(
m
d − 1

)
d < m, it

follows thatid −m < S for all i ∈
{
1,2, . . . , m

d − 1
}
. Thus

{
d,2d, . . . ,

(
m
d − 1

)
d
}
⊆

Ap(S,m). Hencew(id) = id for all i ∈
{
1, . . . , m

d − 1
}

and consequentlykid = 0. �

Proposition 12. If (a,m) = d ∈ S , thenR(S,a,m) = M(a,m).

Proof. Recall thatx ∈ R(S,a,m) if and only if w(ax modm) ≤ x. Let us sup-
pose again thatw(i) = kim+ i for all i ∈ {0,1, . . . ,m− 1}. As w(ax modm) =
w

(
d
(

a
d x mod m

d

))
and w(ax modm) = kd( a

d x mod m
d )m + ax modm, by applying

Lemma 11, we have thatw(ax modm) = ax modm. Thusx ∈ R(S,a,m) if and
only if ax modm≤ x. This proves that R(S,a,m) = M(a,m). �

Since (a,m) always belongs toN, the previous proposition has as an immediate
consequence that the set of all modular numerical semigroups coincides with the
set of all rotations ofN, as is stated in the following corollary.

Corollary 13. Let a and b be positive integers. ThenM(a,b) = R(N,a,b).

From Lemma 9 one may deduce easily the following result.

Lemma 14. Let S and T be numerical semigroups containing the positive integer
m. LetAp(S,m) = {w(0),w(1), . . . ,w(m−1)} andAp(T,m) = {w̃(0), w̃(1), . . . , w̃(m−
1)}. Then S⊆ T if and only if w̃(i) ≤ w(i) for all i ∈ {0,1, . . . ,m− 1}.

Proposition 15. Let S and T be numerical semigroups such that S⊆ T and let
m ∈ S \ {0}. ThenR(S,a,m) ⊆ R(T,a,m).

Proof. Suppose that Ap(S,m) = {w(0),w(1), . . . ,w(m− 1)} and that Ap(T,m) =
{w̃(0), w̃(1), . . . , w̃(m−1)}. If x ∈ R(S,a,m), thenw(ax modm) ≤ x. By Lemma 14
we know thatw̃(ax modm) ≤ w(ax modm) ≤ x, and thereforex ∈ R(T,a,m). �

Corollary 16. One has:R(S,a,m) ⊆ M(a,m).

Proof. SinceS ⊆ N, by Proposition 15 we know that R(S,a,m) ⊆ R(N,a,m) and
by Corollary 13 we have that R(N,a,m) = M(a,m). �
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Next we show that the converse of Proposition 12 also holds, thus completing
the proof of the result announced.

Theorem 17. Let S be a numerical semigroup, a be a positive integer, m∈ S \ {0}
and d= (a,m). ThenR(S,a,m) = M(a,m) if and only if d∈ S .

Proof. As we pointed out above, in view of Proposition 12 we only have to prove
necessity. Let Ap(S,m) = {w(0),w(1), . . . ,w(m−1)}. If R(S,a,m) = M(a,m), then
from Proposition 2 we deduce thatai modm+ (m+ 1 − a)i modm ∈ R(S,a,m)
for all i ∈ {0,1, . . . ,m− 1}. Thusw(a(ai modm+ (m+ 1− a)i modm) modm) ≤
ai modm+ (m+ 1− a)i modmand consequentlyw(ai modm) ≤ ai modm+ (m+
1 − a)i modm. Sincew(ai modm) is congruent withai modm modulo m and
(m+1−a)i modm ∈ {0,1, . . . ,m−1}, we deduce thatw(ai modm) = ai modm. It
follows thatai modm ∈ S for all i ∈ {0,1, . . . ,m− 1}. As

(
a
d ,

m
d

)
= 1, there exists

t ∈
{
1, . . . , m

d − 1
}

such thatad t mod m
d = 1. Thend = d

(
a
d t mod m

d

)
= at modm ∈

S. �

3. T Á    

Recall that we have fixed some notation. Namely, the elements of Ap(S,m) and
Ap(R(S,a,m),m) are denoted byw(i) andw(i) respectively, wherei ∈ {0,1, . . . ,m−
1}.

Next result establishes a relationship between the elements of the Apéry sets
Ap(S,m) and Ap(R(S,a,m),m). It is then reformulated in a more convenient way
in Theorem 19.

Lemma 18. If w(i) = kim+ i for all i ∈ {0,1, . . . ,m− 1}, then

w(i) =

{
kai mod m ·m+ i if ai modm≤ i,
(kai mod m+ 1) ·m+ i if ai modm> i.

Proof. Let x ∈ N be such thatx modm= i ∈ {0,1, . . . ,m− 1}. Thenx ∈ R(S,a,m)
if and only if w(ai modm) ≤ x, which is equivalent tokai mod m·m+(ai modm) ≤ x.
Thusw(i) is the least integer congruent withi modulom that is greater than or equal
to kai mod m ·m+ (ai modm). The proposition is then easily deduced. �

Theorem 19. If i ∈ {0,1, . . . ,m− 1}, then

w(i) = w(ai modm) + (m+ 1− a)i modm.

Proof. From Lemma 18, and taking into account thatw(ai modm) = kai mod m·m+
ai modm, we deduce that ifi ∈ {0,1, . . . ,m− 1}, then

w(i) = w(ai modm) +

{
i − ai modm if ai modm≤ i,
i − ai modm+m if ai modm> i.

The rest of the proof follows by Lemma 1. �

As we have seen above, by having a good description of the Apéry set of a nu-
merical semigroup we can obtain important data of the given numerical semigroup.
Theorem 19 will be used in the rest of this paper to take profit of this fact.
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Example20. Let S = 〈5,7,9〉. We will use Theorem 19 to compute R(S,2,5) and
S = 〈5,7,9〉.

Since Ap(S,5) = {w(0) = 0,w(1) = 16,w(2) = 7,w(3) = 18,w(4) = 9}, we get
that Ap(R(S,2,5),5) = {w(0) = 0,w(1) = 11,w(2) = 12,w(3) = 18,w(4) = 19}.
Thus R(S,2,5) = 〈5,11,12,18,19〉.

Since Ap(S,9) = {w(0) = 0,w(1) = 10,w(2) = 20,w(3) = 12,w(4) = 22,w(5) =
5,w(6) = 15,w(7) = 7,w(8) = 17}, we get that Ap(R(S,6,9),9) = {w(0) =
0,w(1) = 19,w(2) = 20,w(3) = 3,w(4) = 22,w(5) = 14,w(6) = 6,w(7) =
16,w(8) = 17}. Thus R(S,6,9) = 〈9,19,20,3,22,14,6,16,17〉 = 〈3,14,16〉.

Theorem 17 suggests that the function assigning to each integera ∈ {0,1, . . . ,m−
1} the numerical semigroup R(S,a,m) is not injective in general. Next exam-
ple shows, in particular, that this application not is injective even if we require
(a,m) = 1.

Example21. Let S = 〈5,6,7,8,9〉. Then Ap(S,5) = {w(0) = 0,w(1) = 6,w(2) =
7,w(3) = 8,w(4) = 9}. Using Theorem 19 we get that both Ap(R(S,2,5),5) and
Ap(R(S,4,5),5) are equal to{0,11,12,8,9}. Consequently R(S,2,5) = R(S,4,5).

Remark22. Recall that the Eulerϕ function is defined byϕ(n) = #{i ∈ N | 1 ≤
i ≤ n and (n, i) = 1}, for any positive integern. Observe that we have the equality
R(S,a,m) = R(S,a modm,m) and therefore #{g(R(S,a,m)) | (a,m) = 1} ≤ ϕ(m).
Example 21 shows that the previous bound is not attainable.

From Theorem 19 we deduce that max Ap(R(S,a,m)) ≤ max Ap(S,m) +m− 1.
By applying Lemma 3 we get the following result.

Corollary 23. g(R(S,a,m)) ≤ g(S) +m− 1.

We intend now to continue the study of the Frobenius number and the singularity
degree of R(S,a,m). The study for the general case will only be done in Section 5,
since we need to study previously the quotients of a numerical semigroup by a pos-
itive integer, and this will be done in Section 4. But the case of co-prime rotations,
that is, (a,m)-rotations with (a,m) = 1, is easier. We leave the result on the singu-
larity degree for a corollary of Theorem 35, but we give here the result concerning
the Frobenius number, since this result motivates an example and the reader may
benefit from reading a simpler proof which contains the main ideas, although the
result is not as general as possible.

Proposition 24. If (a,m) = 1, theng(S) ≤ g(R(S,a,m)) ≤ g(S) +m− 1.

Proof. By Corollary 23 it suffices to prove that g(S) ≤ g(R(S,a,m)). By The-
orem 19 we know thatw(i) = w(ai modm) + (m + 1 − a)i modm for all i ∈
{0,1, . . . ,m−1}. As (a,m) = 1, then{w(0),w(1), . . . ,w(m−1)} = {w(ai modm) | i ∈
{0,1, . . . ,m− 1}}. Thus max Ap(S,m) ≤ max Ap(R(S,a,m),m). Using Lemma 3
we get that g(S) ≤ g(R(S,a,m)). �

The following example shows that the upper bound given in previous proposi-
tion is attainable. The lower bound is clearly attainable, since if we takea = 1, we
get R(S,1,m) = S.
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Example25. Let S = 〈3,34〉. Then Ap(S,3) = {w(0) = 0,w(1) = 34,w(2) =
68}. By Lemma 3 we have g(S) = 65. Applying now Theorem 19 we have
Ap(R(S,2,3),3) = {w(0) = 0,w(1) = 70,w(2) = 35}. By Lemma 3 we have
g(S) = 67.

4. T     

Given a numerical semigroup and a positive integerp, let M
p = {x ∈ N | px ∈ M}.

Clearly M
p is a numerical semigroup containingM. FurthermoreM

p = N if and only

if p ∈ N. The semigroupM
p is calledquotient numerical semigroupof M by the

integerp (see [5]). In this sectiond is a positive divisor ofm.

Lemma 26. Let i ∈
{
0, . . . , m

d − 1
}
. Then w(id) is a multiple of d. Furthermore

w(id)
d is congruent with i modulomd .

Proof. Sincew(id) = km+ id for somek ∈ N, w(id) is a multiple ofd and w(id)
d =

km
d + i. �

Observe thatmd ∈
S
d and therefore it makes sense to talk about Ap

(
S
d ,

m
d

)
. Next

result shows how to obtain this set from Ap(S,m).

Theorem 27. The setAp
(

S
d ,

m
d

)
is obtained dividing by d the elements ofAp(S,m)

that are multiples of d.

Proof. Let ` ∈ {0, . . . ,m− 1} andw(`) ∈ Ap(S,m). Thenw(`) = km+ ` for some
k ∈ N. As d is a divisor ofm we deduce thatw(`) is a multiple ofd if and only
if ` is a multiple ofd. Therefore

{
w(0),w(d), . . . ,w

(
d
(

m
d − 1

))}
is the set formed

by the elements of Ap(S,m) that are multiples ofd. Furthermore, from Lemma 26
we know that ifi ∈

{
0, . . . , m

d − 1
}
, then w(id)

d is congruent withi modulo m
d . To

conclude the proof it suffices to show thatw(id)
d is the least element ofSd that is

congruent withi modulom
d . Let x ∈ S

d be such thatx is congruent withi modulom
d .

Thendx ∈ S and, applying Lemma 9 we have thatw(dx modm) ≤ dx. Therefore
w(di) ≤ dx and consequentlyw(id)

d ≤ x. �

Example28. Let S = 〈5,6,8〉. Then Ap(S,6) = {0,13,8,15,10,5}. By the previ-
ous theorem we get that Ap

(
S
2 ,3

)
= {0,4,5}. ThereforeS

2 = 〈3,4,5〉.

As an immediate consequence of Theorem 27, making use of Lemmas 6 and 3,
we get the following corollary.

Corollary 29. If Ap(S,m) = {0, k1m+ 1, . . . , km−1m+ (m− 1)}, then:

(1) Ap
(

S
d ,

m
d

)
=

{
0, kd

m
d + 1, . . . , k( m

d −1)d
m
d +

(
m
d − 1

)}
.

(2) #H
(

S
d

)
= kd + k2d + · · · + k( m

d −1)d.

(3) g
(

S
d

)
= max

{
0, kd

m
d + 1, . . . , k( m

d −1)d
m
d +

(
m
d − 1

)}
− m

d .
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5. S   F    

In this section we will obtain bounds for the Frobenius number and a formula for
the singularity degree of a rotation in terms of the same invariants of the original
semigroup. The following lemma exhibits an element of R(S,a,m) which proves
out to be fundamental in this task. Recall thatd = (a,m).

Lemma 30. m
d ∈ R(S,a,m).

Proof. As w
(
am

d modm
)
= w(0) = 0, we have thatw

(
am

d modm
)
≤ m

d and there-
fore m

d ∈ R(S,a,m). �

As m
d ∈ R(S,a,m) it makes sense to talk about Ap

(
R(S,a,m), m

d

)
. Well, in this

section we will assume that Ap
(
R(S,a,m), m

d

)
=

{
w′(0),w′(1), . . . ,w′

(
m
d − 1

)}
.

This set is contained in Ap(R(S,a,m),m), as shows the following lemma.

Lemma 31. If x ∈ Ap
(
R(S,a,m), m

d

)
, then x∈ Ap(R(S,a,m),m).

Proof. If x−m ∈ R(S,a,m) thenx− m
d ∈ R(S,a,m), sincex− m

d = x−m+ (d−1)m
d

and m
d ∈ R(S,a,m). �

Now we are able to present a very convenient way to express the elements of
Ap(R(S,a,m),m). Notice that, in view of Theorem 17, the next result has Proposi-
tion 2 as an immediate consequence.

Theorem 32. If i ∈
{
0, . . . , m

d − 1
}
, then

w′(i) = w(ai modm) + (m+ 1− a)i mod
m
d
.

Proof. Observe that using Lemma 31 and the definition of Apéry set one immedi-
ately concludes that Ap

(
R(S,a,m), m

d

)
consists of the elements of Ap(R(S,a,m),m)

that subtracted bymd do not belong to R(S,a,m).
By Theorem 19 we know thatw( j) = w(a j modm)+(m+1−a) j modm for every

j ∈ {0, . . . ,m− 1}. Applying the definition of R(S,a,m) we have thatw( j) − m
d <

R(S,a,m) if and only if w
(
a
(
w(a j modm) + (m+ 1− a) j modm− m

d

)
modm

)
>

w(a j modm) + (m+ 1 − a) j modm− m
d . Observe thatw(a j modm) + (m+ 1 −

a) j modm modulom is preciselya j + (m+ 1 − a) j modulom and therefore we
have thatw

(
a
(
w(a j modm) + (m+ 1− a) j modm− m

d

)
modm

)
= w(a j modm).

Thusw( j) − m
d < R(S,a,m) if and only if w(a j modm) > w(a j modm) + (m+ 1−

a) j modm− m
d and this equivalent to (m+ 1− a) j modm < m

d . Observe now that
(m+ 1− a) j modm< m

d if and only if (m+ 1− a) j modm= (m+ 1− a) j mod m
d .

Consequentlyw( j) − m
d < R(S,a,m) if and only if w( j) = w(a j modm) + (m+ 1−

a) j mod m
d . As we havea j modm = d

(
a
d j mod m

d

)
= d

(
a
d

(
j mod m

d

)
mod m

d

)
=

a
(
j mod m

d

)
modm and (m+ 1− a) j mod m

d = (m+ 1− a)
(
j mod m

d

)
mod m

d , we

can say thatw( j) − m
d < R(S,a,m) if and only if w( j) = w

(
a
(
j mod m

d

)
modm

)
+

(m+1−a)
(
j mod m

d

)
mod m

d . Consequently, the elements of Ap(R(S,a,m),m) that
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subtracted bymd do not belong to R(S,a,m) are those of the formw(ai modm) +

(m+ 1− a)i mod m
d with i ∈

{
0, . . . , m

d − 1
}
. �

Example33. Let S = 〈5,7,9〉. We will use the preceding theorem to compute
R(S,6,9). By Example 20 we know that Ap(S,9) = {w(0) = 0,w(1) = 10,w(2) =
20,w(3) = 12,w(4) = 22,w(5) = 5,w(6) = 15,w(7) = 7,w(8) = 17}. Using Theo-
rem 32 we have that Ap(R(S,6,9),3) = {0,16,14}. Thus R(S,6,9) = 〈3,14,16〉.

Next we get bounds for the Frobenius number of R(S,a,m).

Corollary 34. dg
(

S
d

)
+ (d − 1)m

d ≤ g(R(S,a,m)) ≤ dg
(

S
d

)
+m− 1.

Proof. By Theorem 32 we know thatw′(i) = w
(
d
(

a
d i mod m

d

))
+(m+1−a)i mod m

d

for all i ∈ {0, . . . , m
d − 1}. We observe thatw

(
d
(

a
d i mod m

d

))
is an element of

Ap(S,m) that is a multiple ofd. Applying then Theorem 27 we have the inequal-
ities d

(
max Ap

(
S
d ,

m
d

))
≤ max Ap

(
R(S,a,m), m

d

)
≤ d

(
max Ap

(
S
d ,

m
d

))
+ m

d − 1.

If we apply now Lemma 3 we obtain thatd
(
g
(

S
d

)
+ m

d

)
≤ g(R(S,a,m)) + m

d ≤

d
(
g
(

S
d

)
+ m

d

)
+ m

d − 1. Consequentlydg
(

S
d

)
+ (d− 1)m

d ≤ g(R(S,a,m)) ≤ dg
(

S
d

)
+

m− 1. �

Notice that sinceS1 = S, Proposition 24 is an immediate consequence of Corol-
lary 34. Observe also that by Example 25 the bounds are attainable. Now comes
the announced result that relates the singularity degrees of a rotation and a quotient
of S.

Theorem 35. #H(R(S,a,m)) = d#H
(S
d

)
+

m+ 1− d − (a− 1,m)
2

.

Proof. Let us suppose that Ap(S,m) = {k0m+ 0, k1m+ 1, . . . , km−1m+ (m− 1)}.
Then by Lemma 18 we know thatw(i) = kai mod mm+ i where

kai mod m =

{
kai mod m if ai modm≤ i,
kai mod m+ 1 if ai modm> i.

By Lemma 6 we know that

#H(R(S,a,m)) =
m−1∑
i=1

kai mod m

and by Proposition 8 that
m−1∑
i=1

kai mod m =

m−1∑
i=1

kai mod m+
m+ 1− d − (a− 1,m)

2
.

Observe thatai modm= a
(
i mod m

d

)
modm. Thus

m−1∑
i=1

kai mod m = d

m
d −1∑
i=1

kd( a
d i mod m

d ) = d
(
kd + · · · + k( m

d −1)d

)
.

Applying (2) of Corollary 29 we have thatkd + · · · + k( m
d −1)d = #H

(
S
d

)
and the

result follows. �
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Observing thatS1 = S we get the following corollary.

Corollary 36. If (a,m) = 1, then

#H(R(S,a,m)) = #H(S) +
m− (a− 1,m)

2
.

A proof of this result could have given without using quotients. Notice that
as (a,m) = 1, the functionσ : {1, . . . ,m − 1} → {1, . . . ,m − 1} defined by
σ(i) = ai modm is a bijection. From Lemma 18 we could then deduce that
Ap(R(S,a,m),m) = {0, kσ(1)m+ 1, . . . , kσ(m−1)m+ (m− 1)}, where

kσ(i) =

{
kσ(i) if σ(i) ≤ i,
kσ(i) + 1 if σ(i) > i.

The result would then follow by using Lemma 6 and Proposition 8.
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ally modular Diophantine inequalities, J. Number Theory103(2003), 281-294.
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