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ABSTRACT. We consider mapping properties of the square of Stieltjes’s transform, establishing its new relations
with the square of the Hilbert transform (a singular integral) on the half-axis and proving the corresponding
convolution and Titchmarsh’s type theorems. Moreover, the obtained convolution method is applied to solve a
new class of singular integral equations.

1. INTRODUCTION AND AUXILIARY RESULTS

Let x ∈R+, f ∈ Lp(R+), 1≤ p < ∞ be a complex-valued function. It is known that the classical Laplace
transform

(L f )(x) =
∫

∞

0
e−xt f (t)dt, x > 0, (1)

is well defined and one can compute its square, simply changing the order of integration and calculating an
elementary integral. This drives us to the operator of Stieltjes’s transform. Namely, we obtain

(S f )(x) = (L 2 f )(x) =
∫

∞

0
e−xs

∫
∞

0
e−st f (t)dtds =

∫
∞

0

f (t)
x+ t

dt, x > 0, (2)

where the change of the order of integration is allowed due to Fubini’s theorem via the estimate, which is
based on the Hölder inequality∫

∞

0
e−xs

∫
∞

0
e−st | f (t)|dtds≤

∫
∞

0
e−xs

(∫
∞

0
e−qstdt

)1/q

ds
(∫

∞

0
| f (t)|pdt

)1/p

= q−1/q|| f ||pΓ
(
1−q−1)xq−1−1,

1
q
+

1
p
= 1.

Let us compute, in turn, the square of the Stieltjes transform (2) of an arbitrary f ∈ Lp(R+), 1 ≤ p < ∞.
Similar motivations with the estimate∫

∞

0

1
x+ s

∫
∞

0

| f (t)|
s+ t

dtds≤ || f ||p
∫

∞

0

1
x+ s

(∫
∞

0

1
(s+ t)q dt

)1/q

ds

=

[
Γ(q−1)

Γ(q)

]1/q

Γ(q−1)Γ(1−q−1)|| f ||p xq−1−1,
1
q
+

1
p
= 1
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and relations (2.2.6.24), (7.3.2.148) in [1], Vol. 1 and [1], Vol.3, respectively, lead us to the following
transformation

(S 2 f )(x)≡ G(x) =
∫

∞

0

log(x)− log(t)
x− t

f (t)dt, x > 0, (3)

whose kernel has a removable singularity at the point t = x and the integral exists in the Lebesgue sense.
In 1990 [2] the first author proposed a new method of convolution constructions for integral transforms,

which is based on the double Mellin-Barnes integrals (see in [3], [5]). Following this direction, he established
for the first time as an interesting particular case the convolution operator for the Stieltjes transform (2) (see
[3], formula (24.38))

( f ∗g)S (x) = f (x)(Hg)(x)+g(x)(H f )(x), x > 0, (4)
where

(H f )(x) =
∫

∞

0

f (t)
t− x

dt (5)

is the operator of the Hilbert transform. Moreover, it was proved the corresponding convolution theorem

(S ( f ∗g)S )(x) = (S f )(x)(S g)(x) (6)

in the class of functions, which is associated with the Mellin transform. Later [6] these results were extended
on Lp-spaces and applied to a class of singular integral equations of convolution type (4).

Our main goal in this paper is to employ the convolution method to the transformation (3) in order to
derive the related convolution operator, to prove the convolution and Titchmarsh’s type theorems (the latter
one is about the absence of divisors of zero in the convolution product) and to apply these results, finding
solutions and solvability conditions for a new class of singular integral equations. However, we begin with
investigation of mapping properties of the square of Stieltjes’s transform (3), proving the inversion theorem
for this transformation of the Paley-Wiener type, as it was done by M. Dzrbasjan for the classical Stieltjes
transform (2) (see [7], Theorem 2.11).
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