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Abstract

We give an interpretation of the familiar Kontorovich-Lebedev transformation
as an isometric isomorphism between weighted Lo-spaces. The convergence of the
corresponding integrals is in the mean square sense with respect to the related
norm of the space. Mapping properties of the Kontorvich-Lebedev operators are
investigated.

Keywords: Kontorovich-Lebedev transform, modified Bessel functions, Parseval equality,

Fourier integrals
AMS subject classification: 44A15

1 Introduction and auxiliary results

In this note we deal with the following reciprocal formulas of the Kontorovich-Lebedev
transformation (cf. [2], [4], [8])

= /000 KQiT(Q\/E)f(T)dT, (1.1)

1) = =i |, K V(@) T (12)

where I'(z) is Euler’s gamma-function and K,(z) is the modified Bessel function [1], which
satisfies the differential equation

d2u du
2 2 2

and has the asymptotic behaviour

K= (5) e hvoas).  zow (13

and near the origin

ZRerlpe (2) = 207 () + o(1), 2 — 0, u#0, (1.4)
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Ko(z) = —logz+ O(1), z— 0. (1.5)

We will call f and ¢ as originals and images under the Kontorovich-Lebedev transform
(1.1), respectively. These functions will be from the weighted Lo-spaces Lo(R,;w(z)dz)
with respect to the measure w(x)dx equipped with the norm

00 1/2
11| aRssotes) = ( / |f<a:>|2w<x>dx) . (1.6)

Namely, the Kontorovich-Lebedev transform (1.1) will be investigated as an isometric
isomorphism
g1 Ly(Ry; |D(2i7)d7) + Lo(Ry; 2 dx). (1.7)

Moreover, our goal is to show that integrals (1.1), (1.2) can be generally interpreted as

g(z) = Lim.y /0 Koin (2V/) f(7)dr, (1.8)
2 N

dx
W N KQiT(Z\/E)g(x)?’ (19)

f(r) =Lim.y_ o
where the convergence is in mean square with respect to the norms of the spaces Lo(R, ; 27 dx)
and Ly(Ry; |T(2i7)|%dT), respectively. Finally we establish the isometry by the Parseval
equality

| @P =3 [ iroerein (1.10)

which is proved, for instance, in [11].
In order to proceed our goals we give some additional properties of the kernel function
K- (2¢/x). Indeed, the modified Bessel function Ko, (2y/x) [1] can be defined by the

relation
T

K2i7(2\/5) = [1—2¢7(2\/§) - [2”(2\/5)} ) (1.11)

where Iy;-(2¢/x) is in turn, the modified Bessel function, which can be written in terms
of the series

2¢sinh 271

0 m-iT it logx e m-iT

x e x
2ir(2V/7) Z m!T'(m + 2it +1)  T'(2i7 +1) + Z m!l'(m + 2iT 4+ 1)

m=0 m=1

(1.12)

When z, 7 € R, then Ky;,(2/x) is real-valued and represents the kernel of the Kontorovich-
Lebedev transform (1.1), (1.8). At the same time it can be given for instance, by the
Mellin-Barnes integral (see [8], relation (1.113))

Koir (2V/7) = = /WHOO I'(s+ir)I (s —it)x%ds, (1.13)
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where x > 0,7 > 0,7 € R or by the Fourier integral [1]
Ko (2¢/1) = / e~2VEeosh cos Orudu, (1.14)
0

Finally we note in this section that various Ls-theorems of the composition type for
the Kontorovich-Lebedev transform were proved in [7], [9]. Its distributional analog was
studied in [6]. These results were generalized on the so-called Kontorovich-Lebedev type
integral transformations (see [10]).

2 Interpretation of the Kontorovich-Lebedev integrals

In this section we will prove the reciprocity and clarify L, - interpretation of the Kontorovih-
Lebedev integrals (1.8), (1.9) for any f € Ly(R,;|T'(2i7)|*d7). However, let us first illus-
trate by examples the possible convergence problems for Lebesgue integrals (1.1), (1.2).

For instance, if
L ifo<a<l,
gle)=qrse’
0, if © > 9
then it evidently belongs to Ly(R; ~'dz) but due to the asymptotic formula (1.4) integral

(1.2) is divergent for this function. Analogously, taking into account the asymptotic
behaviour with respect to the index of the modified Bessel function [8] we have that for

—TT

each x > 0 Ky, (2y/x) = O (%) , T — +00. Hence, if similarly

0, if0 <7< 2,
f<7-)_ {lela if7'>2,
ogT
then invoking Strling’s asymptotic formula for gamma-functions [7] we see that f €
Ly(Ry;|T'(2i7)|*d7) but integral (1.1) is divergent for all z > 0.

Let us take first f € Ly(R; |T'(2i7)[*d7) vanishing outside of some interval (0, a), a >
0. Then (1.1) exists as a Lebesgue integral. Invoking (1.11), (1.12) we find

([ |g<x>l2d§)l/2 - ( | %) )
Qd%>l/2+ (/1°° 2%)% (2.1)

1/2 1/2
2d:r>/ ’ﬂ'(/l 2da:)/
- < = -

x —2\J x

/0 " Koir (29/7) f(7)dr

/0 " Koir (29/7) f ()

/0 " Koir (29/7) f ()

g(/;

Hence

(f

’ LI_QZ'T(2\/E>dT

o sinh 277

/Oa KQW(Q\/E)f(T)dT
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T ! > dax i
+I / i) RS
2\ Jo x

It is sufficient to estimate integral I, since I can be treated in the same manner. The
above condition on f implies f(7)I'(2i7) € Li1(R,;dr). Therefore the Fourier transform
of this product exists as a Lebesgue integral. Hence appealing to (1.12), the Minkowski
inequality, the supplement and reduction formulas for the Gamma-function we find

S

o sinh 277

I (27 dr (2.2)

1 1
11§—</
2\ Jo

+_

1 1
2/

N | —

([

[e.e]

/Oa e_iflogxf(T)F(ZiT) Z -l

By simple substitution y =
we come out with

/0 e~ imlosT f(\T(2iT)dr

/a e~ mlos £(\T(2ir)dr
0

Im

1/2
2 dx
T

1/2

2
dx

2+ 1)

X

— log x and the Parseval formula for the Fourier transform [5]

1/2
2 dx
T

™ > iTY ’ v
=1/3 (/0 \/ﬂ/ f()T(2iT)dr dy)
- ) 1/2
™ ZTy
< B (/Oo \/%/ f((2iT)dr dy)

:\/§</O |f(r)T QZT\dT) \/>HfHL2R+|F2m'2dT

Meanwhile, by virtue of the generalized Minkowski and the Schwarz inequalities we find

X ) 1/2
1 C irlog L ™ dx
_ 1T logx F 2 _
2 /0 /0 c /() (ZT);m!(—2i7+1)m z
s ) 1/2
x™ dz
(2 — d
- 2/ [F(r)L(2ir) /0 mZ:1 ml(=2iT +1),,| =« ’
1/2
1 @ d
< - / | f(7)T(2i7)|2dr i
2 \ o 227‘—{— Dm| =«
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1 oo dr 1/2 oo 1
§||f||L2 (R4;|T(247)|2dT) (/0 11 47_2> mz:l %

(e —=Dvm

1 2o ® s r@im) 2am) < 00

Treating I in the same manner we combine with (2.2) to conclude that its left-hand side
is bounded for any f € Ly(R; |['(2i7)[*d7), which is zero outside of a finite interval (0, a).
In order to estimate the integral in (2.1) over (1, 00) we choose a small a > 0 and we

write
(Pl cnonf )< e )
| Bawevrsinyir

/O " Kosr (29/7) f(7)dr /0 " Koir (29/7) f ()

< </000 on‘ldx> -
= (/ a- 1dx/ Koirr (2/2) f dT/ Ko (2v/) f(u)d )1/2

1/2

</ / fr deu/Oooxa1K22’T(2\/5)K2m(2\/5)d3?) : (2.3)

where the change of the order of integration is guaranteed via Fubini’s theorem by the
absolute and uniform convergence of the latter iterated integral. Meanwhile the integral
with respect to x in (2.3) is calculated, for instance, in [3, Vol. 2], [§]

/000 7 Ko (20/2) Koi (2v/7)d = T (a+i(u+7)T(a+i(r—u)f. (2.4)

1
iT(20)

Hence combining with (2.3) we obtain the estimate

</100 d—> s s (| [ 1007

x | (a+i(u+7)T (a+i(r —u)drdu)”*, o> 0. (2.5)

/Oa KQZT(2\/E>f(T)dT

Invoking Schwarz’s inequality for double integrals we deduce

21“1/+(2a) </o /0 FOF@)C(a+i(u+ )T (a+i(r =)’ deu) -
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< QF%(M) (/Oa|f(7')|2/OQ|F(a+i(u+7'))P(0z+i(T—u))|2dud7'>1/2
1/2

< ﬂ%(za) (/O |f(7>|2/000 D (a+i(u+7) T (a+i(r — u))]2dud7) . (26)
But since (see [3, Vol.2], [8])

m3/221740T (201)
I'(2a +1/2)

/OOO T (a+i(u+7)T (a0 +i(r — u))]2 du = IT2(a+ir))*, a>0

we get from (2.5), (2.6)
2 1/2 _1/2— 1/2
dx 3/49=1/2—2a “
— < PICQ2(a + i1))|%d .
I) - Y220+ 1/2) (/0 IFDFIT e +m) T)

(I
(2.7)

Hence passing to the limit through (2.7), when o — 0+ and invoking the uniform con-
vergence by « of the integral in its right-hand side we come out with

oo 2 de 1/2 - " | 12
(/1 ?> < \/; (/0 |f(7)|2|F(2ZT)|2dT>
<\ 3l snran < oo

Hence combining with (2.3), (2.1) and calling Fatou’s lemma we get finally

/O NN

/0 " Ko (V) f(F)dr

> de . . > o @
| la@PE <tim i, [T lgoPe e < JU R g (28

Consequently, since the set of functions vanishing outside of some interval is dense in
Ly(Ry; |T(2i7)|2dT) we easily extend (2.8) for the whole L - space defining the transfor-
mation (1.1) as a limit in mean with respect to the norm in Ly(R ;2 'dz) by formula
(1.8), i.e. it satisfies

[ o= | " K (V) ()T

Thus g : Lo(Ry; |T'(2i7)|?d7) — La(Ry; 7 dx) is bounded and (see (2.8))

da:

T

m
[P A e 29)
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Letting
g(z), if £+ <ax<N,
on() = {9 1
0,  ifzeR\[L/N,N],
and invoking an elementary identity |['(2i7)|> = w[27sinh277]™! we appeal again to

Fatou’s lemma and arrive at the relations
o0
|
dzx

X KQZT(Q\/_) (x)— KQW(2\/_) a(y) ) Yir = lim inf. o4 — //N //N oy

1/N T JiN

2 dr

KQiT(Q\/E)g(x)d_x T @in)|?

1/N T

2 oo
< lim inf. o, — / 7sinh(27(m — €))
T Jo

X /000 7sinh(27 (7 — €)) Kair (2v/x) Ko (24/y)dTdxdy, (2.10)

where the change of the order of integration is motivated by the Fubini theorem. But the
latter integral with respect to 7 is calculated for instance in [8, p. 43|, namely

2 /000 7sinh(27 (7w — €)) Koir (2v/1) Ko7 (24/y)dT

™

Ty . Ki(2(x +y — 2y /Ty cose)'?)
T g e (x+y—2/xycose)/2

where K is the modified Bessel function of the order 1. Thus (2.10) yields
dr
K227(2\/_) ( )

/Oo N [T(2i)P?

< lim inf. g sin / / 2z +y =27y c0s2)' ) g(x)g(wdxdy. (2.11)
e—0+ 5 un s x—i—y—2w/ ycose)l/? Ty

Again with the Schwarz inequality for double integrals we find

-9 1/2 N
lim inf,_o, S0E sine / / 24y —2yx ycoslﬁ)2 ) 9(x)g(y) dedy
N Jin x+y—2,/ ycose)l/ JTY

sine/N \g(x)|2d /N K1 (2(x +y — 2 /Ty cose)/?)
T
2 Sy = Ny (T 4y —2\/xycose)l/?

sins/N |g(x)]2dx/°° K1E2(Jc+y—2w/xycosg)1/2)dy
z 0

2 Jin xr+y — 2,/Tycose)l/?

2

< lim inf. o4 dy

< lim inf, o4



8 Semyon B. YAKUBOVICH

= lim inf. oy

sine/N lg(z |2 / Ki( 2\/_1—1—15—2\/50085)1/2)(%

2 (14t —2v/tcose)l/?

~im inf€_>0+sin6/ lg()] dm/ 1 ( smiﬁ(ulj )7?)
N VT _ (u? +1)Y

Taking into account an elementary inequality xK;(z) < 1,z > 0 and the representation
in terms of the modified Bessel function of zero index Ki(z) = —-L Ko(z) we write the
latter limit as follows

(usine + cose)du.

cote

N 2 © K (2] 2 1 1/2
lim inf. oy sine/ l9()] dx/ 12sineyva(u” +1) )(usin5+cos5)du

1/N \/E cote (u2 + 1)1/2

: N 2 o0 : 2 1/2
sm25/ lg()] dx/ Ky (2siney/z(u* + 1) )du

= lim inf. o, {

2 1/N \/E —cote (u2 + 1)1/2
N 2 o0 . 2 1/2
ot [ B, [ e i ),
1/N \/E —cote (u + 1)1/2

U

sin25/N lg(z ]2 / Ki(2siney/x(u? + )1/2)d

< lim inf. oy [ 5 (2 + 1)1

N 2 0 : 2 1/2
+Sin26/ 9@, [F Ei2sineya(u® +1) >udu}

1/N \/5 cote (U2 + 1)1/2
N in2 N 2 %) . 1/2
<I / lg(2)[? J1C0) BN P L s/ lg()] d Kl(ZSlng\/E(zfj-l) )du
2/iyn =z =0+ 2 Jyy Vo cot? e (u+ 1)V
N 2 . oo
lg()] ™ . sine d L
- ——dr |5 — 1 —K(2 1)2\g
[ 5= i T [ doesine e 1)
N | i N 2
g(x)]? sin e W/ lg(2))| S
= ——dx Ko(2 1 _ 9r, T .
/w z {z* o(2v) lim = ] )= Gl < o0

Combining with (2.10), (2.11) we obtain the exact inequality

T
\/;HfN|’LQ(R+;|I‘(2iT)|2d7) < 9Nl Loy sz 1d) (2.12)

where we denote by

2

W KZzT(Q\/_) ( )

fn(r) =
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_ | Kt (2.13)

7r|F (2i7)|?

But evidently, {gn}3¥—; is a Cauchy sequence and ||g — gn ||z, 52-1ds) — 0, N — o0.
Therefore by virtue of (2.12) we get

T
\/;HfN — full ooy reinan < |lgy — 9umllLo@s-1de) — 0, N, M — o0,

which means that {fy}¥_; is a Cauchy sequence as well. Then it has a limit in the space
Lo(Ry; |T(2i7)|2d7). We will prove that the limit is f, i.e.

/Ooo‘f@')_m# KQZT(Z\/_) ( ) (QZT)l dT—>0 N—>OO

2iT)|?m 1N

where f is an original under the transformation g by formula (1.8). Therefore it will give
the reciprocal form of the inverse operator (1.9).

To do this we appeal to (2.13) and integrating with respect to 7 we come out with the
equality
dzxdr

£ N g
/ e (n)|T(2ir) 2 = 2 / / K (2V/)g(2) (2.14)
0 m™J1inN Jo
where the change of the order of integration in the right-hand side of (2.14) is guaran-
teed by the absolute and uniform convergence of the integral by x. Hence observe with the
Schwarz inequality and asymptotic behavior of the gamma-function that 7 fy (7)|(2i7)|? €
Ll([O 5] dr) and g(z)zr~! fo TKoir (2¢/x)d7T € Li(Ry;dx). The latter fact is because (see
fo 7Ky, 2\/_)d7' € Ly(Ry;z7'dx). Consequently, denoting by ¢(7) the limit of the
sequence {fn}5_; in Ly(Ry;|T(2i7)|*d7T) we pass to the limit in (2.14) when N — oo to

have
dxdr

/05 (7)|T(2i7) [P dr = %/000 /05 7Ky, (2v/7)g() (2.15)

On the other hand, taking the Parseval equality (1.10), which is written for two functions
f1, f2 € Lo(R; |T'(2i7)|?dr) and the related transforms (1.8) gy, go we have

| a@a@s =3 [" ARmIren ke

Putting f; = f, g1 = g and

7, if0<7 <€
fo(T) = .
0, if7>¢,
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we get

[ raeiremntir=2 [7 [ rkaevmom

X

Hence comparing with (2.15) and differentiating with respect to & we prove that (&) =
f(&) almost for all £ € R,
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