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Abstract. We introduce a method to estimate the size of the domain of definition of the solutions
of a meromorphic vector field on a neighborhood of its pole divisor. The method is based on
combining the foliated affine structure induced on the leaves of the associated foliation contained
in the pole divisor with a natural transversely conformal structure on the normal bundle of the
mentioned divisor. As applications of this method we prove a type of “confinement theorem” for
solutions of complete polynomial vector fields on ℂn and we provide obstructions for certain (germs
of) vector fields be realized by a global holomorphic vector field on a compact Kähler manifold. As
a complement, we shall also indicate how this method may be used to recover an partially extend
some well-known results implying that certain foliations on projective spaces have only hyperbolic
leaves.

1. Introduction

The object of this paper is a method to investigate the domain of definition of solutions for
holomorphic (meromorphic) vector fields. This method is quite general and applicable to arbitrarily
high dimensions whereas it provides new results already in dimension 3. As a consequence this
work is essentially constituted by two parts, the first one corresponding to the introduction of the
method and the second one describing some applications of it. While our method makes sense
in arbitrarily high dimension, some of the results presented in the first sections have sharpened
versions in dimension 3 so that some emphasis is going to be put in this case. This general
material makes up the contents of Sections 2 until 4. Section 5 is totally devoted to applications
of the corresponding material. This section contains the proofs of all the main results stated
below. FInally the paper also includes an appendix (Section 6). This appendix is bipartite: in
its first part (Section 6.1), we shall indicate how our method can be adapted to recover some
well-known theorems about simultaneous uniformization of leaves of holomorphic foliations. The
second part of the appendix, namely Section 6.2, contains a discussion of the effect of a special
type of “more degenerate” singularity and its impact on the structure of the method (contrasting
with the behavior of “simple singularities” discussed in Section 4).

The prototype of vector fields to which our method can be applied are polynomial vector fields
defined on ℂn. Let X be one of these vector fields and suppose that the degree d of X is at least 2.
Suppose in addition that the top-degree component of X is not a multiple of the radial vector field
x1∂/∂x1 + ⋅ ⋅ ⋅+ xn∂/∂xn. Next consider the compactification of ℂn in ℂP (n) and denote by Δ∞
the hyperplane at infinity. The (singular) foliation D associated to X extends holomorphically
to all of ℂP (n) and (this extension) leaves of hyperplane Δ∞ invariant (note that this foliation
is denoted by D in order to save the notation ℱ for the foliation associated to a homogeneous
polynomial vector field). On the other hand the vector field X admits a meromorphic extension to
ℂP (n) whose divisor of poles is (1− d)Δ∞. The existence of the vector field X allows us to equip
each regular leaf of D with an Abelian form dT , referred to the time-form of X, which is defined
at a point p of a leaf Lp of D by the condition dpT.X(p) = 1. Consider now a leaf L∞ ⊂ Δ∞ of
the foliation induced on Δ∞ by D. Unlike the (affine) leaves of D, L∞ cannot be equipped with
a time-form dT since X ≡ ∞ on Δ∞. To try to overcome this difficulty, we introduce a sort of
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“renormalization” of X near Δ∞ so as to obtain an Abelian form defined on L∞. The resulting
“Abelian form” however depends on the “scaling” given to vertical in a “tubular neighborhood” of
Δ∞ so that what is actually obtained is not an Abelian form but rather an affine structure on L∞.
This is the same phenomenon appearing in [Gu-R]. Another way to formulate this idea consists of
observing that each affine leaf of D is endowed with a flat structure. Indeed flat structures on L
are in natural correspondence with Abelian forms as above. For the affine leaves L we can consider
the affine structure underlying the given flat structure i.e. the flat structure can be “relaxed” into
a (“more flexible”) affine structure, with the terminology of [Th]. The advantage of doing so lies in
the fact that these affine structures have a natural limit on Δ∞ in the sense that leaves L∞ ⊂ Δ∞
are also equipped with an affine structure. Clearly this cannot be true for the “stiff” flat structure
of the affine leaves. The existence of this affine structure was originally pointed out in [Gu-2] and
is essentially equivalent to the notion of “renormalized time-form” previously considered by the
first author.

The starting point of our method is the observation that the above mentioned affine structure
on L∞ is naturally encoded by “an Abelian form defined only up to multiplication by constants”.
In turn this point of view lends itself well to estimate the flow of X near Δ∞ provided that we can
keep control of the “distance to Δ∞” of the evolving points. Controlling this distance is the second
ingredient of our method. This stems from observing that the “cone over” L∞ is preserved by
X provided that X is, in addition, homogeneous. The foliation restricted to this cone, which has
dimension 2, has therefore a transverse conformal structure and this allows us to consider another
Abelian form, namely “the logarithmic derivative” of the holonomy of the mentioned foliation. Our
method consists essentially of combining the (foliated) affine structure with the (normal) conformal
structure to obtain information about the “asymptotic” behavior of X.

From our point of view the main result of this paper is Theorem 3.3 and Theorem 4.1. The-
orem 3.3 is proved in Section 3 and it has the advantage of being valid in arbitrary dimensions.
Theorem 4.1 is proved in Section 4 and more closely concerned with the 3-dimensional case. The
applications of these results discussed below are chiefly concerned with complete or semi-complete
vector fields. Yet it is worth pointing out that this condition does not constitute an actual limita-
tion of our methods as it will be explained in Appendix 6.1.

Let us now focus our attention on the applications involving complete/semi-complete vector
fields that will be developed in Section 5. Our first application concerns complete polynomial
vector fields on ℂn. Let us begin by recalling a result due to Suzuki [Su] stating that an orbit of
type ℂ∗ of a complete vector field on a Stein space has analytic closure. In the present context of
polynomial vector fields on ℂn there is also a result of Brunella [Br-2] establishing the existence of
a rational first integral provided that the generic orbit of X is of type ℂ∗. The reader is referred
to [Su] for the natural notions of orbits of type ℂ and ℂ∗. The notion of generic orbits follows also
from [Su] where it is shown that all orbits have the same type with possible exception of a set with
zero logarithmic capacity. In the presence of (sufficiently many) rational first integrals, the orbits
of X becomes algebraic curves in ℂP (n) viewed as a natural compactification of ℂn. Considered as
a vector field on ℂP (n), X is meromorphic with pole divisor contained in the plane at infinity Δ∞
whereas its orbits induce a singular holomorphic foliation ℱ on ℂP (n). Thus a leaf as above will
have punctual ends contained in Δ∞ . In other words this leaf becomes compact modulo adding
to it one or two points of Δ∞. It is easy to see that the points added to the leaf must be singular
points of ℱ so that the corresponding orbits of X may be thought of as becoming confined in the
singular set of ℱ .
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Naturally the above picture is no longer valid if, for example, vector fields with generic orbit of
type ℂ (i.e. simply connected) are considered. Simple cases as

X = y
∂

∂y
+ xy

[
x
∂

∂x
− y ∂

∂y

]
on ℂ2 already exhibit non-properly embedded orbits accumulating on all of the “line at infinity”
in the projective plane. Nonetheless we shall prove here that a “probabilistic version” of the
above discussion remains true in the present case, at least for “half of the leaf”. To state our
“probabilistic” version of confinement for orbits for complete polynomial vector fields on ℂn, we
proceed as follows. Let L be a leaf of D corresponding to an orbit of X (further details on the
definition of leaf for this singular context can be found in Section 2). On L two (singular) oriented
real one-dimensional foliations ℋ, ℋ⊥ are going to be defined. The variations of these foliations
with the variation of the leaf L of D is very regular as it will be apparent from their definitions (cf.
Sections 2 and 5). More importantly, ℋ, ℋ⊥ are mutually orthogonal with respect to the conformal
structure of L, in fact, they agree respectively with the real foliation and the purely imaginary
foliation induced on L by a certain Abelian form. Since L is endowed with a conformal structure,
it makes sense to define also foliations ℋ� whose (oriented) trajectories makes an angle � with the
oriented trajectories of ℋ (� ∈ [−�, �]). The trajectories of these foliations define the “directions
of confinement” for L as it is seen from Theorem A below. In the sequel Φ : ℂ×ℂn → ℂn stands
for the holomorphic flow generated by X whereas Sing (D) ⊂ ℂP (n) denotes the singular set of D.

Theorem A. Fix an arbitrarily small neighborhood V of (Sing (D) ∩ Δ∞) ∪ Sing (X) in ℂP (n)
and suppose we are given a point p ∈ ℂn, X(p) ∕= 0 and an angle � ∈ (−�/2, �/2). Denote by Lp
(resp. l+,�p ) the leaf of ℱ through p (resp. the semi-trajectory of ℋ� initiated at p) and consider

the lift c : [0,∞) → ℂ by Φ, i.e. t ∈ [0,∞) 7→ Φ(c(t), p) is a one-to-one parametrization of l+,�p

(c(0) = 0). Then there is a constant C such that

meas ({t ∈ [0,∞) ; Φ(c(t), p) ∕∈ V }) < C ,

where meas stands for the usual Lebesgue measure on ℝ.

The preceding theorem states that the trajectory l+,�p spend most of its time in the neighborhood
V and hence arbitrarily close to the singular points of D. Furthermore the constant C varies
continuously with �. In particular if a compact interval [−�/2 + �, �/2 − �] ⊂ (−�/2, �/2) then
C can be chosen so that the above estimate holds also for every � ∈ [−�/2 + �, �/2 − �]. The
existence of C uniform for � ∈ [−�/2 + �, �/2− �] allows us to generalize the statement to paths
c ⊂ Lp more general than the trajectories of ℋ�, for example we may consider paths c as before
such that the angle made at the point c(t) by the speed vector c′(t) and the foliation ℋ lies in
[−�/2 + �, �/2− �] for all t. Details on these statements are left to the reader.

Theorem A admits a variant that focuses on the “area” defined on ℂ by those values of T
such that Φ(T, p) ∈ V and whose statement bears a stronger resemblance with standard ergodic
theorems. To state it, let Br ⊂ ℂ denote the disc of radius r about 0 ∈ ℂ. A continuous path
properly embedded c : (−∞,∞) → ℂ is a separating curve if it is of class C∞ with possible
exception of a discrete set and it is either periodic or it satisfies the condition limt→−∞ c(t) =∞,
limt→∞ c(t) =∞ (where the last conditions means that the curve eventually leaves every compact
subset of ℂ. A separating curve divides ℂ in at least two connected component and at least one
of these components is unbounded. Then we have:

Theorem A’. Let V , Lp and p ∈ ℂn be as above. Consider the parametrization of Lp by ℂ
(possibly as a covering map) which is given by Φp(T ) = Φ(T, p). Then there exists a separating
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curve c : (−∞,∞)→ ℂ, Φp(c(0)) = p, and an unbounded component U+ of ℂ ∖ c(t) such that the
following holds: the set TV ⊂ U+ ⊂ ℂ defined by

TV = {T ∈ U+ ⊂ ℂ ; Φ(T, p) ∈ V }

satisfies

lim
r→∞

Meas (TV ∩Br)

Meas (U+ ∩Br)
= 1 ,

where Meas stands for the usual Lebesgue measure of ℂ (≃ ℝ2).

Unlike most standard averaging theorems, it is to be noted that the statement above holds for
every point p ∈ ℂn and not only for almost all points in ℂn. Besides it is easy to conclude from
the proof given in Section 5.1 that for all almost all point p the corresponding separating curve is
smooth. In fact, this separating curve is nothing but a geodesic (“straight line”) for a suitable flat
structure on ℂ which is naturally comparable with the standard one. For further details we refer
to Section 5.1.

From a heuristic point of view, the above theorems indicate that the singularities of D lying
in Δ∞ contains a large amount of information about the whole dynamics of the vector field X.
According to this principle, it is natural to wonder that vector fields whose associated foliation D
has only “simple singularities” in Δ∞ must be amenable to a detailed analysis. A natural good
candidate to serve as model for “simple singularities” is constituted by those singularities at which
D has non-degenerate linear part. More precisely a (necessarily isolated) singular point q of D
is said to have non-degenerate linear part if D can be represented on a neighborhood of q by a
vector field having non-degenerate linear part at q (i.e. the Jacobian matrix of X at q is invertible,
equivalently, it possesses n eigenvalues different from zero). In virtue of the so-called Poincaré-
Dulac normal forms, for a singularity to be “honestly” simple in this context, we also require that
the linear parts of singularities obtained from the initial one through birational transformations
remain non-degenerate. Equivalently we assume that no singularity of D in Δ∞ admits non-
trivial Poincaré-Dulac normal forms. The prototype to understand the point of this assumption
is 2-dimensional Poincaré-Dulac singularities: though their linear parts are non-degenerate, their
“irreducible model” in the sense of Seidenberg contains a saddle-node singularity (i.e. a singularity
having one eigenvalues equal to 1 and the other equal to 0). In other words, despite having non-
degenerate linear parts, these singularities are not “simple” and therefore they are not in line with
the principle of understanding X provided that we fully understand the singularities of D in Δ∞.
This explains why it is natural to rule them out of the subsequent discussion. Also to keep ideas
as transparent as possible, only the case n = 3 will be studied in what follows. We consider this
case to be of sufficient interest since the structure of complete polynomial vector fields on ℂ3 is
widely unknown.

Now we state:

Theorem B. Let X be a complete polynomial vector field on ℂ3 and denote by D its associated
foliation. Suppose that all singularities of D lying in Δ∞ have non-degenerate linear part and that
none of them admits a non-trivial Poincaré-Dulac normal form. Then X possesses a rational first
integral. Besides if D does not define a rational pencil on ℂ3 (what would make D completely
integrable) then the generic orbit of X is of type ℂ∗.

Remark. A reader more familiar with complete polynomial vector fields may be reminded here
that the condition imposed on the singularities of D does not immediately imply that the vector
field X must have degree 2. In fact, X may have a codimension 1 component in its zero-set that
happens to be invariant by D. For example it is sufficient to multiply a suitable linear vector
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field by a non-constant holomorphic first integral to obtain examples of arbitrarily high degree
satisfying the condition of Theorem B. Along similar ideas, Theorem B may be compared with the
main result of [R-2].

Also the assumptions of Theorem B can slightly be modified as follows: from one hand the
zero-set of X is supposed to have codimension ≥ 2 but, on the other hand, the singularities of
D lying in Δ∞ are allowed to have the eigenvalue associated to the direction transverse to Δ∞
equal to zero. In other words, these singularities are the so-called “codimension 1 saddle-nodes”
(which may or may not be isolated). For further information, cf. Section 5.2, Remark 5.8 and
Remark 5.10. Far more general singularities can also be considered in the context of “absolutely
isolated singularities”, cf. [C-C-S] but here we shall content ourselves of the preceding statement.

Theorem B will be proved in Section 5.2 where further information regarding the complete
integrability of X will also be provided.

In connection with the above remark, it is necessary to note that A. Guillot has conducted
detailed research about semi-complete quadratic homogeneous vector fields (with simple singular-
ities at infinity), see [Gu-2], [Gu-3]. In [Gu-2] he introduced certain lattices (of coefficients) where
all these vector fields are to be found whereas in [Gu-3] he studied the special case of Halphen’s
vector fields and the related problem about actions of PSL (2,ℂ) on compact 3-manifolds. The
beauty and depth of these results motivated us to try to apply our techniques to vector fields as
in [Gu-2]. To abridge notations, in the sequel we shall refer to a vector field belonging to Guillot
lattice. Besides we shall stick to the case n = 3, in particular the reader interested in these vector
fields may found the document [Gu-1] particularly useful.

Note that a semi-complete vector field of ℂ3 belonging to Guillot lattice may not be complete
and its orbits (thought of as leaves of the associated foliation) may be hyperbolic Riemann surfaces.
This is actually what occurs with Halphen vector fields except for a few special cases cf. [Gu-3],
[Gu-1], and for this reason, unless otherwise stated, a Halphen vector field will always mean a
“hyperbolic” Halphen vector field. Besides Halphen vector fields exhibit maximal solutions that
are defined on a bounded region as well as maximal solutions defined on a hyperbolic unbounded
domain of ℂ (actually even on the complement of a suitable disc). Also, it is shown in [Gu-3] that
these vector fields can be completed as global vector fields on certain complex 3-manifolds that
are necessarily not algebraic (in fact they are not Kähler).

A curious point involving homogeneous vector field on ℂ3 (or ℂn) concerns the fact that their
singularities possess a natural meromorphic “dual” represented by a neighborhood of the (hyper-)
plane at infinity. More precisely, as discussed in Section 2, the blow-up at the origin of a homo-
geneous vector field leads to an exceptional divisor sharing a natural “duality” with the divisor
obtained at infinity of the corresponding projective space. We shall refer to a neighborhood of
the hyperplane at infinity as the dual singularity (assuming that the singularity of a homogeneous
polynomial vector field is implicitly fixed). In view of what precedes, it is natural to ask whether
the dual singularity of a hyperbolic Halphen vector field can be realized by a complete meromor-
phic vector field on a compact 3-manifold (by complete meromorphic vector field it is meant a
meromorphic vector field that is complete in the complement of its pole locus).

Before stating our main result answering the above question, recall that [Gu-2] contains a
classification of semi-complete quadratic vector fields up to a finite number of vector fields. A
full understanding of the dynamics of these possible “exceptional” cases seems to be a very hard
problem. Among them, we shall consider those satisfying the following condition: no singularity
of the associated foliation lying in the hyperplane at infinity has all its eigenvalues lying in ℝ+.
This class of vector fields may be called vector fields of special type having no dicritical singularity
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at infinity. We can now state Theorem C whose proof appears in Section 5.3 together with some
questions and informal ideas related to greater or lesser extent to the method developed in this
paper.

Theorem C. The singularity of a Halphen vector field or the singularity of a vector field in
Guillot lattice having no dicritical singularity at infinity cannot be realized by a holomorphic
vector field on a compact Kähler 3-manifold. Their dual singularities cannot be realized by a
complete meromorphic vector field on any compact complex 3-manifold.

Remark. We do not know of any example of complex compact 3-manifold where the singularity
of a vector field in Guillot lattice having no dicritical singularity at infinity can be globalized,
though we are ensured that the corresponding manifolds cannot admit a Kähler structure. Also,
as far as these vector field are concerned, our results are valid in arbitrary dimensions. Finally,
with little extra effort, the reader will be able to conclude from the material in Section 5.3 that
the non-realization statements above are also valid if we simply assume that the “leading” part of
the singularity in question is as indicated.

It should also be pointed out that we did not seek to identify examples of vector fields in
Guillot lattice without dicritical singularity at infinity amid Guillot’s combinatorial classification
given in [Gu-2]. One reason for this is that our method can be adapted to other situations,
such as the case of non-isolated quadratic singularity where the vector field may vanish over the
radial direction passing through the singularity (cf. the preceding remark concerning Theorem B).
Another reason that led us not to worry much with the strength of our assumption is related to
the fact that, due to index formulas, this type of vector fields ought to be abundant in Guillot
lattice corresponding to ℂ4. The adaptation of the statement of Theorem C to higher dimensions
being very straightforward.

To close this Introduction let us mention that our techniques are also of interest beyond the
context of semi-complete vector fields. To illustrate this, we are going to sketch in Section 6.1
(Appendix) how Theorem 3.3 and Theorem 4.1 can be adapted to yield partial extensions of
results obtained by A. Glutsyuk [Gl-1], [Gl-2], and independently by Lins-Neto and by Candel-
Gomez Mont [LN], [C-GM], concerning the hyperbolic character of leaves in singular holomorphic
foliations. Details of these applications will hopefully appear elsewhere.

Finally it is also clear that the statement of some of the above applications can significatively
be improved. For example the conditions imposed in Theorem B can be relaxed to encompass a
large class of singularities among those called “absolutely isolated” (and this in arbitrarily high
dimensions, cf. [C-C-S]). These possibilities are not exploited here, in part because we consider
that the main contribution of the present article consists of the techniques introduced in the course
of Sections 2, 3 and 4. Yet for some indications concerning extensions of Theorem B in the context
of “absolutely isolated singularities” are provided in Remark 4.8.

Acknowledgements: The first author wants to express his gratitude to A. Guillot for many
discussions concerning several objects present in this work. In particular for having explained to
him several points of his work [Gu-3]. The second author is partially supported by Fundação para a
Ciência e Tecnologia (FCT) through CMUP, through the Post-Doc grant SFRH/BPD/34596/2007
and through the project PTDC/MAT/103319/2008.
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2. Homogeneous vector fields and their foliations

Unless otherwise stated, throughout this paper all homogeneous vector fields have degree d ≥ 2
and are supposed not to be a multiple of the radial vector field. In this section we shall mostly
work in dimension 3 whereas all the arguments can be carried word-by-word to higher dimensions.
In fact, the generalization of what follows from ℂ3 to ℂn amounts only to adding more coordinates
and to a needless complication of notations.

In view of the preceding, consider a homogeneous polynomial vector field X of degree d ≥ 2
defined on ℂ3. Since X is homogeneous, its associated foliation ℱ is invariant by homotheties of
the form (x, y, z) 7→ (�x, �y, �z), � ∈ ℂ∗ and, therefore, also induces a foliation on ℂℙ(2). An
alternative way to look at this situation consists of punctually blowing-up X at the origin of ℂ3.

We denote by ℂ̃3 the corresponding blow-up of ℂ3 and by Δ0 = �−1(0) the resulting exceptional

divisor, where � : ℂ̃3 7→ ℂ3 represents the punctual blow-up of ℂ3 at the origin. The transform

(blow-up) X̃ (resp. ℱ̃) of X (resp. ℱ) vanishes identically over Δ0 (resp. leaves Δ0 invariant), as
it follows from the fact that the degree of X is strictly greater than 1 combined to the condition
stating that X is not a multiple of the radial vector field.

Recalling also that ℂ̃3 can be viewed as a line bundle over Δ0 = �−1(0), let P0 denote the bundle

projection P0 : ℂ̃3 → Δ0. This line bundle can be compactified into a projective line bundle by
adding the “section at infinity” Δ∞. Denoting by M the total space of the resulting projective line
bundle, it follows that M comes with two bundle projections P0, P∞ realizing it as a projective
bundle respectively over Δ0, Δ∞. The manifold M is also isomorphic to the blow-up of ℂℙ(3) at

the origin. The vector field X̃ can meromorphically be extended to M so that, in particular, it

induces a holomorphic foliation, still denoted by ℱ̃ , on all of M . Besides ℱ̃ leaves both Δ0, Δ∞
invariant. The foliation induced on Δ0 (resp. Δ∞) by restriction of ℱ̃ is going to be denoted by

ℱ̃0 (resp. ℱ̃∞). Because ℱ̃ comes from a homogeneous vector field, these foliations coincide with

the restrictions of ℱ̃ to Δ0, Δ∞. As to the vector field X̃, its pole divisor coincides with Δ∞ and

it has order d− 1 > 0. The zero divisor of X̃ is the union of Δ0 (a component of order d− 1 > 0)
with the transform of the zero divisor of X.

Because our foliations are singular, we shall consider a definition of “regular leaf” allowing, in
some cases, a leaf to “go through” a singularity. For some applications, it may be of interest to use
the definition given in [Br-1] which is briefly recalled in the case of a three dimensional ambient
for the convenience of the reader. Consider the 3-dimensional polydisc D3 and the trivial fibration
D3 = D2 × D → D2. A meromorphic map f : D3 → M is said to be a foliated meromorphic
immersion if the following conditions are verified.

1. The indeterminacy set I(f) of f intersects each vertical fiber of D3 over a discrete set.

2. f is an immersion on the complement of I(f) and, in this complement, takes vertical fibers to

leaves of ℱ̃ (more generally of the foliation under consideration).

Consider a regular point p in M ∖Sing (ℱ̃). Restricted to M ∖Sing (ℱ̃) the foliation ℱ̃ is regular
so that the leaf Lp through p has an obvious sense. A closed subset K ⊂ Lp is called a vanishing
end of Lp if all the conditions below are satisfied:

1. K is isomorphic to the punctured disc and the holonomy of the restriction of ℱ̃ to M ∖Sing (ℱ̃)
corresponding to the cycle ∂K has finite order k.

2. There is a foliated meromorphic immersion f : D3 →M such that
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2.a: I(f) ∩ ({0} ×D) = 0 ∈ D ⊂ ℂ, where {0} stands for the origin of D2 ⊂ ℂ2.
2.b: The image of f restricted to ({0}×D) is the interior of K. Furthermore f : ({0}×D)→

Int (K) is a regular covering of degree k, where Int (K) stands for the interior of K.

Given a regular point p ∈ M ∖ Sing (ℱ̃), consider the regular leaf Lp through p relative to the

restriction of ℱ̃ to M ∖ Sing (ℱ̃). If Lp possesses no vanishing ends, then the regular leaf of ℱ̃
containing p is exactly Lp. Otherwise this leaf will consist of Lp with the ends of the vanishing ends
added to it. Naturally when no misunderstanding is possible, this leaf will still be denoted by Lp.
Here we observe that the operation of adding an end to Lp should be understood in the sense of
orbifolds: the multiplicity of the added point will precisely be the order k of the holonomy relative
to ∂K. Naturally such orbifolds can a posteriori be made into Riemann surfaces by standard
normalization.

Let us now continue with the discussion of the structure of the foliation ℱ̃ over M . Naturally

the singular set of ℱ̃ has codimension at least 2. Besides this singular set is saturated (i.e.
invariant) by the fibers of P0 (resp. P∞) due to the invariance of ℱ by homotheties of the form

(x, y, z) 7→ (�x, �y, �z), � ∈ ℂ∗. In particular, the foliations ℱ̃0, ℱ̃∞ automatically have singular
sets of codimension at least 2 inside Δ0, Δ∞ (in other words the intersection of the singular set of

ℱ̃ with ℱ̃0, ℱ̃∞ yields a set of codimension at least 2 inside Δ0, Δ∞).

Consider a non-algebraic leaf L of ℱ̃ not contained in Δ0 ∪Δ∞. The projection of L onto Δ0

(resp. Δ∞), P0(L) = L0 (resp. P∞(L) = L∞), is clearly a leaf of ℱ̃0 (resp. ℱ̃∞) since the initial
vector field X is homogeneous. Furthermore one immediately checks that the restriction of P0

(resp. P∞) to L realizes L as an Abelian covering of L0 (resp. L∞). Therefore we conclude:

(1) The non-compact leaves L, L0, L∞ have all the same nature: either they are covered by ℂ
or they are covered by the unit disc D.

(2) L0, L∞ are isomorphic as Riemann surfaces. L is an Abelian covering of L0, L∞.

In this way, we may focus on the behavior of X̃ near its pole divisor Δ∞ or near Δ0 according

to our convenience. Next consider a leaf L∞ of ℱ̃∞. By the cone over L∞ it is meant the 2-

dimensional immersed singular surface P−1∞ (L∞) which is invariant by ℱ̃ . In other words, if  (T ) =
(x(T ), y(T ), 0), T ∈ Ω ⊆ ℂ, is a local parametrization of L∞, then the cone is parameterized by
Φ(T, z) = (x(T ), y(T ), z), z ∈ ℂ. The singular points of P−1∞ (L∞) belong to fibers sitting over

the singular set of ℱ̃∞ which, we recall, may intersect L∞ non-trivially due to the above given
definition of “regular leaf”. Away from its singularities, P−1∞ (L∞) can be viewed as a complex
surface equipped with a singular holomorphic foliation. Let us then denote by S this surface and

by ℱ̃S the foliation on S obtained by restriction of ℱ̃ to S. Note that S invariant under the

automorphism (x, y, z) 7→ (x, y, �z), � ∈ ℂ∗ and so is the foliation ℱ̃S.

Since S is a 2-dimensional variety, ℱ̃S is a codimension 1 singular foliation on S and hence it is
transversely conformal. This allows us to keep good control of the directions over which the leaves

of ℱ̃S “becomes closer to one to the others” modulo choosing an auxiliary Hermitian metric. The
idea is well-known and can be found, for instance, in [Gh], [B-L-M]. In our case however, we shall
use an explicit parametrization. For this, let M be equipped with affine coordinates (x, y, z) on
M such that

(i) {z = 0} ⊂ Δ∞, (x, y) ∈ ℂ2, z ∈ ℂ.
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(ii) the vector field X̃ is given by

(1) X̃ =
1

zd−1

[
F (x, y)

∂

∂x
+G(x, y)

∂

∂y
+ zH(x, y)

∂

∂z

]
where F,G are polynomials of degree d + 1 and H is a polynomial of degree d (the inde-
pendence of F,G and H on z is a consequence of the homogeneity of X).

(iii) The top-degree component of the vector field X̃ has the form

(2) f(x, y)[x∂/∂x+ y∂/∂y + z∂/∂z]

for a degree d homogeneous polynomial f .
(iv) The projection P∞ : M → Δ∞ in the above coordinates becomes (x, y, z) 7→ (x, y).

Note that Δ∞ is itself isomorphic to ℂℙ(2). In particular the affine coordinates (x, y) for Δ∞ defines

a notion of “line at infinity” for Δ∞ itself. We shall denote this “line” by Δ
(x,y)
∞ . In particular we

note that the domain of definition of the coordinates (x, y, z) coincides with M ∖(Δ0∪P−1∞ (Δ
(x,y)
∞ )).

Remark 2.1. If X = A∂/∂x + B∂/∂y + ∂/∂z, then F (x, y) = A(x, y, 1)− xC(x, y, 1), G(x, y) =
B(x, y, 1)− yC(x, y, 1) and H(x, y) = −C(x, y, 1). Thus the assumption on the degree of F (resp.
G, H) follows from the fact that we can assume A (resp. B, C) not divisible by z. This also
implies that the top degree of F (resp. G, H) is given by x (resp. y, z) times the top degree of C,

i.e. the top degree component of X̃ has the form (2).

A further comment concerning the difference between the foliation ℱ̃∞ induced by X̃ on Δ∞
and the corresponding foliation ℱ̃ in the 3-dimensional space is also needed. To be more precise,

consider the vector field X̃ given by Formula 1 in the coordinates (x, y, z). If F,G have only trivial

common factors, then the foliation induced by X̃ on Δ∞ is given in (x, y, {z = 0}) coordinates
by F∂/∂x + G∂/∂y. Suppose now that F and G possess nontrivial common factors. Set P =
g.c.d. (F,G) so that F = P.a(x, y) and G = P.b(x, y) with a, b having only trivial common factors.

In this case the foliation ℱ̃∞ is actually represented by the vector field a(x, y)∂/∂x+ b(x, y)∂/∂y.

If P also divides H, then this foliation still coincides with the restriction of ℱ̃ to Δ∞. Thus the
only relevant case occurs when P does not divide H. After eliminating all common factors, we
can suppose that g.c.d. (P, H) is invertible. Summarizing this discussion, we see that the foliation

associated to X̃ is given by a polynomial vector field of the form

(3) Y = P

[
F(x, y)

∂

∂x
+ G(x, y)

∂

∂y

]
+ zH(x, y)

∂

∂z
,

where g.c.d. (P,H) is constant. It follows in particular that the projective curve {P = 0} ⊂ Δ∞
(if not empty) is constituted by singularities of ℱ̃ whereas its “generic” point is regular for ℱ̃∞.
Besides there are two different possibilities that need to be considered:

(a): {P = 0} ⊂ Δ∞ is invariant by ℱ̃∞.

(b): {P = 0} ⊂ Δ∞ is not invariant by ℱ̃∞.

Remark 2.2. In much of what follows the possibility of having {P = 0} invariant by ℱ̃∞ will be
excluded from the discussion since it does not take place in the case of semi-complete vector fields,
cf. Proposition 3.1.

Our purpose is now to equip the leaves of ℱ̃ in Δ∞ with an abelian form !1 naturally related
to the holonomy of the leaf in question. This will be done in the affine ℂ3 where the coordinates
(x, y, z) are defined. With the preceding notations, let us fix a regular leaf L∞ ⊂ Δ∞ and a
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point p ∈ L∞. Assume that p is a regular point for ℱ̃ or that p is a singular point for the same

foliation being L∞ a connected separatrix for ℱ̃ at p. Under this assumption, the leaf L∞ can
locally be parametrized in the form (x, y(x)), or (x(y), y), and z = 0. It suffices to consider a local

parametrization of the form (x, y(x)) since the other possibility is analogous. The vector field X̃
then yields

dz

dx
=
H(x, y(x))

F (x, y(x))
z .

Therefore

(4) z = z0 exp

[∫ x

x0

H(x, y(x))

F (x, y(x))
dx

]
.

Thus we define an abelian form !1 on L∞ by declaring that the coefficient of !1 at (x, y(x)) is
nothing but −H(x, y(x))/F (x, y(x)) (the minus sign is only a matter of convention). In particular
we note that possible non-trivial common factors between F,H are automatically cancelled out in
the definition of ! − 1. If the leaf were parametrized in the form (x(y), y), the analogous result
would yield for coefficient −H(x, y(x))/G(x, y(x)). The form !1 is the “logarithmic derivative of

the holonomy” in the following sense: let L be a leaf of ℱ̃S and consider a path c : [0, 1] 7→ L, on
L. Denoting by Hol(c) the holonomy associated to c, we have

(Hol(c))′(c(0)) = e−
∫
c !1 ,

where Hol(c) is identified with a map between open sets of ℂ equipped with the coordinate z.

Fixed a regular leaf L∞ ⊆ Δ∞ of ℱ̃ there are real trajectories, or paths, contained in L∞ and

possessing a contractive holonomy (for the corresponding foliation ℱ̃S where S is the cone over
L∞). To construct these trajectories we proceed as follows. The Abelian form !1 induces on
L∞ a pair of real 1-dimensional oriented singular foliations: the foliations given by {Im(!1) = 0}
and by {Re(!1) = 0}. Denote by ℋ the oriented foliation defined by {Im(!1) = 0}, being the
orientation determined by the positivity of Re(!1), i.e. if �(t) is a parametrization of a leaf of ℋ
then Re(!1.�

′(t)) = !1.�
′(t) > 0. Each oriented trajectory of the foliation ℋ will be called a real

trajectory.

It is clearly necessary to have information about the singular set of ℋ. Since ℋ depends only on

the foliation associated to X̃ (rather than of X̃ itself), we identify four “critical regions” (possibly)
giving rise to singularities for ℋ, namely:

(1) Singular points of ℱ̃∞.
(2) Points in the curve {H = 0} (or in a slightly more accurate form, in the curve {textscH =

0}).
(3) The line at infinity Δ

(x,y)
∞ ⊂ Δ∞ (defined by means of the affine coordinates (x, y)).

(4) Points in the curve {P = 0}.

In the sequel we shall determine the structure of the foliation ℋ in the cases 2, 3 and 4 above.

The discussion of singular points of ℱ̃∞ will mostly be carried out in Section 4. Note that the

coordinates (x, y) can be chosen so that Δ
(x,y)
∞ neither is invariant by ℱ̃∞ nor contains singularities

of it. The fact that Δ
(x,y)
∞ is not invariant by ℱ̃∞ is an immediate consequence of Condition (iii)

about the top-degree component of X̃.

Let us begin with the curve {H = 0} corresponding to zeros of !1.
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Lemma 2.3. Let p ∈ Δ∞ be a regular point of ℱ̃ . Assume that p lies in the curve {H = 0}∩Δ∞.

Then p is a singular point for ℋ. Besides the local structure of ℋ restricted to the leaf of ℱ̃ through
p is a saddle with 2m (real) separatrices (for m ≥ 2).

Proof. Consider local coordinates (u, v, w) about p where the leaf Lp of ℱ̃ through p locally co-
incides with {v = w = 0}. Also we can suppose that F (p) ∕= 0 modulo substituting F by G. In

fact, otherwise either p would be a singular point of ℱ̃ or a regular point of ℱ̃ lying in the curve
{P = 0}. As already mentioned, these cases will be treated later.

We then conclude that the restriction of !1 to Lp is a holomorphic 1-form about p with a zero
at p. The structure of the real foliation induced near a zero of a holomorphic 1-form on a Riemann
surface is always a saddle as in the statement. Here m is precisely the order of p as zero of !1. □

Let us continue our analysis by considering now points belonging to the line at infinity Δ
(x,y)
∞ ⊂

Δ∞.

Lemma 2.4. Points belonging to Δ
(x,y)
∞ yield source singularities for ℋ.

Proof. It suffices to consider generic points of Δ
(x,y)
∞ where this line intersects ℱ̃∞ transversely. Let

then (u, v, w) be new local affine coordinates for M where w is the coordinate transverse to Δ∞
and such that the line at infinity Δ

(x,y)
∞ is given by {u = 0}. The standard change of coordinates

associated is then given by (u, v, w) 7−→ (1/u, v/u, w) = (x, y, z). In these new coordinates, the

vector field X̃ becomes (up to multiplication by w1−d)

−u2F (1/u, v/u)
∂

∂u
+ u(−vF (1/u, v/u) +G(1/u, v/u))

∂

∂v
+ wH(1/u, v/u)

∂

∂w
.

Recall that the polynomial vector field F (x, y)∂/∂x+G(x, y)∂/∂y has degree d+ 1. Furthermore
its component of degree d + 1 has the form f(x, y)[x∂/∂x + y∂/∂y] where f is homogeneous of
degree d. In particular u2F (1/u, v/u) has a pole of order d − 1 over {u = 0}. Similarly the
top-degree homogeneous component of −vF (1/u, v/u) + G(1/u, v/u) vanishes identically so that

Δ
(x,y)
∞ represents a polar component of degree d − 1 for the component of X̃ in the v-direction a

well. Finally the order of poles of H(1/u, v/u) over Δ
(x,y)
∞ equals d. Formula 4 then shows that !1

has poles of order 1 over Δ
(x,y)
∞ . Indeed the principal part of !1 is simply 1/u, since the top degree

component is given by Equation 2. The statement follows. □

The preceding lemma says that a trajectory of the oriented foliation ℋ never approaches the
line at infinity. In other words, we can assume that the trajectory is totally contained in the given
chart.

Let us now work out the behavior of ℋ at points of {P = 0}. Clearly it is sufficient to consider

the domain of definition of the coordinates (x, y, z). Let P = Pk1
1 ⋅ ⋅ ⋅P

kl
l be the decomposition of P

into irreducible components along with their corresponding multiplicity. We just need to consider
the curve {Pk1

1 = 0}.

Lemma 2.5. Suppose that {P1 = 0} is not invariant by ℱ̃∞. If k1 ≥ 2 then !1 has a pole of order
k1 ≥ 2 at a generic point p of this curve so that ℋ has a saddle-singularity at p. On the other
hand, if k1 = 1, then p is a simple pole for !1 whose residue equals H(p)/F ∗(p) where F ∗ = F/P1.

Proof. Again it is enough to consider generic points where {P1 = 0} is transverse to ℱ̃∞. At a
generic point p of {P1 = 0} we have that F ∗(p) ∕= 0. Moreover, since we are assuming g.c.d. (P, H)
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to be invertible, we can also assume that H(p) ∕= 0. The 1-form !1 has therefore a pole of order
k1 whose coefficient is equal to H(p)/F ∗. □

To close this section, let us introduce the global notion of trajectory for the foliation ℋ under

the condition that the trajectory in question remains away from the singular set of ℱ̃ . It also
convenient to consider the standard flat metric of ℂ3 where the initial affine coordinates (x, y, z)
are defined. A real trajectory is said to be finite if its length, with respect to the above metric, is
finite. A precise definition of this length requires to define what are the endpoints of a trajectory
which will be done in the sequel, cf. Remark 2.6 below. To motivate this definition let l be a real
trajectory of ℋ and let c : [0, 1]→ l be a parametrization of the segment of this trajectory joining
p0 = c(0) to p1 = c(1). Then the holonomy map Hol(c) : Σ0 → Σ1, where Σ0, Σ1 are vertical
complex lines equipped with the coordinates z satisfies

(5) ∣(Hol(c))′∣ = e−Re(
∫
c !1) < 1

Clearly this formula means that the holonomy is contractive. Roughly speaking, the role played
by these trajectories in our discussion can be summarized as follows. Nearby a sink p all real

trajectories converge to p. Estimate (5) guarantees that the distance of the leaves of ℱ̃S to L∞
has a local minimum at p (which may well be zero). On the other hand, nearby a source p, all

real trajectories go away from p. This means that the distance of the leaves of ℱ̃S to L∞ reaches
a local maximum at p. It remains to consider the case of saddle singularities of ℋ. Indeed it can
happen that one of these trajectories meets, as a separatrix, a saddle singularity of ℋ. In this
case the trajectory in question can be continued as follows: if our trajectory defines a separatrix
for a saddle singularity of ℋ, this saddle singularity also possesses repelling proper directions (in
number correspondent to the number of attractive ones). Thus the mentioned trajectory can
naturally be continued by following a separatrix associated to a repelling direction. The continued
trajectory still yields contractive holonomy. Alternately we may consider a slight perturbation of
the trajectory in question on a neighborhood of the saddle singularity so as to avoid it to reach
the singularity itself.

Remark 2.6. More generally, it follows from the preceding that only sinks or sources singularities
of ℋ (corresponding to maxima or minima for the distance function between leaves) can provide
genuine endpoints for a trajectory of ℋ. Otherwise we shall allow the trajectory to be continued
regardless of whether or not it passes several times over the same point. In particular a regular
periodic trajectory of ℋ necessarily has infinite length.

Going back to our specific case in which !1 is characterized by Formula (4), it follows that the
local trajectories of ℋ are determined as the lift in T(x,y(x))L∞ of the vector v where v is such that
v.H(x, y(x))/F (x, y(x)) belongs to ℝ−. Also it is to be noted that this abelian form is independent
of the leaf in the same cone S. In fact, Equation (4) shows that it depends solely on L∞.

3. Renormalization in the exceptional divisor

Let us continue our discussion of homogeneous polynomial vector fields. As in Section 2 we
shall use notations emphasizing the 3-dimensional case though all the results presented below are
valid in arbitrary dimensions.

Again X will stand for a homogeneous polynomial vector field of degree d ≥ 2 whose associated
foliation is denoted by ℱ . The presence of a vector field enables us to endow every regular leaf L of
ℱ with an Abelian 1-form, denoted by dT and defined by the equation dT.X = 1. The 1-form dT
is going to be called the time-form induced by X. When X is complete, given a curve c : [0, 1]→ L
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joining two points in L, c(0) and c(1), the integral
∫
c
dT measures the time needed to cover c from

c(0) to c(1) following the flow of X. Keeping the notations of Section 2, X̃ stands for the vector
field induced by X on M .

Since the vector field X̃ has poles over Δ∞, the time-form is not defined for the regular leaves

of ℱ̃∞. However, it is possible to define a “renormalized time-form” on a neighborhood of each

regular point p of a leaf L ⊆ Δ∞. This goes as follows. Let L∞ ⊆ Δ∞ be a regular leaf of ℱ̃ and let

p ∈ L∞ be a regular point of L∞ which is not singular for ℱ̃ . Choose local coordinates (x′, y′, z′)
around p where the foliation becomes locally given by the vector field ∂/∂x′. Besides we also

impose {z′ = 0} ⊂ Δ∞. In these coordinates the vector field X̃ is given by z′1−df(x′, y′, z′)∂/∂x′.
The “renormalized time-form” over L∞ is then defined as 1

f(x′,0,0)
dx′. In other words, it is obtained

from X̃ by eliminating its pole component. Naturally there is no canonical choice for the coordinate
z′ and this prevents us from having a global definition for the “renormalized time-form”. More
precisely the local form f(x′, 0, 0)dx′ is not globally defined on L∞ because, when a change of
coordinates is performed, two local definitions of this “renormalized time-form” will agree only
up to a multiplicative constant. Therefore, whereas the previous construction does not define an
Abelian form on L∞, it endows L∞ with an affine structure (for further details we refer to [Gu-R]).
The purpose of this section is to exploit this affine structure to estimate the domain of definition

of the solutions of X̃. As it will be seen, precise estimates can be obtained in this way as long as
we keep control of the coordinate “z”.

Although we have defined the “renormalized time-form” only at regular points of ℱ̃ , this form

admits a natural asymptotic extension to the singularities of ℱ̃ lying in Δ∞. Details on these
extensions will be given as they become necessary.

Fix a point p0 contained in the singular set of ℱ̃∞. Suppose that the restriction of ℱ̃ to a
neighborhood of p0 is given by Equation 1 so that

X̃ =
1

zd−1

[
F (x, y)

∂

∂x
+G(x, y)

∂

∂y
+ zH(x, y)

∂

∂z

]
.

With the notations of Section 2, let P = g.c.d. (F,G) so that F = P.A(x, y) and G = P.B(x, y)
with A,B having only trivial common factors. Denoting by P the greatest common divisor between
P and H. Thus we can set P = PP∗ and H = PH∗. It follows that

(6) X̃ =
P

zd−1

[
P∗(x, y)

(
a(x, y)

∂

∂x
+ b(x, y)

∂

∂y

)
+ zH∗(x, y)

∂

∂z

]
being p0 ≃ (0, 0, 0). If P∗ is not constant, the curve in Δ∞ induced by {P∗ = 0} is singular for ℱ̃ ,

though its generic points are regular for ℱ̃∞. From this point of view {P∗ = 0} may or may not

be invariant by ℱ̃∞. Again to abridge the discussion we shall make the following assumption valid
for the rest of this paper unless otherwise stated:

General assumption: No irreducible component of the curve {P∗ = 0} is invariant by ℱ̃∞.

As a matter of fact the condition above does not affect the generality of the results in this
paper since these are primarily concerned with semi-complete vector fields. When dealing with
homogeneous polynomial vector fields that are semi-complete, we have the following:

Proposition 3.1. Assume that X is a homogeneous semi-complete vector field with degree greater

than or equal to 3. Suppose that X̃ is as in Equation (6). Then P∗ = 0 is not invariant by ℱ̃∞.

In fact, a regular leaf of ℱ̃∞ cannot be contained in the singular set of ℱ̃ .
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Proof. Let L be a regular leaf of ℱ̃∞ and assume for a contradiction that L is contained in the

singular set of ℱ̃ . Since g.c.d. (a, b) is locally invertible (cf. Equation 6), P∗ must vanish identically

over L. In particular this leaf is contained in the singular set of ℱ̃ . Denote by P1 the irreducible
component of P∗ vanishing over L.

Let m ≥ 1 be the order of P∗1 over L. In other words, at a generic smooth point of L we can
find local coordinates (x, y, z), {z = 0} ⊂ Δ∞, where L is identified with {y = 0, z = 0}. In these
coordinates we have that P∗1(x, y) = ym and H(0, 0) ∕= 0. Besides if the point is sufficiently generic
we also have a(0, 0) ∕= 0.

Because L is invariant for the foliation, it follows that b is divisible by y. Recalling also that
m ≥ 1, it follows that, in the above local coordinates, the first non-trivial homogeneous component

of X̃ at the origin is given by

X̃H = z1−dyk
[
�y

∂

∂x
+ �z

∂

∂z

]
for some constants � = H(0, 0) ∈ ℂ∗, k ≥ 0 and � ∈ ℂ (� ∕= 0 if and only if m = k + 1). The
hyperplanes {y = cte} are invariant for the associated foliation. For each nonvanishing constant
cte sufficiently close to zero, the leaves are such that

ż = ctek�z2−d

However, since d ≥ 3, the corresponding vector field is clearly not semi-complete what contradicts

the fact that L is invariant by ℱ̃∞. The proposition follows. □

The above proof also yields:

Corollary 3.2. Assume that d ≥ 3. Then P∗ must be constant provided that X̃ is semi-complete.

If d = 2 and P∗ is not constant, then the foliation ℱ̃∞ is induced by a vector field of degree 0
or 1. □

By construction, the renormalized time-form is defined only for regular leaves of the foliation
(no matter whether or not they are contained in the zero/pole divisor). The interest of the above

lemma lies precisely in the statement that, under the conditions above, no leaf of ℱ̃∞ is contained in

the singular set of ℱ̃ . Thus the “renormalized time-form” can be defined over every leaf L∞ ⊆ Δ∞
provided that X is a semi-complete vector field with degree at least 3. Furthermore if X is semi-
complete but has degree 2, the fact that P is not invertible implies that X is a linear form times
a linear vector field. Clearly this case can directly be treated so that it is going to be left to the
reader. Summarizing for the rest of this section and for all of Section 4, the “general assumption”
stated above will be assumed without further comments.

Consider the foliation ℱ̃∞ on Δ∞. Fix a regular leaf L∞ ⊆ Δ∞ of ℱ̃ and let S be the cone
over L∞, P−1∞ (L∞). Denote by ℋ the oriented 1-dimensional real foliation induced by the Abelian
form !1 (cf. Section 2). Actually it is useful to consider other foliations similar to ℋ. For this
let us consider an angle � ∈ (−�/2, �/2). Denote by ℋ� the oriented foliation whose (oriented)
trajectories make an angle of � with the (oriented) trajectories of ℋ. It is clear that these foliations

are well-defined under the same conditions that ℋ. It is also clear that the holonomy maps of ℱ̃S
obtained over the trajectories of ℋ� are still contractions as in Formula 5 (up to a constant). In
the sequel we denote by l� an oriented trajectory of ℋ�.

Given (a segment of) a trajectory lp of ℋ (resp. l�p of ℋ�), we are interested in the value of the

integral
∫
lp
dT . To investigate the behavior of this integral, it is clear that the singularities of ℱ̃∞
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will pose further difficulties. Thus it is natural to begin with (segments of) trajectories of ℋ (resp.
ℋ�) that remain away from the corresponding singular set. For this let W be a sufficiently small

open neighborhood of the singular set of ℱ̃ on Δ∞. Let lp (resp. l�P ) be (a segment of) a trajectory
of ℋ (resp. ℋ�). We can now state one of our main results. Despite our 3-dimensional setting,
the reader will immediately check that this result holds in arbitrary dimensions (as it always the
case in the present section).

Theorem 3.3. Suppose that lp (resp. l�p) is contained in Δ∞ ∖ W . Then
∫
lq
dT (resp.

∫
l�q
dT )

converges for all q ∈ P−1∞ (p), where lq (resp. l�q) denotes the lift of lp (resp. l�p) to the leaf of ℱ̃
through q and where dT stands for the time form associated to X̃. More precisely, assuming W
fixed, there exists a constant C (varying continuously with �) such that for every path c : [0, 1]→ L
with image contained in a trajectory l�q of ℋ� and not intersecting W , we have∫

l�q

dT < C∣z0∣d−1

where q = (x0, y0, z0).

Proof. It suffices to prove the statement for the case of a trajectory lp of ℋ since the adaptations
needed for trajectories of ℋ� are clear. Also we can suppose without loss of generality that the
length of lp is infinite. Hence let W be a sufficiently small open neighborhood of the singular set

of ℱ̃ on Δ∞. Assume that lp is connected and totally contained in Δ∞ ∖W . Since the intersection

of Δ∞ ∖W with the singular set of ℱ̃∞ is empty, the only singularities of ℋ that can appear on
lp are saddles. However, as noted in Remark 2.6, the corresponding trajectories of ℋ can locally
be deformed to avoid these singularities. Moreover the contractive character of the corresponding
holonomy maps is still kept by these deformed trajectories. Since the singularities of ℋ are given
by the zero and the polar sets of !1 and lp does not approach the zero set, the absolute value of
!1 is bounded from below over lp, i.e. ∣!1∣ ≥ � > 0 along lp.

Fix q ∈ P−1∞ (p) and let L be the leaf through q. Consider the lift of lp to L and denote it by
lq. Note that lq is an oriented trajectory of ℋ over L. We want to express lq in the coordinates
(x, y, z) considered in the preceding section. In fact, the goal will be to compute the value of its last
coordinate z. For this consider a connected oriented path c contained in lp, joining p to another
point of lp. Consider also a lift of c contained in lq. The z-coordinate of the mentioned lift is given
by

z = z0e
−

∫
c !1

where z0 is the z-coordinate of q. In other words, z0 is the “height” of q relatively to L∞. In
particular

∣z∣ =
∣∣∣z0e− ∫

c !1

∣∣∣ = ∣z0∣e−Re
∫
c !1 = ∣z0∣e−

∫ 1
0 Re(!1(c(t)).c′(t))dt

= ∣z0∣e−
∫ 1
0 ∣(!1(c(t)).c′(t)∣dt ≤ ∣z0∣e−

∫ 1
0 �∣c

′(t)∣dt = ∣z0∣e−�length(c)

This estimate shows that, whenever we lift a segment of lp having length equal to ln(2)/� in a

regular leaf of ℱ̃ projecting over L∞, the height of the final point of the lift in question is at most
1/2 of the height of its intial point.

Now the integral
∫
lq
dT can be estimated as follows. The time-form on L is given, in local

coordinates, by

dT =
zd−1

F (x, y)
dx.
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Since lp, the projection of lq by P∞, is contained on a compact set not intersecting the singular set

of ℱ̃∞, the absolute value of F (x, y) is bounded from below, i.e.

∣F (x, y)∣ ≥ � > 0, for all (x, y) ∈ Δ∞ ∖W.

Otherwise we replace F by G (recall that we are dealing only with regular points of ℱ̃∞). Hence,
considering lq as the concatenation of segments having length equal to ln(2)/�, lq =

∑∞
i=0 li,q, it

follows that∣∣∣∣∣
∫
lq

dT

∣∣∣∣∣ =

∣∣∣∣∣
∞∑
i=0

∫
li,q

zk−1

F (x, y)
dx

∣∣∣∣∣ ≤
∞∑
i=0

∣∣∣∣∣
∫ 1

0

zd−1i,q (t)

F (xi,q(t), yi,q(t))
x′i,q(t)dt

∣∣∣∣∣
≤

∞∑
i=0

∫ 1

0

∣zi,q(t)∣d−1

∣F (xi,q(t), yi,q(t))∣
∣x′i,q(t)∣dt ≤

∞∑
i=0

∫ 1

0

∣z0∣d−1(12)i(d−1)

�
∣l′i,p(t)∣dt

≤ ∣z0∣d−1

�
length(li,p)

∞∑
i=0

(
1

2d−1

)i
=
∣z0∣d−1ln(2)

��

1

1− (1
2
)d−1

<∞

where li,q(t) = (xi,q(t), yi,q(t), zi,q(t)), t ∈ [0, 1], is such that lq =
∑∞

i=0 li,q and P∞(li,q) = li,p. The
proposition follows. □

What precedes shows that the integral mentioned above is indeed bounded on Δ∞ ∖W . Our
next goal will be to get rid of the condition on W , i.e. we want to allow the trajectory lp (resp.

l�p) to accumulate on the singular set of ℱ̃ in Δ∞. This will lead us to study the behavior of this

integral over segments of trajectories of ℋ (resp. ℋ�) that are close to the singularities of ℱ̃ . This
local analysis will be the object of the Section 4. Nonetheless, to finish the current section, let
us give an elementary general result concerning trajectories ℋ, ℋ� that are contained in a local

separatrix for a singularity of ℱ̃ , ℱ̃∞. This goes as follows. Consider again a vector field X̃ as

in Equation (6). Let p ∈ Δ∞ be a singular point of ℱ̃ and consider a (germ of) analytic curve

Sep ⊂ Δ∞ passing through p and not entirely contained in the singular set of ℱ̃ . Besides let
(t) denote a (irreducible) Puiseaux parametrization for Sep defined on a neighborhood of 0 ∈ ℂ.
Finally denote by k the order at 0 ∈ ℂ of the vector field obtained by pulling-back the restriction
of the vector field P∗(x, y)(a(x, y) ∂

∂x
+ b(x, y) ∂

∂y
) to Sep by . Our assumption concerning Sep

ensures that k is a strictly positive integer. Now we have:

Lemma 3.4. Consider the restriction of !1 to Sep. Suppose also that X̃ is semi-complete. Then
the nature of !1 (restricted to Sep) at p is determined by the order l at 0 ∈ ℂ of the function
t 7→ H ∘ (t) as follows:

∙ If l = k then !1 is holomorphic and regular at p. If l > k then !1 is holomorphic and the
restriction of ℋ to Sep has a saddle singularity at p.
∙ If l = k− 1 then !1 has a simple pole at p. The residue of the pole is −H(0, 0)/F (0, 0). In

particular the restriction ofℋ to Sep has a sink (source) at p provided that H(0, 0)/F (0, 0) ∈
ℝ+ (resp. H(0, 0)/F (0, 0) ∈ ℝ+).

∙ If l < k − 1 then d = 2 (since X̃ is semi-complete) and !1 has a pole of order 2 or greater
at p. The foliation ℋ has a saddle singularity at p.

Proof. The cone over Sep can locally be parameterized by (t, z) 7→ ((t), z). Since this cone is

left invariant by ℱ̃ , we can pull-back (the restriction of) ℱ̃ , X̃ to the coordinates (t, z). We then
obtain a vector field Y given by

Y = z1−d[f(t)∂/∂t+ zH ∘ (t)∂/∂z]
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where the order at 0 ∈ ℂ of the function f(t) is k. In these coordinates the form !1 restricted to
the axis {z = 0} is nothing but H ∘ (t)dt/f(t). Therefore to conclude the statement it suffices to
check that d = 2 for l < k − 1. To do this, note that the condition k > l + 1 implies that the first

non-trivial homogeneous component of X̃ at p has the form z2−dH ∘ (t)∂/∂z. However the latter
vector field is not semi-complete for d ≥ 3. □

To close this section let us point out again that the preceding statements hold in arbitrary
dimensions despite our choice of emphasizing the case of dimension 3. The reader will have no
difficulty to realize that our proofs work equally well in the n-dimensional case.

4. Structure of ℋ near singular points of ℱ̃∞

In this section we are going to establish an extension of Theorem 3.3 by allowing the trajectories

of ℋ, ℋ� to accumulate on singularities of ℱ̃ , ℱ̃∞. These singularities however will be supposed
to be “simple enough” in a sense to be made precise below. We also observe that slightly more
complicate singularities, such as “saddle-nodes” already give rise to new complications that prevent
Theorem 3.3 from being generalized without further information (cf. Appendix 6.2).

In this section we shall focus more closely in the 3-dimensional case. Consider the foliation ℱ̃∞
and note that, in the case where the dimension equals 3, ℱ̃∞ is a foliation by Riemann surfaces
on a complex surface (the projective plane). For this class of foliations a singularity is said to

have non-degenerate linear part if ℱ̃∞ possesses exactly two eigenvalues different from zero at this
point. Besides, if the two eigenvalues are of the form 1, N with N ∈ ℤ+, then we also ask the
singularity to be linearizable (ie. not to be conjugate to its Poincaré-Dulac normal form). When

the singularities of ℱ̃∞ satisfy the mentioned condition, then Theorem 3.3 admits the following
extension:

Theorem 4.1. Suppose that X (homogenous) is semi-complete and assume that all the singular-

ities of ℱ̃∞ have non-degenerate linear part (in the sense indicated above). Suppose that there is
� ∈ (−�/2, �/2) and a point p ∈ Δ∞ such that the trajectory l�p of ℋ� through p has infinite length.

Then the
∫
lq
dT converges for all q ∈ P−1∞ (p), where lq denotes the lift of lp to the leaf through q

and dT is the time form associated to X̃.

For the time being we shall not insist on applications of Theorems 3.3 and 4.1 since the next
section will entirely be devoted to some applications. The proof of Theorem 4.1 will be the only
purpose of the present section.

Fix a point p0 ∈ Δ∞ contained in the singular set of ℱ̃ . Thanks to Lemma 2.5 and to Proposi-
tion 3.1, To begin with we are going to assume that P = PP∗ ≡ 1 (cf. also Corollary 3.2). Recall

that the two eigenvalues of ℱ̃∞ at p0 are supposed to be different from zero (and, in case they are

of the form 1, N with N ∈ ℤ+, ℱ̃∞ is supposed not to be conjugate to its Poincaré-Dulac normal

form). To be more precise, a vector field representing ℱ̃ about p0 and having a singular set of
codimension ≥ 2 can be written as

X̄ = F (x, y)
∂

∂x
+G(x, y)

∂

∂y
+ zH(x, y)

∂

∂z

with g.c.d. (F,G) = 1. Note that X̄ differs from our vector field X̃ by a multiplicative function

having the form z1−df(x, y) where f(0, 0) ∕= 0. The condition about the singularities of ℱ̃∞ simply
means that the vector field Z = F (x, y)∂/∂x + G(x, y)∂/∂y has eigenvalues �1, �2 at p0 with
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�1�2 ∕= 0. Furthermore if �1, �2 is of the form 1, N with N ∈ ℤ+, then Z is not conjugate to the
vector field (Nx+ yN)∂/∂x+ y∂/∂y. This summarizes the assumption of Theorem 4.1.

Remark 4.2. The case where exactly one of the eigenvalues of Z is different from zero corresponds
to the saddle-node singularity already mentioned. This case will be discussed in Appendix 6.2.
This discussion applies also to singularities of Poincaré-Dulac type Z = (Nx+ yN)∂/∂x+ y∂/∂y.

Fix a separatrix Sep for ℱ̃∞ at p0 ∈ Δ∞. We have:

Lemma 4.3. Assume that H(0, 0) = 0. Then the Abelian form !1 on the cone over Sep is
holomorphic.

Proof. Since p0 has non-degenerate linear part for ℱ̃∞, it follows that whether or not Sep is smooth,
the order k at 0 ∈ ℂ of the vector field obtained by pulling-back the restriction of the vector field
Z to Sep by a irreducible Puiseaux parameterization  equals 1. The statement then results from
Lemma 3.4. □

It follows from this lemma that p0 is either a regular point or a saddle singularity for ℋ. In both
cases the singular point in question can be avoided without disrupting the contractive character of
the corresponding holonomy map (Remark 2.6). In particular this type of singularity can be ruled
out from the subsequent discussion. Let us now consider the case where H(0, 0) ∕= 0.

Lemma 4.4. Assume that H(0, 0) ∕= 0. Then d = 2 and H(0, 0)/�1 ∈ ℚ.

Proof. Let us consider the restriction of X̄ to the invariant manifold {x = 0, y = 0}. This
restriction is naturally a semi-complete vector field that does not vanish identically, since we are
assuming H(0, 0) ∕= 0. The restriction is, in fact, given by H(0, 0)z2−d∂/∂z. The semi-complete
assumption implies that d = 2.

Let us now denote by ℱ̃S the foliation induced on the 2-plane sitting over the invariant manifold

{y = 0}. Obviously Sep is a separatrix for ℱ̃S. The restriction of X̃ to this plane is clearly semi-

complete. Besides this restriction is not identically zero since X̃ = z1−dX̄ up to an invertible factor.
In particular the first homogeneous component at the origin of this restriction is therefore semi-
complete as well. Nonetheless, the homogeneous component in question is given by z−1[�1x∂/∂x+
H(0, 0)z∂/∂z]. Its asymptotic order, which is equal to 1 − H(0, 0)/�1, must belong to [0, 2] ∩ ℚ
since the vector field is semi-complete. The result follows. □

In particular the quotient of the eigenvalues of ℱ̃∞ at the singular point p0 is a rational number
(and thus real). In this case the 1-form !1 has a simple pole at the origin (≃ p0). Therefore there
are two cases to considered according to whether �1/�2 ∈ ℚ+ or �1/�2 ∈ ℚ−. The first case is
easy to be treated.

Lemma 4.5. With the preceding notations suppose that �1/�2 ∈ ℚ+. Then p0 is a sink (resp.
source) singularity for ℋ provided that H(0, 0)/�1 > 0 (resp. H(0, 0)/�1 < 0). In either case, p0
yields a terminal point for the trajectories of ℋ.

Proof. It suffices to consider the case H(0, 0)/�1 > 0. Clearly the structure of ℋ over the two

(smooth) separatrizes of ℱ̃∞ at p0 corresponds to sinks. As to the remaining leaves, recall that
they all accumulate on the origin. Furthermore the structure of ℋ over regular points of these
leaves has to be of the same nature as the corresponding structure over the smooth separatrizes.
That is to say that all these trajectories point inward the singularity p0 ≃ (0, 0). The lemma is
proved. □
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So let us assume from now on that �1/�2 ∈ ℚ−. The restriction of ℱ̃∞ to a neighborhood

of p0 admits 2 separatrizes. These separatrizes are the unique leaves (of the restriction of ℱ̃∞
to a neighborhood of p0) “radially” accumulating on the singular point p0. In vague terms, the

separatrizes are the only leaves of ℱ̃∞ accumulating on p0 if we ignore the effect of the local
holonomy of this foliation. Denote by Sep one of them. The restriction of ℋ to Sep may have
a singular point at p0 ∈ Sep. The nature of this singular point depends also on the sign of the
quotient H(0, 0)/�1. If H(0, 0)/�1 > 0 then p0 corresponds to a sink of ℋ (or of !1 by a small
abuse of notation) over Sep. Conversely, in the case where H(0, 0)/�1 < 0, the singular point
corresponds to a source. We note however that H(0, 0)/�1 and H(0, 0)/�2 have opposite signs.
This implies that if p0 is a sink of !1 for one of the separatrices then p0 is a source for the other.
In this way, if we consider a real trajectory of ℋ along the separatrix admitting p0 as a sink, then
we can continue this trajectory along the other separatrix, still keeping contractive holonomy. It

is easy to verify that the foliation ℋ is regular along the other leaves of ℱ̃∞, on a neighborhood of
p0.

Let us still assume that H(0, 0) ∕= 0 so that it can be normalized to be 1. Let U" = {(x, y, z) :
∣x∣, ∣y∣ ≤ "} be a small neighborhood of the origin ≃ p0, not containing other singular points of

ℱ̃∞. Fix a regular leaf L∞ ⊆ Δ∞ intersecting U and consider a real trajectory l ⊆ L∞. For these
singularities we have:

Proposition 4.6. The integral
∫
lq∩U dT is uniformly bounded for every p ∈ l and q ∈ P−1∞ (p).

Remark 4.7. It should be emphasized that the trajectory lq in the statement is viewed as a
global trajectory of ℋ. In other words, the intersection lq∩U possesses, in general, infinitely many
connected components. The proposition indeed claims that the sum of the integrals of dT over all
these connected components is uniformly bounded.

Proof of Proposition 4.6. Without loss of generality we set �1 ∈ ℝ+. Since, locally, the only

codimension 1 component of the divisor of zeros/poles of X̃ is constituted by the hyperplane at

infinity (in coordinates given by {z = 0}), it follows that X̃ can be written as

z1−d
[
F (x, y)

∂

∂x
+G(x, y)

∂

∂y
+ zH(x, y)

∂

∂z

]
in suitable coordinates. In the above formula, we have F (x, y) = x(�1 + h.o.t.) and G(x, y) =
y(�2 + h.o.t.).

Recall that �1 > 0 (resp. �2 < 0). Consider now the restriction of !1 to the x-axis (resp.
y-axis). The residue of !1 at 0 ≃ p0 with respect to the mentioned axis is equal to −H(0, 0)/�1
(resp. −H(0, 0)/�2). Then it follows that the restriction of ℋ to the x-axis (resp. y-axis) possesses
a sink singularity (resp. source singularity) at p0 ≃ 0. Hence the real trajectories contained in
the x-axis approaches p0. Similarly, those trajectories contained in the y-axis move away from p0.
It is easy to describe the behaviour of ℋ on the regular leaves of U not accumulating at p0: over
a real trajectory of ℋ∣U the absolute value of x decreases while the absolute value of y increases.
In other words, a real trajectory moves away from the invariant plane {y = 0} while approaches
the plane {x = 0}. In particular, whenever a (global) real trajectory l enters the open set U" it
necessarily leaves U" as well.

In this way the only possibility for a real trajectory (not contained in the global leaves containing
the axes {y = z = 0} and {x = z = 0}) to accumulate on the singular point p0 happens when
this trajectory enters infinitely many times the open set U". The sequence of points defined by
the moment in which the mentioned trajectory enters U" must also contain a subsequence that
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converges for a point in the x-axis. Also, in this case, it is immediate to check that the length of
each connected component of l ∩ U" is bounded above by some uniform constant.

For each leaf of ℱ̃ ∩ U not contained in the invariant plane {x = 0} the time-form is given by

(7) dT =
zd−1

F (x, y)
dx.

The leaf can locally be parametrized by the x-variable under the form (x, y(x), z(x)) where z is
given by Equation (4). The form of F and G allows us to see that y(x) = y0(x/x0)

�2/�1g(x) for some
bounded holomorphic function g on ℂ∖ℝ−0 verifying limx→x0 g(x) = 1. In turn, the coordinate z is

given by z = z0e
−

∫ x
x0
!1 , where !1 coincides with−H(x, y(x))/F (x, y(x))dx. Therefore, substituting

y and z on Equation 7, we obtain

(8) dT = zd−10

1

F (x, y(x))
e
−(d−1)

∫ x
x0
!1dx.

Since we need to estimate the integral of the time-form over oriented real trajectories of ℋ, let
us start by controlling the exponential term. Since H(0, 0) = 1, it follows that

−H(x, y)

F (x, y)
= − 1

�1x
(1 + p(x, y))

for some holomorphic function p(x, y) on a neighborhood of the origin verifying p(0, 0) = 0. In
particular, if " is sufficiently small, the absolute value of p(x, y) is bounded above by a small
constant 0 < � << 1 on U". If l is a trajectory of ℋ then

∫
l
!1 is a positive real number. Therefore∣∣∣e−(d−1) ∫l !1

∣∣∣ = e−(d−1)Re
∫
l !1 = e−(d−1)

∫
l !1 .

Consider a (connected) segment of the real trajectory l joining x0 to x where both points are
contained in the neighborhood in question. Denote by � : [0, 1] → L a parametrization of this
segment satisfying �(0) = x0 and �(1) = x. Up to a change of coordinates, “close” to a rotation,
we can assume that the (connected) segment �([0, 1]) is totally contained in the real axis. In
fact, we can assume that it is contained on its positive component. In particular, we can take
�(t) = x0 + t(x− x0). It then follows∫

l

!1 =

∫ 1

0

!1.�

=

∫ 1

0

− �′(t)

�1�(t)
(1 + p(�(t), y(�(t)))dt

=
1

�1

∫ 1

0

− x− x0
x0 + t(x− x0)

(1 + p(�(t), y(�(t)))dt

≥ 1− �
�1

∫ 1

0

− x− x0
x0 + t(x− x0)

dt

=
1− �
�1

ln
(x0
x

)
.

Therefore we obtain

(9)
∣∣∣e−(d−1) ∫l !1

∣∣∣ ≤ Cx
(d−1)(1−�)

�1

where C is a constant depending on d, �1, � and x0(= "). In more accurate terms, C = "
(1−d)(1−�)

�1 .
In fact, this estimation should be multiplied by a constant representing the supremum of the
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absolute value of the determinant of the change of coordinates. However we can, basically, include
this quantity on C since the absolute value of the determinant is bounded above on U". Indeed its
value is very close to 1 since the change of coordinates is “close” to a rotation. In this sense, the
constant C does not depend on the segment of the real trajectory.

Now recall that F (x, y) = �1x(1 + f(x, y)), for some holomorphic function f on U" satisfying
f(0, 0) = 0. Modulo reducing ", we can assume that ∣f(x, y)∣ is bounded above by a small constant
0 < � << 1. Therefore, the coefficient of the time-form satisfies

∣dT ∣ ≤ ∣z0∣d−1
C

�1(1− �)
x

(d−1)(1−�)
�1

−1
.

Since the exponent of x is greater than −1, the primitive of the coefficient of the time-form, up
to the term zd−10 , is a bounded holomorphic function. Consequently, the integral of the time-form,
up the same term, over each connected component li of l ∩ U" is bounded above. In fact, there is
a positive constant K, not depending on the trajectory of ℋ, such that∣∣∣∣∫

li

z1−d0 dT

∣∣∣∣ < K.

Finally the integral of the time form along li is now bounded by K times the absolute value of
a positive power of the variable z in the moment that the trajectory l enters the open set U" or,
equivalently, on the starting point of li. We denote by zi the value z at the starting point of li.

As already mentioned, the holonomy of ℱ̃ is contractive. Therefore, since the length of the real
trajectory between two consecutive starting points of l ∩ U" is bounded from below, the sequence
zi is such that ∣zi+1∣/∣zi∣ ≤ k, for some constant 0 < k < 1, since the trajectories of ℋ have
contractive holonomy. Thus∣∣∣∣∫

l∩U
dT

∣∣∣∣ ≤∑∣∣∣∣∫
li

dT

∣∣∣∣ ≤∑K∣zi∣d−1 ≤
∑

K∣z0∣d−1ki(d−1) =
K∣z0∣d−1

1− kd−1

which means that the integral is uniformly bounded as desired. □

Remark 4.8. Consider the more general case where the vector field X̃ has the form

(10) xnymz1−d
[
F (x, y)

∂

∂x
+G(x, y)

∂

∂y
+ zH(x, y)

∂

∂z

]
for some strictly positive integers m,n and for F,G as above. We would like to point out that,
unfortunately, in this case the statement of Proposition 4.6 is no longer valid even for (locally)
semi-complete vector fields.

The statement however remains valid if m,n are negative integers. This a key to adapt the
statement of Theorem 4.1, Theorem B to a large class of “absolutely isolated singularities”. In
fact, if we work with (non-homogeneous) polynomial vector fields having only “absolutely isolated
singularities” in the “hyperplane at infinity” (cf. Section 5.2), these singularities are reduced
through punctual blow-ups. This leads to a divisor over which the transform of the initial vector
fields will have poles so that the integers m,n appearing in the above formula will be non-positive.

Let us now provide the proof of Theorem 4.1.

Proof of Theorem 4.1. The proof follows immediately from the combination of Theorem 3.3 with
Proposition 4.6. □



22 JULIO C. REBELO & HELENA REIS

5. Applications

5.1. Ends of solutions of complete polynomial vector fields on ℂn. This firs application
concerns Theorem 3.3 so that it is going to be carried out in the n-dimensional situation. Consider
a complete polynomial vector field X defined on ℂn. Set X =

∑d
i=0Xi where Xi stands for the

homogeneous component of degree i of X. To keep as much as possible the notations used in the
previous sections, the foliation associated to X will be denoted by D whereas ℱ will stand for the
foliation associated to the top-degree homogeneous component Xd. We shall always assume that
d ≥ 2.

Recall that both foliations D and ℱ admit holomorphic extensions to ℂP (n) and these exten-
sions are also denoted by D and ℱ .

Lemma 5.1. The homogeneous vector field Xd is not a multiple of the radial vector field

ℰ = x1∂/∂x1 + ⋅ ⋅ ⋅+ xn∂/∂xn .

Proof. First note that the vector field Xd is semi-complete on all of ℂn since it is the top-degree
homogeneous component of a complete vector field. Next suppose we have Xd = Pℰ where P is a
polynomial of degree d− 1. The semi-complete character of Xd then implies that d = 2. Therefore
it only remains to exclude this last possibility. For this, note that the generic leaf L of D intersects
the hyperplane at infinity of ℂP (n) transversely at a regular point p for D. Besides the point p
is regular for the restriction of X to L. In other words, the flow of X reaches the hyperplane at
infinity in finite time. This is impossible since X is complete on ℂn. The proof of the lemma is
over. □

Again let Δ∞ denote the hyperplane at infinity in ℂP (n). It follows from the preceding that
Δ∞ is invariant by both D and ℱ . Besides the foliations induced on Δ∞ by D, ℱ turn out to
coincide. The foliation induced by ℱ on Δ∞ will be denoted by ℱ∞. Also Δ∞ corresponds to the
divisor of poles for both X, Xd.

Since ℱ is given by a homogeneous vector field, the ideas developed in Sections 2 and 3 can
directly be applied to it. In turn, near Δ∞, the foliation D becomes very close to ℱ . In the sequel
we are going to combine these two issues in order to establish Theorem A.

Let us begin by choosing affine coordinates (x1, . . . , xn−1, z) analogous to those used in Sec-
tions 2, 3. Namely the hyperplane {z = 0} is contained in Δ∞ and the plane at infinity Δ1,...,n−1

∞
defined by the affine coordinates x1, . . . , xn−1, where z = 0 is fixed, is not invariant by the restric-
tions of either D or ℱ to Δ∞. We are then able to apply the results of Section 3 to the foliation ℱ .
In particular, the leaves of ℱ are equipped with the (singular) real foliations ℋ� where � is chosen
in the interval (−�/2, �/2). For the rest of this section, these foliations will be denoted by ℋℱ
(resp. ℋ�

ℱ). To define a suitable version of these real trajectories in the leaves of D we proceed as
follows. Given a point p = (x01, . . . , x

0
n−1, z

0) with z0 ∕= 0, let Lp denote the leaf of D through p.
To define the foliation ℋD at p, we consider the function (x1, . . . , xn−1, z) 7→ ∣z∣ restricted to Lp.
The tangent vector to ℋD at p is simply the negative of the gradient of the function in question.
Once ℋD is defined the foliations ℋ�

D have an obvious definition.

The next step in our construction consists of investigating the basic properties of ℋD in analogy
with the properties of ℋℱ considered in Sections 2 and 3. Recalling that D, ℱ induce the same
foliation ℱ∞ on Δ∞, consider a point (x01, . . . , x

0
n−1, 0) ∈ Δ∞ that is regular for the restrictions of

both D, ℱ to Δ∞. Then we have:
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Lemma 5.2. The direction of ℋD at the point (x01, . . . , x
0
n−1, z) converges uniformly to the direction

of ℋℱ at (x01, . . . , x
0
n−1, 0). In particular the foliation ℋD can be extended to the regular part of D

in Δ∞ and this extended foliation coincides with ℋℱ on Δ∞.

Proof. Since the behavior of D near (x01, . . . , x
0
n−1, 0) is dominated by the component Xd of X,

it suffices to check that the trajectories of ℋℱ admit a definition analogous to the one given
above for the trajectories of ℋD. In other words, it suffices to prove that the direction of ℋℱ at
(x01, . . . , x

0
n−1, z) coincides with the gradient of the function (x1, . . . , xn−1, z) 7→ ∣z∣ restricted to

the leaf of ℱ through (x01, . . . , x
0
n−1, z). This is however an immediate consequence of Formula (4).

The lemma is proved. □

To help us to explain how to derive properties of X, D from properties of Xd, ℱ , it is convenient
to consider a small neighborhood (in the n-dimensional ambient space) V of (Sing (D) ∩ Δ∞) ∪
Sing (X), where Sing (D) (resp. Sing (X)) stands for the singular set of D (resp. X). Next denote
by U a neighborhood of Δ∞ ∖ V . Also, in order to keep a “uniform contractive character” over
trajectories of ℋ�

ℱ , we fix some (small) � > 0 and consider only those values of � belonging to the
interval (−�/2 + �, �/2− �).

Note that all the endpoints belonging to U for trajectories of ℋ�
ℱ are situated over Δ1,...,n−1

∞ . In
particular a trajectory ofℋ�

ℱ through an affine point (x01, . . . , x
0
n−1, 0) ∈ U∩Δ∞ will never approach

Δ1,...,n−1
∞ unless it first enters V . Modulo choosing the neighborhood U sufficiently narrow, the

restriction to U of the foliation D is very close to the (restriction to U of the) foliation ℱ . A
similar statement holds for the foliations ℋD and ℋℱ thanks to Lemma 5.2. In particular we
obtain the following:

Lemma 5.3. Let � > 0 be fixed. Consider a point p = (x01, . . . , x
0
n−1, z

0) ∈ U and denote by l+,�p

the semi-trajectory of ℋ�
D initiated at p for � ∈ [−�

1
+�, �

2
−�]. Consider a path c : [0, 1]→ l+,�p ∩U ,

with c(0) = p, and set c(1) = (x11, . . . , x
1
n−1, z

1). Then there is a constant Cte depending solely on �
such that the following condition is always verified: whenever the length of c exceeds Cte, we have
the estimate ∣z1∣ < ∣z0∣/2.

Proof. It follows immediately from the proof of Theorem 3.3 concerning the foliation ℱ . More
precisely, it was shown that for the analogue statement where the foliation ℋ�

D is replaced by the
foliation ℋℱ it suffices to choose Cte as ln(2)/�. The present statement follows from the fact that
inside U the foliation ℋℱ is “very close” to ℋD. □

One last ingredient is still needed for the proof of Theorem A. Let l+,�p be a trajectory as in

Lemma 5.3 and denote by Lp the leaf of D containing l+,�p . The idea behind the statement of

Theorem A consists of estimating the integral of dTL over l+,�p where dTL stands for the time-form
induced by X on Lp. In Section 3 we have obtained suitable estimates for this type of integral
for the case of homogeneous vector fields. The estimate is based on the “renormalized time-form”
induced on Δ∞ by the vector field and on the evolution of the distance of the points to Δ∞ (the
“height” of the points). As to the height of points, the preceding lemma provides a suitable control
of their evolution over trajectories of ℋ�

D in the case of non-homogeneous polynomial vector fields.
Finally we recall that the foliations induced by X and by Xd on Δ∞ turn out to coincide and the
same holds for the “renormalized time-forms” induced on Δ∞ by X and by Xd.

We are ready to prove Theorem A.

Proof of Theorem A. Consider the foliation D induced by X on ℂP (n) and let Δ∞ be as above.
Let V denote the given neighborhood of (Sing (D)∩Δ∞)∪Sing (X) and fix � > 0. Next we choose
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a neighborhood U of Δ∞ ∖ V so that the statement of Lemma 5.3 is valid. It is sufficient to prove
the theorem for the foliation ℋD since the adaptations needed to the general case of the foliations
ℋ�
D, � ∈ (−�/2 + �, �/2− �), are obvious.

Consider a point p = (x01, . . . , x
0
n−1, z

0) ∈ U ∖ V . Denote by l+p (resp. Lp) the semi-trajectory of
ℋD initiated at p (resp. the leaf of D through p). Suppose first that l+p is entirely contained in U .
To explain the structure of the proof of our theorem, we first are going to prove that the preceding
assumption contradicts the fact that the vector field X is complete. For this we are going to show
that the integral of the time-form dTL induced by X on Lp over l+p is convergent. Since it clearly
accumulates on Δ∞ (in particular l+p leaves every compact set contained in Lp) the convergence
of the mentioned integral contradicts the completeness of X. Let us also point out that our claim
reduces to Theorem 3.3 in the case of homogeneous vector fields.

To adapt the proof of Theorem 3.3 to the present case where X is not homogeneous we proceed
as follows. The choice of the coordinates (x1, . . . , xn−1, z) = (x, z) allows us to write Xd in the
form

Xd = z1−d[F1(x)∂/∂x1 + ⋅ ⋅ ⋅+ Fn−1(x)∂/∂xn−1 + zH(x)∂/∂z]

whereas the vector field X becomes

X = z1−d[F ∗1 (x, z)∂/∂x1 + ⋅ ⋅ ⋅+ F ∗n−1(x, z)∂/∂xn−1 + zH∗(x, z)∂/∂z].

Besides the coefficients Fi, F
∗
i , i = 1, ⋅ ⋅ ⋅ , n− 1, (resp. Hi, H

∗
i ) are related by the formulas

F ∗i (x1, . . . , xn−1, z)− Fi(x1, . . . , xn−1) = zPi(x1, . . . , xn−1, z)

(resp. H∗(x1, . . . , xn−1, z) − H(x1, . . . , xn−1) = zQ(x1, . . . , xn−1, z)) where Q, Pi are polynomials
in the variables in question. Next note that the time-form dTL is given by

dTL =
zd−1

F ∗1 (x1, . . . , xn−1, z)
dx1 = ⋅ ⋅ ⋅ = zd−1

F ∗n−1(x1, . . . , xn−1, z)
dxn−1 .

Now since U does not intersect the singular set of D, we can suppose without loss of generality that
F ∗1 (x1, . . . , xn−1, z) is bounded from below by a positive constant � in U , otherwise we replace F ∗1
by a suitable F ∗i . This last estimate combined to Lemma 5.3 then shows that the integral of dTL
over l+p is bounded by simply repeating the calculations performed in the proof of Theorem 3.3.

We are then led to conclude that the semi-trajectory l+p must intersect the neighborhood V of
Sing (D) ∩ Δ∞ regardless of how small is V . In particular it may happen that l+p accumulates
on singular points of D lying in Δ∞. In this case the integral of dTL over l+p cannot be bounded
without additional conditions. Fortunately to establish Theorem A it is not needed to keep track
of the amount of “time” that l+p spend inside V but rather of the amount of time that l+p spend
away from V . To be more precise let us prove the following:

Claim. The distance between the trajectory l+p and the hyperplane Δ∞ cannot have a minimum
unless this minimum is zero. In this latter case the intersection point l+p ∩Δ∞ is never reached by
the flow of X.

Before starting the proof of the claim, it is convenient to make some general comments regarding
the possibility of having a point q in l+p ∩Δ∞. A first case where this may happen arises from the
definition of “leaf” given in Section 2, borrowed from [Br-1]. According to this definition the leaf
Lp of D may contain a singular point of D lying in Δ∞. In fact, in this case, a local branch of Lp
about q defines an irreducible separatrix for D at q. It is then natural to think of q as belonging
to l+p . More generally, it may happen that l+p converges to a point q lying in Δ∞ whether or not
q belongs to Lp. With a small abuse of notation, the point q may be thought of as belonging to
l+p . In all these cases the statement of Theorem A is obvious: the completeness of X implies that
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the integral of dTL over a local branch of l+p converging to q is infinite. So l+p enters every given
neighborhood of q and remains inside “forever”. The statement then follows from observing that
q must be a singular point of D since Δ∞ is invariant by D.

A further reduction in the proof of Theorem A is possible even though not strictly needed.
Namely, with the above notations, we can suppose that (a local branch of) l+p never converges to
a point q that is singular for X (and in particular for D). In fact, if this point belongs Δ∞ then
the theorem results immediately as seen above. Similarly, if q ∈ Sing (X) ∖Δ∞, then the theorem
follows from the standard results on existence and uniqueness of solutions for regular ordinary
differential equations.

Proof of the Claim. Let us now go back to the proof of the claim. Given what precedes, let us
suppose for a contradiction that q is a point of minimum for the mentioned distance and that
q lies in ℂP (n) ∖ Δ∞ . The point q must belong to the domain of definition of the coordinates
(x1, . . . , xn−1, z). In fact, suppose that c : [0, 1) → l+p is a local parametrization of l+p with
limt→1− c(t) = q. Setting c(t) = (x1(t), . . . , xn−1(t), z(t)), it follows that z(t) is locally bounded at
q. If, in addition, (x1(t), . . . , xn−1(t)) leaves the domain of definition of coordinates (x1, . . . , xn−1, z),
then by using standard coordinates of ℂP (n) whose domain contains Δ∞, it immediately follows
from the bounded character of z(t) that limt→1− c(t) = q actually belongs to Δ∞. The theorem
will then follow as already shown.

Summarizing the above discussion, we can suppose that q = (q1, . . . , qn) is a regular point for
X, D belonging to the domain of definition of the coordinates (x1, . . . , xn−1, z) and verifying qn ∕= 0.
A final contradiction can now be obtained as follows. Let Φ(T ) = (Φ1(T ), . . . ,Φn(T )) be a local
parametrization of Lp about q (Φ(0) = q). Since q is a regular point for X, the holomorphic map
T 7→ Φn(T ) ∈ ℂ is not constant and hence it has isolated critical points. From the local inversion
theorem and the fact that an open set remains open when an isolated point of its boundary is
added to it, it follows that T 7→ Φn(T ) is an open map what in turn contradicts the assumption
that ∣Φn∣ has a (positive) local minimum at T = 0. The claim is proved. □

To finish the proof of Theorem A consider now the semi-trajectory l+p . The above discussion
shows that l+p accumulates on Δ∞, in particular l+p leaves compact sets of Lp. The completeness
of X then implies ∫

l+p

dTL =∞ .

Consider a decomposition l+p = c1 ∗ c2 ∗ ⋅ ⋅ ⋅ of l+p in finitely or infinitely many paths such that ck
is contained in U for k odd and ck is contained in V for k even. The statement is now reduced to
prove that

∞∑
k=0

[∫
c2k+1

dTL

]
<∞ .

The last estimate however follows from the same argument employed above in the case where l+p
was entirely contained in U . It suffices to observe that the claim guarantees that ∣c2(k+1)+1(0)∣ <
∣c2k+1(1)∣. The theorem is proved. □

Let us now establish Theorem A’.

Proof of Theorem A’. Consider again a fixed point p and let Φp : ℂ → Lp be given by Φp(T ) =
Φ(T, p) where Lp stands for the leaf of D through p. In the affine coordinates (x1, . . . , xn−1, z) the
map Φp becomes (Φ1(T ), . . . ,Φn(T )). In particular this allows us to define the Abelian form � on
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ℂ by letting � = −Φ
′
ndT/Φn. Next if the oriented foliation ℋ is restricted to Lp, then we can

consider the corresponding pulled-back oriented foliation Φ∗pℋ on ℂ. In this direction we have:

Claim 1: The oriented foliation Φ∗pℋ coincides with the real (positive) foliation induced by �.

Proof of Claim 1. Consider a point q = Φp(T0) ∈ Lp that is regular for ℋ. The direction of ℋ at
q is determined by the negative of the gradient of the “height” function (x1, . . . , xn−1, z) 7→ ∥z∥
restricted to Lp. In the coordinate T this function is simply T 7→ ∥Φn(T )∥. The gradient direction
of this latter function is determined by the condition that Φ

′
n(T0)(T − T0) must be aligned with

Φn(T0). This amounts to saying that the direction of Φ∗pℋ at T0 is nothing but the positive real
direction of �. □

To abridge notations the foliation Φ∗pℋ will be denoted by {Arg � = 0}. More generally the

pull-back by Φp of the foliations ℋ� coincide with {Arg � = �}, in particular {Arg � = �/2} is the
foliation orthogonal to {Arg � = 0} = Φ∗pℋ.

The separating curve c0 to be chosen is given by the trajectory of {Arg � = �/2} through T0.
Geometrically Φp(c0) is the curve determined in Lp by the intersection of Lp itself with the real
hypersurface {∥z∥ = ∣Φn(T0)∣}. This curve may be closed. Next we choose the component U+ of
ℂ ∖ c0 that corresponds to the saturated of T0 by the spray of trajectories of {Arg � = �} issued
from T0 with � ∈ (−�/2, �/2). To check that U+ is unbounded just notice that a trajectory
l+,�p ⊂ Lp, � ∈ (−�/2, �/2), issued from p will, by construction, accumulate on Δ∞ unless on an
singularity of X (in ℂn). The statement is however clear in this last case so that we can assume lp
indeed accumulates on Δ∞. In particular it leaves every compact set contained in Lp. Since X is
complete, it results that the integral of the corresponding time-form over l+,�p is unbounded. Next

note that the preimage of l+,�p by Φp is the trajectory of {Arg � = �} issued from T0. Furthermore
the preimage by Φp of the time-form induced on Lp is nothing but the canonical form dT on ℂ. In
particular there is a natural correspondence between the integral of the time-form over (segments
of) l+,�p and the integral of the form dT over (segments of) the mentioned trajectory. It then follows
that the trajectory in question must leave every compact set contained in ℂ what shows that U+

is unbounded.

Summarizing to show that U+ satisfies all the conditions in the statement it only remains to
check that

(11) lim
r→∞

Meas (TV ∩Br)

Meas (U+ ∩Br)
= 1 .

To begin with note that � is holomorphic in U+ since Φn(T ) never reaches 0 ∈ ℂ. Furthermore
the trajectories of ℋ�, � ∈ (−�/2, �/2), approach {z = 0}. These trajectories, in fact, remain in a
compact part of the domain of definition of the coordinates (x1, . . . , xn−1, z) since the “infinity” of
{z = 0} consists of poles with residue equal to 1 for the abelian form !1 in Section 2, cf. Lemma 2.4.
The existence of poles with residue equal to 1 implies that on a neighborhood of this “plane at
infinity” the trajectories of ℋ⊥ are closed curves and the trajectories of ℋ� for � ∈ (−�/2, �/2)
point outward these closed curves. The preceding claim then becomes clear. As a consequence
of this, we conclude that the absolute value of the coefficient of � is uniformly bounded in U+TV
since away from TV we can choose the denominator of !1 = −H/F to be bounded from blow by
a positive constant. Next observe that � defines a singular flat structure on U+ and for this flat
structure the trajectories of {Arg � = �} are geodesics (“straight lines”). This leads us to
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Claim 2: Given " > 0, there is � > 0 such that the saturated U+
� of T0 by trajectories of {Arg � = �}

for � ∈ (−�/2 + �, �/2− �) verifies

lim inf
r→∞

Meas [(U+
� ∩Br) ∪ (TV ∩ (U+ ∖ U+

� ))]

Meas (U+ ∩Br)
> 1− " .

Proof of Claim 2. The statement would be obvious if the flat structure induced by � were the
standard structure of ℂ. Consider an arc of circle Sr0 (about T0) of radius r0 whose interior
contains no singular points of �. Consider also two trajectories l�1 , l�2 issued from T0. Since X is
complete these trajectories intersect Sr0 at points T1, T2. Because � is closed, the integral of � over
the boundary of the triangle whose sides are the segments of l�1 , l�2 delimited by T0 and T1, T2 and
the corresponding arc of Sr0 determined by T1, T2 equals zero. Finally since the coefficient of � is
uniformly bounded (and bounded from below if we stay away from its singular points), we conclude
that the length of the arc of Sr0 determined by T1, T2 is bounded by Constr0∣�1− �2∣ for every pair
�1, �2. From this we obtain the desired estimate provided that Sr0 contains no singularities of � in
its interior.

To finish the proof of the claim, we need to consider the effect of the singularities of �. These
singularities are of saddle type since � is holomorphic on U+. For every singular point of � we
consider a disc of uniform radius about the corresponding point in Lp. In the complement of the
union of these discs !1, and therefore � in the coordinate T , is bounded from below by a positive
constant. The claim will be proved if the union of these discs in the coordinate T has area less than
"r/2 for r large. In fact, in the complement of this union � is bounded from below by a positive
constant and from above by the previous constant so that the preceding argument can be applied
in finitely many regions of a ball Br. Finally to justify the previous claim note that, in order to
prove the desired estimate, we only need to consider those discs about points in Lp that lie in the
complement of V . It then follows that in these discs the norm of X is bounded from below by a
positive constant so that their size in the coordinate T is uniformly bounded. Besides the distance
in the leaf Lp between every two discs as before is bounded from below by a positive constant.
Though this property is not directly reflected in the coordinate T since the norm of X increases
(i.e. X becomes “faster”), the size of the corresponding neighborhoods reduces proportionally to
the increase of the norm of X. This quickly leads to the desired conclusion and establishes the
claim. □

In view of Claim 2 to end the proof of Theorem A’ it suffices to show that

lim
r→∞

Meas (TV ∩Br ∩ U+
� )

Meas (U+
� ∩Br)

= 1 ,

for fixed positive �. To do this consider r given. Next observe that every for � ∈ (−�/2+�, �/2−�)
the corresponding trajectory l� of {Arg � = �} issued from T0 intersects the boundary ∂Br of Br

since X is complete. Let T�,r be this intersection point and denote by l�,r the segment of l� delimited
by T0 and T�,r. According to Theorem A, there is uniform constant Cte (depending on neither
� nor r) such that the length of the segments of l�,r corresponding to those instants where Φ(T )
remains away from V is bounded by Cte whereas the length of l�,r goes to infinity when r → ∞.
The statement of Theorem A’ now results from a standard application of Fubini’s theorem. □

5.2. Complete polynomial vector fields on ℂn with simple singularities at infinity. In
this section we shall give an application of Theorem 4.1 that cannot be obtained from Theorem 3.3
alone. Again let X be a complete polynomial vector fields on ℂn and denote by D its associated
foliation. Recall that we make no distinction between D viewed as a foliation on ℂn and D viewed
as a foliation on ℂP (n). Again Xd, d ≥ 2, will denote the homogeneous component of highest
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degree of X. The foliation associated to Xd is denoted by ℱ and can also be viewed as a foliation
on both ℂn and ℂP (n). Because the singularities of D in the hyperplane at infinity Δ∞ have
non-degenerate linear part, it follows that they are isolated. Furthermore we note that if a non-
constant polynomial P divides Xd it must also divide X. Otherwise the curve induced on Δ∞ by
{P = 0} would contain singularities of D whose linear part is degenerate what is impossible. In
turn this implies that the singular sets of D and of ℱ coincide on a neighborhood of Δ∞. Moreover
if q ∈ Δ∞ is a (necessarily common) singular point of D, ℱ , then the corresponding eigenvalues

of these foliations at q are also the same. In particular the singularities of ℱ̃ lying in Δ∞ have
non-degenerate linear part. Finally it is also clear that the restriction of D to Δ∞ coincides with
the foliation ℱ∞ induced by ℱ .

Lemma 5.4. With the definition of leaf given in Section 2 (borrowed from [Br-1]), the leaves of
ℱ∞ are either rational curves or Riemann surfaces uniformized by ℂ.

Proof. We need to show that the leaves of ℱ∞ cannot be hyperbolic Riemann surfaces. Since
ℂP (n) has a Kähler structure, it follows from the main result of [Br-1] that the set of parabolic
leaves of D is a pluri-polar set unless it coincides with the whole space. Since the leaves of D
contained in ℂn are clearly parabolic, we conclude that the leaves of D contained in Δ∞ must also
be parabolic (or rational). The latter leaves however are precisely the leaves of ℱ∞. □

The next step is to consider the foliation ℱ̃ induced on the manifold M by ℱ as in Sections 2,

3 and 4. In particular the foliation ℱ̃∞ is naturally identified with ℱ∞. In view of the existence of

the projections P0, P∞ introduced in Section 2, Lemma 5.4 implies that no leaf of ℱ̃ is hyperbolic.
Note that this conclusion cannot directly be derived from the vector field Xd since Xd need not be
complete (though it is semi-complete).

The next lemma is crucial for the proof of Theorem B. In turn its proof relies heavily on
Theorem 4.1.

Lemma 5.5. Suppose that X is as in Theorem 4.1. Suppose also that no singularity of ℱ̃∞
provide a sink singularity for ℋ (resp. ℋ�) restricted to a generic leaf of ℱ̃∞. Then a “generic”

leaf L∞ ⊆ Δ∞ of ℱ̃∞ is hyperbolic as Riemann surface.

Proof. The assumption of the lemma combined to the material in Section 2 ensures that the
trajectories of ℋ have no future endpoint. As an immediate consequence, it follows that the
trajectories of ℋ have infinite length and we shall exploit it in the proof. To begin with note that

Lq is not contained in a rational curve. In fact, in this case ℱ̃∞ would be a rational pencil on Δ∞.
In particular the foliation ℋ would have sink singularities when restricted to a generic leaf of this
pencil.

Consider q ∈ P−1∞ (p) as in the statement of Theorem 4.1 and denote by Lq the leaf of ℱ̃ through

q. In particular P∞(Lq) = L∞. Now note that X̃ is regular over Lq. Since X̃ is semi-complete, this
leaf is recovered by an open set U ⊆ ℂ which is the domain of definition of the semi-complete flow

on Lq. In fact, the assumption that X̃ is semi-complete is equivalent to saying that U is a maximal

domain of definition for the solution � of the equation associated to X̃ with initial condition at q.
Now the lift of lq in U has finite length for the natural euclidean metric of ℂ. Indeed, this length is
nothing but the integral

∫
lq
dT . Hence the mentioned lift converges to a point t0 in the boundary

of U.

Now suppose for a contradiction that Lq is not hyperbolic as Riemann surface. Because Lq
cannot be contained in a rational curve, it follows that U = ℂ ∖ {t0}. In particular, Lq cannot
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be compactified in an elliptic curve. Thus Lq is actually not contained in any compact curve.
Consider now the plane ℂ equipped with the coordinate t. In particular the canonical form dt
coincides with the pull-back by � of the time-form induced on Lq by X. Also denote by ℋt the
lift of the foliation ℋ (restricted to Lq) to the ℂ-plane.

Claim. The point t0 represents a sink singularity for ℋt.

Proof of the Claim. Clearly Lq possesses a cylindrical end. In other words, the map � allows us
to realize a punctured neighborhood of t0 ∈ ℂ as an end of Lq. We consider a point q′ = �(t′) for
t′ near t0. The trajectory of ℋ through q′ is infinite and thus the integral of the corresponding
time-form over this trajectory converges again to a point in the boundary of U = ℂ ∖ {t0}. Thus
this integral must converge to t0. In the ℂ-plane equipped with the coordinate t, the preceding
translates into the fact that the integral of the canonical form dt over the lift (by �) of the ℋ-
trajectory through q′ converges to t0. Since the mentioned lift is nothing but the trajectory of ℋt

through t′, it follows that this trajectory must converge to t0 proving the statement.

We shall refer to the above situation by saying that t0 is an improper sink for ℋ. This means
that viewed in the “time coordinate” t, the point t0 behave as a sink for this foliation. However
when we look at the leaf Lq the trajectories “converging to t0” actually become trajectories of ℋ
with infinite length.

Summarizing we have the following: the plane ℂ is endowed with a foliation ℋt induced by
an abelian form �∗!1. The form �∗!1 has a unique sink singularity, corresponding to t = t0.
Furthermore all trajectories of ℋt converge to t0. Indeed, the integral of the time-form over every
trajectory of ℋ converges to a point in the boundary of U = ℂ∖{t0} and hence to t0 itself. Besides,
since ℋ has no sink singularities, the only way ℋt may exhibit a sink singularity is by means of
the improper sink situation.

To finish the proof of the lemma, we are going to show that the situation described above cannot
happen. In fact, let t∗ be a source singularity of ℋt. Note that t∗ exists since this type singularity is
produced by the intersections of P∞(Lq) with the hyperplane at infinity in the coordinates (x, y) (ie.
the hyperplane at infinity corresponding to affine coordinates for Δ∞). Because Lq is not contained
in a compact curve, P∞(Lq) must intersect the mentioned “hyperplane at infinity” infinitely many

times since this hyperplane is, by construction, not invariant by ℱ̃∞. These intersections produce
then infinitely many source singularities for ℋt. These source singularities also have residue equal
to 1.

Next note that away from saddle-singularities of ℋt, this foliation can be given a structure of
transverse riemannian foliation: just parametrize the trajectories of the orthogonal foliation by the
integral of �∗!1. Since all trajectories leaving t∗ must arrive at t0, this implies that the residue of
�∗!1 at t∗ is the negative of its residue at t0 and also that these trajectories cover a neighborhood
of t0. In particular trajectories of ℋt leaving from another source singularity of ℋt cannot converge
to t0. This gives the desired contradiction proving the lemma. □

Lemma 5.6. There exists a singularity q ∈ Δ∞ of ℱ̃ all of whose eigenvalues �q1, �
q
2, �

q
3 belong to

ℝ∗+.

Remark 5.7. The eigenvalues �q1, �
q
2, �

q
3 must be real since the vector field is semi-complete and

Δ∞ is contained in its pole divisor. The contents of the statement concerns only their signs.

Proof. We have to consider separately the cases where the codimension of the zero set of Xd is
exactly 1 and the case where it is 2 or greater. Let us start with the case in which this codimension

is at least 2. In this case, since the singularities of ℱ̃ in Δ∞ have non-degenerate linear part it
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follows that the zero set of Xd does not intersect Δ∞ (and it is thus reduced to the origin since
Xd is homogeneous). In this situation we can apply Lemma 5.5.

According to Lemma 5.4 the leaves of ℱ̃∞ = ℱ∞ are parabolic curves. In view of Lemma 5.5,
we conclude that the trajectories of the foliations ℋ must have a future endpoint (sink singularity)

which can only be provided at a singularity of ℱ̃∞. Because there are only finitely many such

singularities and because all trajectories of ℋ contained in all leaves of ℱ̃∞ = ℱ∞ must have this

type of endpoint, it follows that all but finitely many leaves of ℱ̃∞ = ℱ∞ passes through one same

singularity q ∈ Δ∞. Viewed as a singularity for the foliation ℱ̃∞ = ℱ∞ this singularity must have
two eigenvalues with quotient in ℝ+. It remains to check that the eigenvalue �q3 associated to the
direction normal to Δ∞ belongs also to ℝ+. However this is again a consequence from the fact

that q must provide a minimum for the distance of the leaves of ℱ̃ to Δ∞ as it follows from the
discussion carried out in Sections 2 and 3.

It now remains to prove the statement in the case where Xd is divisible by a non-constant
polynomial P . This prevents us from resorting to Lemma 5.5 (cf. also Remark 4.8). We shall give
a direct argument in this case. As already seen P also divides X. Besides {P = 0} induces a curve C
in Δ∞ that is invariant by ℱ̃∞ = ℱ∞ (for otherwise the statement is trivial). The self-intersection
of C as a curve contained in Δ∞ ≃ ℂP (2) is therefore strictly positive and can be determined
through the usual index formula, see for example [Br-3]. Actually the index of a singularity of

ℱ̃∞ = ℱ∞ sitting in C is just the quotient of the corresponding eigenvalues. In particular it follows
that there must exist a singularity whose index is positive, i.e. we have �q1/�

q
2 > 0. Let us call q

this singularity. Next note that the first non-trivial homogeneous component of Xd at q has the
form Q.Y1 where Q is a rational function whose both pole and zero divisors contain q and where
Y1 is a linear vector field having �q1, �

q
2, �

q
3. Here �q3 is the eigenvalue associated to the direction

normal to Δ∞. Now Q.Y1 is semi-complete since Xd is so. From this it easily follows that �q3 ∈ ℝ.
Since �q3 ∕= 0, the statement is reduced to show that �q1 cannot be strictly negative (ie. �q3 must
have the same sign as �q1, �

q
2).

To check that �q3 > 0, we consider again the foliation ℱ̃ on M . Let Q ∈ Δ0 be the singularity

of ℱ̃ that is “dual” to q. The eigenvalues of ℱ̃ at Q are therefore �q1, �
q
2,−�

q
3 (where −�q3 is

the eigenvalue associated to the direction normal to Δ0). Now the first non-trivial homogeneous
component of Xd at Q has the form R.Z1 where R is a polynomial possessing at least two non-
constant irreducible components and Z1 is a linear vector field with eigenvalues �q1, �

q
2,−�

q
3. Under

these conditions the vector field R.Z1 cannot be semi-complete if all its eigenvalues are real positive.
Thus we conclude that �q3 > 0. In other words the singularity q ∈ Δ∞ satisfies the conditions in
the statement. □

Remark 5.8. Suppose that X is a vector field whose zero-set has codimension greater than or
equal to 2. On the other hand, relax the condition imposed to the singularities of D lying in Δ∞ to
have the eigenvalue �q3 to be zero. In this case the singularity q of D is often called a codimension 2
saddle-node, which may or may not be isolated. In local terms, to decide when these singularities
are semi-complete when multiplied by a meromorphic function is quite subtle (see for example [Re]
and references therein). Nonetheless by virtue of Lemma 4.3, q cannot provide a sink singularity

for the trajectories of ℋ contained in generic leaves of ℱ̃∞. Since the proof of Theorem 4.1 given in
Section 4 can easily be adapted to include this type of singularity, we obtain the following variant
of Lemma 5.6: if the complete vector field X is as above, then there still exists a singularity q ∈ Δ∞
of ℱ̃ all of whose eigenvalues �q1, �

q
2, �

q
3 belong to ℝ∗+.
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The statement of Lemma 5.6 can slightly be improved. In fact, recall that Q.Y1 is a semi-
complete vector field where Y1 is a linear vector field with real positive eigenvalues �q1, �

q
2, �

q
3.

Suppose first that Q is a rational function whose both pole divisor and zero divisor contain the
origin. A simple analysis of the possibilities shows that under these conditions we must have
{�q1, �

q
2, �

q
3} ⊂ ℤ+. The other possibility for Q is that it has a (unique) polar component of

degree d− 1 passing through q (actually coinciding with Δ∞) and empty zero divisor. In this case

the foliation ℱ̃ has a smooth separatrix transverse to Δ∞. By restricting Xd to this separatrix
the semi-complete condition implies that d must be equal to 2. Besides the local holonomy of
the separatrix in question must be trivial (cf. for example [Gu-1]). It then follows that each of
the eigenvalues �q1, �

q
2 is a multiple of the eigenvalue �q3. Thus we can indeed set �q3 = 1 and

�q1, �
q
2 ∈ ℤ+. This refined statement will lead us to

Lemma 5.9. The set formed by the separatrizes of D at q contains non-trivial open sets of ℂ3.

Proof. Consider the vector field X (resp. foliation D) on a neighborhood of the singularity q ∈ Δ∞.
What precedes ensures us that the three eigenvalues �q1, �

q
2, �

q
3 ofD at q are strictly positive integers.

In particular they belong to the Poincaré domain. In particular they are linearizable provided that
the eigenvalues are not resonant. More generally, if they are not linearizable, they must admit a
non-trivial Poincaré-Dulac normal form what it impossible by assumption. Thus, in any case, D
must be linearizable about q. The statement follows now from the fact that {�q1, �

q
2, �

q
3} ⊂ ℤ+. □

Proof of Theorem B. Consider a local leaf of D defining a separatrix S for D at q as above. Since
S may be singular at q, we consider also a local irreducible Puiseux parametrization (t) for S
where t is defined on a neighborhood of 0 ∈ ℂ and (0) = q. Since S is invariant by X, we consider
the pull-back ∗X by  of the restriction of X to S. The irreducible character of  ensures that
∗X is holomorphic and semi-complete on a neighborhood of 0 ∈ ℂ. Therefore the order of ∗X
at 0 ∈ ℂ belongs to the finite set {0, 1, 2}. Furthermore, we can actually exclude the case in which
this order equals zero since otherwise points of L would reach q ∈ Δ∞ in finite time and this
contradicts the fact that X is complete on ℂ3.

Suppose now that the order of ∗X is 2. Modulo adding the point q to the global leaf L, it
follows that L is a Riemann surface equipped with a complete holomorphic vector field having a
quadratic singularity. Thus L must be the Riemann sphere and hence (of closure) compact. This
being valid for set of leaves of D containing open sets of ℂ3 (cf. Lemma 5.9) it follows that D
defines a rational pencil on ℂ3 (it is in particular completely integrable).

Finally consider the case where the order of ∗X at 0 ∈ ℂ equals 1. In this case the time-form
induced on L by X has a non-trivial period. Besides the restriction of X to the (normalization
of) the closure of X contains a singularity so that the (closure of) L cannot be an elliptic curve.
It then follows that L cannot be an orbit of type ℂ. Now it follows from Lemma 5.9 and from
Suzuki’s theorem [Su] that the generic orbit of X has type ℂ∗. Finally Brunella’s theorem in [Br-2]
guarantees the existence of the desired first integral. □

Remark 5.10. The conclusion of Theorem B holds also in the case where the complete vector
field X is as in Remark 5.8. In fact, its proof depends only on the existence of a singularity q ∈ Δ∞
all of whose eigenvalues have the same sign.

To finish this paragraph let us make some further comments regarding the possibility of having
a second first integral for D in the last case discussed above. We have seen that L is an orbit of type
ℂ∗ of X and that L “passes through q” at least once (note that adding q to L is actually consistent
with the definition of “leaf” mentioned in Lemma 5.4). If L passes through q twice, then it follows
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again that (the closure of) L must be a rational curve so that D coincides with a rational pencil
and hence it is completely integrable. Thus we can assume that L “passes through q” exactly once.
However this implies that every local meromorphic first integral for D on a neighborhood of q can
be extended to the (open set) given by the saturation by D of this neighborhood. Because q is a
singularity as indicated above (cf. the proof of Lemma 5.9), we can locally find two independent
meromorphic first integral for D on a neighborhood of q. Now we have the following possibilities:

∙ If the saturated by D of the neighborhood in question is dense or all of ℂ3. Then we obtain
the completely integrability of D.
∙ If the mentioned saturated set is not dense then its boundary must be a “singular Levi

flat” for D. Since the same argument can be applied to leaves of D containing in different
connected components of Levi-flats, we conclude the existence of a finite partition of ℂn into
invariant open set where the vector field whose boundaries are singular Levi-flats. Besides
on each of these open invariant sets, the foliation D is given by a pair of holomorphic first
integrals (whereas it is not clear that these first integrals will patch together into a global
first integral, for an analogous phenomenon appearing in the case of Halphen vector fields
see [Gu-1] or [Gu-3]).

5.3. Guillot’s lattices of quadratic vector fields. For this last paragraph, we shall place
ourselves in the context of [Gu-2] with n = 3. We are therefore dealing with semi-complete

(homogeneous) quadratic vector fields X2 with isolated singularities. The foliation ℱ̃ associated
to X2 on M leaves Δ∞ (resp. Δ0) invariant. The pole divisor (resp. zero divisor) of the lift to M of

X2 consists of Δ∞ (resp. Δ0) with multiplicity exactly 1. Finally ℱ̃ has exactly seven singularities
on Δ∞ (resp. Δ0) and all of them possess three eigenvalues different from zero.

Let us denote by p1, . . . , p7 (resp. q1, . . . , q7) the singularities of ℱ̃ in Δ0 (resp. their dual

singularities in Δ∞). Following [Gu-2], [Gu-1] convention, the eigenvalues of ℱ̃ at pi are 1, ui, vi
where 1 is the eigenvalue corresponding to the radial direction. According to Guillot, for a semi-
complete vector field X2 as above, ui, vi are both integers. Besides setting �i = uivi, X

2 yields a
solution for the equation

(12)
7∑
i=1

1

�i
= 1 .

In particular the problem of precisely classifying vector fields as above is naturally related to
these egyptian fractions. In general this problem is quite intricate as attested by the multitude of
interesting examples presented in the above mentioned works. Our contribution to this problem
begins with the following lemma:

Lemma 5.11. The leaves of a vector field in Guillot lattice having no dicritical singularity at
infinity are hyperbolic Riemann surfaces (where dicritical means that all the 3 eigenvalues are
positive real). The same holds for Halphen vector fields.

Proof. If there is no dicritical singularity in Δ∞, there cannot exist a positive minimum for the

distance of the leaves of ℱ̃ to Δ∞. In other words, the trajectories of the foliations ℋ� must be
infinite where � ∈ (−�/2, �/2). Thus we can apply Theorem 4.1 to conclude the statement in this
first case. The case of Halphen vector field is treated in [Gu-3]. □

Halphen vector fields possess dicritical singularities in Δ∞. This deserves some further com-
ments. We have seen that the existence of dicritical singularities is a necessary condition for the

leaves of ℱ , ℱ̃ be non-hyperbolic Riemann surfaces. Indeed a more precise statement holds: in
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order to have non hyperbolic leaves, all ℋ trajectories induced on the leaves of ℱ∞ must be of
finite length. To have finite length implies that the leaf must have both “future and past” ends.
The “stability” of those, easily leads to the conclusion that the length of the ℋ-trajectories (resp.
ℋ� for � ∈ (−�/2, �/2)) must be bounded by a uniform constant. here “stability” means that and
endpoint for a trajectory of ℋ� must also be an endpoint for all trajectories sufficiently close to
the initial one (in other words, they do not behave as “saddles”). Summarizing, if the leaves of ℱ
are “parabolic” then they are (possibly irregularly) tiled by the trajectories of ℋ where the edges
of the tiling are all bounded by a uniform constant (and also bounded from below by a positive
constant by obvious reasons).

The converse however is not true, and a counterexample is provided precisely by Halphen vector
fields. We refer to [Gu-3] for a detailed analysis of their dynamics/geometry. Here we only want
to explain how this phenomenon can occur from the point of view of this paper. The reason is
that different tiles can be at different distances of Δ∞. In other words, the effect of moving from
one tile to the other, even though we partially move in the direction opposite to the trajectories
of, say, ℋ, may lead to a “monodromy” that is attracting the orbit towards Δ∞. This is precisely
what happens for Halphen vector fields, in fact, a suitable move between tiles lead to a hyperbolic
contraction to the distance of the leaf L in question to Δ∞. In this case the argument of estimating
the integral of the time-form works perfectly well to ensure that the corresponding integral over
paths leaving every compact set in L will converge. This explains the hyperbolic nature of L.

Finally let us provide the proof of Theorem C.

Proof of Theorem C. The fact that the singularity produced by a vector field of special type hav-
ing no dicritical singularity at infinity cannot be realized in a Kähler manifold follows from the
combination of Lemma 5.11 with Brunella’s theorem as used in the proof of Lemma 5.4. In fact, if
there were a Kähler manifold equipped with a holomorphic vector field X exhibiting this type of
singularity at a point p, the blow-up of X at p would endow the exceptional divisor with a foliation
whose leaves are hyperbolic Riemann surfaces. Since the remaining leaves associated to the or-
bits of X must be parabolic (being globally defined X is automatically complete), a contradiction
results. The adaptation of the argument to the case of Halphen vector fields is obvious.

Consider now the dual singularity of vector field of special type having no dicritical singularity
at infinity. This means that we have a neighborhood of Δ∞ embedded in a manifold N . The
argument of Theorem 4.1 that an orbit of the vector field entering this neighborhood will contain
trajectories converging to the pole locus and such that the integral of the corresponding time-form
is finite. This contradicts the completeness of the vector field in the complement of its pole locus.
Again the argument for Halphen vector fields is totally analogous. □

Let us close this paper with an informal discussion and some related problems. The first thing
we would like to observe is that, in dimension 3, the classification of vector fields (in Guillot
lattice) having parabolic leaves is easy thanks to McQuillan theorem as exposed in [Br-3]. For
higher dimensions however the above results seem to be rather significative.

Halphen vector fields are quite subtle from our point of view. First they yield leaves that are
tiled in a rather regular way by trajectories of ℋ, ℋ�. Secondly they possess dicritical singularities
in both Δ0, Δ∞. Equally remarkable is the fact that some of their solutions have their maximal
domain of definition given by the circle. It would be interesting to characterize these vector fields
through some of the preceding properties. We would suggest:

Conjecture: Let X2 be a semicomplete vector field in Guillot lattice (corresponding to ℂ3).
Suppose that X possesses solutions whose maximal domain of definition is bounded in ℂ. Suppose
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also that the corresponding foliation ℱ̃ has a dicritical singularity in Δ0. Then X2 is a Halphen
vector field.

A natural way to approach the above conjecture consists of showing that X2 must have a Zariski-
dense leaf that is uniformized by ℂ as Riemann surface. The existence of the leaf may arise from
comparing solutions with bounded domain with solutions passing through the above mentioned
dicritical singularity (therefore having a domain of definition containing a neighborhood of infinity
in ℂ). Once the existence of these leaves has been established, the conjecture should follow easily
from the above mentioned result of McQuillan.

Another interesting question would be to find out a criterion to detect in higher dimensions
those vector fields in Guillot lattice whose orbits are parabolic. Whereas in dimension 3 vector
fields (in Guillot lattice) having parabolic leaves can easily be understood thanks to McQuillan
theorem as exposed in [Br-3], there seems to exist few results in higher dimensions. Here it might
be worth pointing out that our Theorem C passes to higher dimensions in a rather straightforward
way.

Yet, we would like to sketch an argument that would provide a rather powerful method to
classify these vector fields, if it can be formalized. For this note that the preceding discussion

shows the existence of a tiling of the leaves of ℱ , ℱ̃ by the trajectories of ℋ (and ℋ�). Essentially
all trajectories of ℋ, ℋ� have their origin in the “hyperplane at infinity of Δ∞”, cf. Section 2 for
the precise definitions. This is due the fact that this is the only possible source for trajectories of

ℋ except for dicritical singularities lying in Δ0. Nonetheless when a leaf of ℱ̃ goes through this
type of dicritical singularity, a neighborhood of infinity in the domain of definition of the solution

is obtained. The semi-complete condition then guarantees that a leaf of ℱ̃ can pass through a

unique dicritical singularity of ℱ̃ lying in Δ0 and this can happen only once. Now the finiteness of

the trajectories of ℋ seems to suggest that a global monodromy group can be defined for ℱ̃∞ (the

foliation induced on Δ∞ by ℱ̃) along the lines suggested in [Lo]. The nature of this group, once
established its existence, will determine the geometry of the leaves of L up to quasi-isometry. Since
the latter are uniformized by ℂ, this “global holonomy group” should incarnated as an amenable
group of the automorphism group of ℂP (n− 2) what in turn should lead to powerful insight into

the structure of ℱ , ℱ̃ .

6. Appendix: some further aspects of the method

6.1. Uniformization of foliations. In this paragraph we are going to show how ideas related
to Theorem 4.1 can be applied to obtain results concerning the hyperbolic character of leaves
of certain holomorphic foliations, in the spirit of [Gl-1], [Gl-2], [C-GM] and [LN]. As mentioned
in the Introduction, a detailed development of these ideas will appear elsewhere. First recall
that a (singular) holomorphic foliation D on ℂP (n) can be obtained by means of a polynomial
homogeneous vector field X on ℂn+1. We impose the condition that the zero-set of X must have
codimension at least 2 (in fact, in our case, it will consist of isolated singularities). In this way the
vector field X is uniquely determined up to multiplication by a constant and sum of a vector field
of same degree that is multiple of the radial vector field x1∂/∂x1 + ⋅ ⋅ ⋅+ xn+1∂/∂xn+1.

In the sequel we suppose that D has singularities that are simple where simple means that
they allow for results similar to those obtained in Section 4 (the reader may think of hyperbolic
singularities and some other isolated singularities with non-zero eigenvalues). It then follows that
a representative vector field X as above can be chosen so as to have isolated singularities (in ℂn+1)
with the same nature. Suppose that such a vector field X is fixed and denote by ℱ the singular



UNIFORMIZING COMPLEX ODES AND APPLICATIONS 35

foliation it induces on ℂn+1. Naturally we can think of X as being defined on the manifold M
(isomorphic to ℂP (n + 1) blown-up at the origin, cf. Section 2). The initial foliation D becomes

then represented by the foliation ℱ̃∞ induced on the hyperplane at infinity Δ∞ of M by the

foliation ℱ , ℱ̃ . With this setting we are able to repeat the construction of Section 2, 3 and 4. First
we fix suitable affine coordinates (x1, . . . , xn, z), with {z = 0} ⊂ Δ∞ analogous to those fixed in

Section 2 (in the case n = 2). In particular the leaves of ℱ̃ not contained in either Δ0 or Δ∞
become equipped with the Abelian form denoted by !1 (cf. Section 2). This abelian form gives
rise to the (singular real) foliations ℋ�, � ∈ (−�/2, �/2) and ℋ = ℋ0, whose “holonomy” with
respect to Δ∞ and to the vertical fibration (parallel to the z-axis) is a linear contraction. Besides

these leaves of ℱ̃ are also equipped with the (abelian) time-form dT induced by X.

Consider a point p ∈M ∖ (Δ0∪Δ∞) and denote by l�p (resp. Lp) the trajectory of ℋ� (resp. leaf

of ℱ̃) passing through p. In the sequel l�p is supposed to be of infinite length. Our purpose is to

estimate the integral of the time-form dT induced by X on Lp over l�p. For many singularities (at
the very least, if they are as in Section 4, in the case n = 2), the estimates carried out in Sections 3
and 4 imply that the mentioned integral converges. In other words (“under suitable conditions”
to be made precise in a detailed presentation) we have:

(13)

∫
l+q

dT <∞

(
(resp.

∫
l+,�q

dT <∞

)
.

In fact, whereas the statement of Theorem 4.1 assumes that X is semi-complete, the use made
of this assumption is very small. Essentially the semi-complete condition was used to rule out
some “degenerate” situations that, in the present context, either can be assumed without loss of
generality or are “very generic” and may be incorporated in the assumptions. In any event, the
integral above is supposed to converge for the rest of the discussion.

The purpose of this discussion is indicate how the (possible) hyperbolic character for the leaves of

ℱ , ℱ̃ can be derived out of Estimate (13). In the semi-complete case, this conclusion is the contents
of Lemma 5.5. However the proof of this lemma seems to depend heavily on the parameterization

� of the corresponding leaf of ℱ , ℱ̃ by a “maximal domain in ℂ”. This parameterization does not
exist in the present context since the (representative) vector field X is rarely semi-complete. Thus

a “tentative” parameterization of leaves of ℱ , ℱ̃ by open sets in ℂ would necessarily be “multival-
ued”. To close the paragraph, we shall precisely outline how the existence of this parameterization
can be avoided so as to make our method applicable to the vector field X.

The idea to overcome the absence of a “maximal parametrization” as above is as follows. Con-
sider a leaf L∞ ⊂ Δ∞ and a leaf L ⊆ M ∖ (Δ0 ∪ Δ∞) projecting by P∞ onto L∞. As already
seen, L∞ is endowed with an affine structure (provided by the “constant” affine structure existing

on the leaves of ℱ̃ contained in P−1∞ (L∞)). This allows us to consider the corresponding develop-
ing map Dev : L∞ → ℂ where L∞ stands for the (common) universal covering of L∞, L. This
map is well-defined up to post-composition with an affine automorphism of ℂ, cf. [Th]. Up to
this post-composition the developing map agrees with the developing map arising from the flat

structure of L. In other words, the lift dT̃L of the time-form dTL induced by X to the universal
covering L∞ → L is exact. The corresponding developing map is therefore given by integration of

dT̃L over paths in L∞ (with a fixed base point). Thanks to Liouville’s theorem, to prove that L is
hyperbolic (and thus that L∞ is hyperbolic), it suffices to show that the image of Dev is contained
in a hyperbolic domain of ℂ.
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To establish the last claim we may rely on the argument employed in the proof of Lemma 5.5.
Alternatively it suffices to construct a continuum of essential boundary in ℂ for the image of
Dev. In many cases, the construction of this continuum can be carried out as follows. Consider
trajectories of ℋ�, for small � ∈ ℝ. These trajectories leaves every compact set in L since they
accumulate on Δ∞ and, in this sense, they converge to the “boundary of L”. This means in
particular that the restriction of Dev to one of these trajectories l+,�p converges to the boundary

of the image of Dev : L∞ → ℂ. Nonetheless the mentioned restriction is simply given by the
integration of dTL over l+,�p . In turn these integrals are convergent thanks to Estimate (13). To
obtain the desired continuum, it suffices to guarantee that the integral of dTL over them is not
constant. This last verification can effectively be in several cases.

Remark 6.1. The upshot of what precedes amounts to saying that the existence of “sufficiently

many” trajectories of ℋ�, � ∈ (−�/2, �/2), tends to force the leaves of ℱ ≃ ℱ̃∞ to be hyperbolic
Riemann surfaces. From this perspective, conditions about singularities of the initial foliation ℱ
should be understood simply as sufficient conditions to ensure the existence of infinite trajectories
for ℋ� with appropriate contraction properties.

Therefore there are some extra flexibility in the conditions to be imposed on the singularities.
For example if ℱ possesses a radial singularity (with the remaining singularities being hyperbolic
or in the Siegel domain, for example) then it is still possible to ensure the existence of “sufficiently
many” trajectories of ℋ� with infinite length. In fact, the radial singularity is the only candidate
to provide endpoints for these trajectories but this can be avoided for example by modifying the
choice of the affine coordinates (x1, . . . , xn, z) so as to have the radial singularity lying in the
infinite of {z = 0}. An immediate verification shows that in this case the singularity in question
becomes a regular point for the foliations ℋ�. Alternatively we may look for a representative X
whose eigenvalue in the direction transverse to Δ∞ is not a positive real.

Finally we would like to point out one further difference between our method and the statement
about existence of hyperbolic leaves established, for example, in [LN]. The difference lies in the fact
that our leaves may contain singular points whereas singular points are excluded from belonging
to regular leaves in [LN]. The following example help us to understand the issue: suppose that

ℱ̃∞ leaves invariant a rational curve C containing k ≥ 3 singularities of ℱ̃∞. According to the set

up of [LN] the corresponding leaf of ℱ̃∞ is nothing but a rational minus k ≥ 3 points and so it is
clearly hyperbolic. With the definitions employed in this work, some of these singular points may
actually be included in the leaf so that the corresponding leaf may fail to be hyperbolic.

In a similar order of ideas, if ℱ̃∞ happens to contain a radial singularity P through which (tran-

scendent) leaves of ℱ̃∞ pass infinitely may times, then these leaves are automatically hyperbolic
in the context of [LN]. Again in the present context, for each branch of leaf going through P , the
singularity P is always added to it so that the resulting leaf may well be parabolic.

6.2. Singularities of Saddle-node type. Our aim in this paragraph is to conduct a study
similar to the study carried out in Section 4, but now assuming that p0 is a singularity at which

ℱ̃∞ has exactly one eigenvalue different from zero. The singularity p0 is then called a saddle-node

singularity for ℱ̃∞. We are going to see that, in this case, we do not necessarily have convergence
for the integral of the “renormalized” time form.

Without loss of generality we assume that X̃ is locally of the form

(14) X̃ = z1−d
[
xk+1 ∂

∂x
+ (y(�+ �xk) + xR(x, y))

∂

∂y
+ zH(x, y)

∂

∂z

]
,
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with � ∕= 0. The expression Z = xk+1∂/∂x + (y(1 + �xk) + xR(x, y))∂/∂y is said to be the

Dulac’s normal form of ℱ̃∞ around q ≃ (0, 0) ≃ (0, 0, 0). Note that the axis {x = 0} is a smooth

separatrix of ℱ̃∞ called the strong invariant manifold of ℱ̃∞. The foliation ℱ̃∞ also possesses a
formal separatrix given in (formal) coordinates by {y = 0} and called the weak invariant manifold

of ℱ̃∞. In fact, there is a formal change of coordinates (x, y) 7→ (x,  (x, y)) taking Z to the form

(15) xk+1∂/∂x+ y(�+ �xk)∂/∂y

up to a multiplicative function. Since the above change of coordinates is only formal, the weak

invariant manifold of ℱ̃∞ does not necessarily correspond to an actual separatrix for ℱ̃∞. It is

also known that ℱ̃∞ possesses at least one and at most two separatrizes which are automatically
smooth. The second case happens precisely when the weak invariant manifold is, indeed, associated

to a separatrix of ℱ̃∞ (we then say that the weak invariant manifold converges).

Restricted to the plane {z = 0} ⊂ Δ∞, let �1 denote the projection to the first factor �1(x, y) = x
((x, y) ≃ (x, y, 0)). Then Dulac’s normal form shows that, other than the strong invariant manifold,

the leaves of ℱ̃∞ are transverse to the fibers of �1 (i.e. the vertical lines). Let Σ be a local transverse
section passing through (1, 0) (≃ (1, 0, 0)) and set V = {(x, y, z) ∈ U ⊂ ℂ3 ; x ∕∈ ℝ+}. The leaf of

the restriction of ℱ̃∞ to V passing through the point p ∈ Σ is denoted by Lp. It follows from the
preceding discussion that Lp is the graph of a holomorphic function ℎ defined on some annulus,
on V , centered at 0 ∈ ℂ.

To keep a good control of the structure of the leaves of ℱ̃∞ as well as of the domain of definition

of ℎ, we present below an explicit construction of ℱ̃∞ that is borrowed from [M-R]. Let Wi be a
sector (with vertex at 0 ∈ ℂ) of angle 2�/k which is bisected by the line of polar angle (2i−1)�/2k
(i = 0, . . . 2k − 1). Over Wi × ℂ consider the foliation ℱi induced by the form

(16) xk+1dy − y(�+ �xk)dx = 0 .

The leaf space of ℱi is naturally identified with ℂ where the origin of ℂ corresponds to the
leaf {y = 0}. For i = 0, . . . , 2k − 1 we define the sector V +

i (resp. V −i ) by letting V +
i = {x ∈

ℂ ; (4i−1)�/2k < arg x < (4i+1)�/2k} (resp. V −i = {x ∈ ℂ ; (4i+1)�/2k < arg x < (4i+3)�/2k})
where arg x stands for the argument of x ∈ ℂ. By construction the real part of xk is positive
(resp. negative) provided that x ∈ V +

i (resp. x ∈ V −i ). One also has V +
i = W2i ∩ W2i+1 and

V −i = W2i+1 ∩W2i+2 (except for i = 0 where V −0 = W0 ∩W2l−1). Finally we denote by ℱ+
i (resp.

ℱ−i ) the foliation induced on V +
i × ℂ (resp. V −i × ℂ) by the form (16). Observe that the leaves

of ℱ+
i accumulate on the origin of ℂ2 (i.e. they behave like a node) whereas those of ℱ−i do not

(except for {y = 0}, i.e. they behave like a saddle).

To recover the saddle-node ℱ̃∞ from the above description the complementary data consist of
the following:

∙ k ∈ ℕ translations z 7→ z + ci, z, ci ∈ ℂ denoted by g+1 , . . . , g
+
k .

∙ k ∈ ℕ local diffeomorphisms z 7→ z + ⋅ ⋅ ⋅ tangent to the identity and denoted by g−1 , . . . , g
−
k .

The 2k diffeomorphisms above determine the way the leaves of the foliations ℱi’s should be

glued together over the various sectors to yield the original foliation ℱ̃∞. Similarly the theo-
rem of Hukuara-Kimura-Matuda states the existence of a holomorphic diffeomorphism of the form
(x, y) 7→ (x, �(x, y)), defined on Wi × B(") where B(") ⊂ ℂ is a small ball around 0 ∈ ℂ, that

takes ℱi to ℱ̃∞. Moreover (x, y) 7→ (x, �(x, y)) is a bounded mapping which is asymptotic to the
inverse of the formal change of coordinates (x, y) 7→ (x,  (x, y)) (cf. [M-R]). With the preceding

information in hand, it is clear that the weak invariant manifold of ℱ̃∞ converges if and only if the
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local diffeomorphism
g−k ∘ g

+
k ∘ ⋅ ⋅ ⋅ ∘ g

−
1 ∘ g+1

has a fixed point.

After this quick review on the structure of the saddle-node singularities in dimension 2, we can
discuss the structure of the ℋ trajectories on a neighborhood of this singularity. In principle there
are two possibilities to be considered according to whether or not H(0, 0) = 0. All the material

above is independent of the fact that X̃ is semi-complete. Bringing this condition to the discussion
we obtain:

Lemma 6.2. We have H(0, 0) = 0 provided that X̃ is semi-complete.

Proof. This proof requires some methods considered for example in [Gu-R]. Assume that H(0, 0) ∕=
0 Consider the strong invariant manifold of ℱ̃∞. This separatrix is contained in the divisor of poles

of X̃ but it constitutes a regular leaf for ℱ̃ (viewed as a foliation in the 3-dimensional ambient
space). In particular we can consider the renormalized time-form on this separatrix. The (local)
coefficient of this form is not defined on a neighborhood of p0 ≃ 0 ∈ {x = z = 0}, however it
admits an asymptotic expansion at this point. With the notations of Formula 14, the order of this
asymptotic expansion equals 1 + (1 − d).H(0, 0)/� ∕= 1. Since this order is different from 1, the

fact that X̃ is semi-complete implies that the local holonomy of ℱ̃ associated to the separatrix
{x = z = 0} must have finite order. This is however impossible, since already the restriction of
the holonomy map to the plane {z = 0} has infinite order as the holonomy of the strong invariant
manifold of a 2-dimensional saddle-node. The lemma follows at once. □

In the sequel we suppose H(0, 0) = 0. Note also that some results of [R-2] are going to be used
below only for the intelligence of the discussion.

Since H(0, 0) = 0 the behavior ofℋ over the strong invariant manifold is now regular or of saddle
type. Thus the corresponding trajectories can always be deformed so as to avoid the singularity.

For this reason, only the remaining local leaves of ℱ̃∞ are going to be considered in the sequel.

In turn, the structure of the ℋ-trajectories over the weak invariant manifold (in the case that
it converges) depends on the order of H(x, 0). If ord(H(x, 0)) ∕= k then p0 is a regular point or of
saddle type. Otherwise it is a sink or a source according to the sign of ∂kH/∂xk(0, 0). In fact, even
in the case that the weak invariant manifold is not convergent, the structure of the ℋ-trajectories
is of the type described above for all leaves distinct from the strong invariant manifold. In fact,
this can easily be checked by resorting to Hukuara-Kimura-Matuda coordinates.

If p0 is a regular point or a saddle singular point for all the trajectories then, as we explained
before, the singularity can be avoided. Thus let us assume from now on that H(x, 0) = ckx

k+h.o.t.

where h.o.t. stands for higher order terms. Since the vector field X̃ is semi-complete, it follows
from [R-2] that

(17) (d− 1)ck − k ∈ [−1, 1] .

In particular it follows that ck is positive real so that the trajectories of ℋ over the weak invariant
manifold actually behave like a sink. Using the local fibration given by Dulac’s normal form, we

can follow the remaining leaves of ℱ̃∞ “from the weak invariant manifold” (as already explained
this is always possible by using Hukuara-Kimura-Matuda coordinates). In particular, depending

on the positions over the mentioned sectors, the leaves of ℱ̃∞ either behave like a saddle or they
behave like a node (namely they radially converge to the origin). Accordingly we conclude that

the behavior of ℋ on the other leaves of ℱ̃∞ must be of one of the following two types:
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∙ They behave as a saddle and are continued by “closely following” trajectories contained in

the strong invariant manifold of ℱ̃∞.
∙ These trajectories converge to the singularity (so that this singularity should be considered

as an end-point for them).

In particular we see that p0 provide endpoints for essentially “one-half” of the localℋ-trajectories.
The integral of the time-form over the corresponding trajectories is then determined by the lemma
below.

Lemma 6.3. The integral of the time form diverges over any trajectory not contained in the strong
invariant manifold provided that (d − 1)ck − k ≤ 0. When (d − 1)ck − k > 0 the corresponding
integrals are uniformly bounded.

Proof. Fix a leaf distinct from the strong invariant manifold (for example, the image of the weak
invariant manifold from the formal conjugacy diffeomorphism). Fix also a real trajectory l of ℋ
over the same leaf. We can assume that the trajectory is totally contained in a sector where formal

conjugacy is, in fact, analytic. In such coordinates we can assume that ℱ̃∞ is defined by (15),
where our leaf corresponds to {y = 0}.

Assume, without loss of generality, that the real trajectory coincides with the positive real axis.
Since we are assuming that p0 is a sink, the abelian form is given by −ckdx/x for ck > 0.

Let � : [0, 1]→ L be the parametrization of l given by �(t) = (1− t)x0, for a fixed positive real
number x0. Analogously to the previous case, we shall calculate the integral of the time form over
�([0, "]) and then take the limit as " goes to 1. First we have that∫

l

!1 =

∫ "

0

!1.� =

∫ "

0

−ck
�′(t)

�(t)
dt = ck

∫ "

0

1

1− t
dt = −ck ln(1− ") .

The integral of the time-form over l from �(0) to �(") is such that:∫
l

dT =

∫ "

0

zd−10

exp[−(d− 1)
∫ t
0
!1]

(1− t)k+1xk+1
0

dt

=

∫ "

0

zd−10

(1− t)k+1xk+1
0

exp [(d− 1)ck ln(1− t)] dt

=

∫ "

0

zd−10

(1− t)k+1xk+1
0

(1− t)(d−1)ckdt

=

∫ "

0

zd−10

xk+1
0

(1− t)(d−1)ck−k−1dt

Thus, it is given by

zd−10

((d− 1)ck − k)xk+1
0

(
(1− ")(d−1)ck−k − 1

)
.

if (d− 1)ck − k ∕= 0 and by

− z
d−1
0

xk+1
0

ln(1− ")

otherwise. It is now easy to check the claim. □
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