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Abstract

We introduce a notion of the heat kernel related to the familiar Kontorovich-
Lebedev transform. We study differential and semigroup properties of this kernel
and construct fundamental solutions of a generalized diffusion equation. An integral
transformation with the heat kernel is considered. By using the Plancherel Lo-theory
for the Kontorovich-Lebedev transform and norm estimates for its convolution we
establish analogs of the classical Heisenberg inequality and uncertainty principle for
this transformation. The proof is also based on the norm inequalities for the Mellin
transform of the heat kernel.
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1 Introduction and preliminary results

As it is known (see [6,7,8,9]), the Kontorovich-Lebedev transform
K : Ly(Ry;zde) < Ly(Ry; 7 sinh wrdr)
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given by the formula .
Kilfl = | Kolo) fa)i. (1)

where the integral in (1.1) converges with respect to the norm in Lo(R, ;7 sinh 7wrdr),
is an isometric isomorphism between these Hilbert spaces. The corresponding Parseval
identity holds

[e’e) 2 [e’e)
/ # sinh 7| K [ f][2dr = %/ o|f (@) 2da (1.2)
0 0
as well as the inversion formula
2 o
flz) = —2/ 7 sinh 7 Ky () K [ fdT, (1.3)
zm? J,

where the convergence of the integral (1.3) is understood with respect to the norm of the
space Lo(Ry;zdz).

In this paper we will study differential and semigroup properties of the heat kernel
related to the Kontorovich-Lebedev transform, which we will introduce below. This kernel
and its relationship with the Mellin transform will be applied to deduce analogs of the
Heisenberg inequality and its direct consequence, which is called the uncertainty principle
for the Kontorovich-Lebedev transform. Similar problems related to the Jacobi-Olevskii
transform were considered recently in [2]. Other uncertainty principles for the transform
(1.1) were proved by the author in [15, 17].

The kernel of the Kontorovich-Lebedev transform is the modified Bessel function
K (), which is an eigenfunction of the following second order differential operator

d d
= 2 J— —_ [R—
A, =z Tt (1.4)
i.e. we have
A, Kir (1) = 72K, (2). (1.5)
It has the asymptotic behaviour (cf. [1] relations (9.6.8), (9.6.9), (9.7.2))
T\Y2 _
K, (2) = <§> e[+ 0(1/2)], 2z — oo, (1.6)
and near the origin
K,(2) =0 (z7") | 2 >0, (1.7)
Ko(z) = —logz+ O(1), z — 0. (1.8)

When |7| — oo and > 0, 7 € R are fixed, the kernel K, ;;(x) behaves as (cf. [8, Ch.
1])

V21 e\ 2|7| 1\ © 22
K. . — - —m|T|/2 o1 . i\ T
rir () = (i <2> € sin (T (1og - 1) + <v+ 2) 5+ —4’7‘)
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<(1+0(m)) o

Moreover it can be defined by the following integral representations [6, (6-1-2)], [5], Vol.
I, relation (2.4.18.4)

K,(x) = / e Teoshu cosh vudu, x> 0, (1.10)
0
1 v [
K, (1) = = (f> / =S de x> 0. (1.11)
2 \2/) J,

Hence we easily find that K, (z) is a real-valued positive function when v € R and an even
function with respect to the index . We note here the Mellin transform of the modified
Bessel function [7]

/0 Kir(2)2*'de = 2°72T (g + %) r (g + %) , Re s >0, (1.12)

where I'(z) is Euler’s gamma-function.
The convolution operator for the Kontorovich-Lebedev transform is defined as follows
[7, 8]

(f * 2x/ / ) h(y)dudy, @ > 0. (1.13)

It is well defined in the Banach ring L*(R,) = L1 (R, ; Ky (x)dx),a € R, i.e. the space of
all summable functions f : Ry — C with respect to the measure K, (x )dx for which

Al = [ 1f@IKa(o)o (1.14)
0
is finite. The following embeddings take place
L*(Ry) = L™*(Ry), L%Ry) C LP(Ry), |a] > |8] > 0,0, 5 € R, (1.15)
2
L*R) D Ly(Ry;zdr), 2<p<oo, o] <1——, (1.16)
p
where L,(Ry; zdz) is a weighted Banach space with the norm
oo 1/p
)|z, ® . wdn) = (/ |f(x)|1’xdx> , 1< p< o0, (1.17)
0
||f||Loo(R+;xdﬂc) = €8s SuP:ceR+|f(x)" (1.18)

The factorization property is true for the convolution (1.13) in terms of the Kontorovich-
Lebedev transform (1.2) in the space L*(R, ), namely

Kif % B = Ko [f]Kin[h], T € R, (1.19)
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This property is based on the Macdonald formula [1]

1o —1(enlye dt
Ky(x)Ky(y):§/0 A >Kl,(t)7. (1.20)

It is also proved (see [7], [8]) that the Kontorovich-Lebedev transform is a bounded
operator from L*(R,) into the space of bounded continuous functions on R, vanishing
at infinity. Furthermore, the convolution (1.13) of two functions f, h € L%(R,) exists as
a Lebesgue integral and belongs to L*(R,). It satisfies the Young -type inequality

I[f * Pl ze@yy < fllee@ol ]| e@,).- (1.21)

Another type of a sharp Young inequality for convolution (1.13) was established in
[12]. Precisely, we have

Theorem 1. Let 1 < p <oo, f € L,(Ry;xdr) and h € L%(RJF). Then convolution
(1.13) exists as a Lebesque integral for all x > 0 and belongs to the space L,(Ry;xdx).
Moreover, it satisfies the following inequality

1F 5 Al @) < 1y esmil ]t (1.22)

In particular, for p = 2 we get (see [10, 11])

1f * bl o@ o swde) < Il Loy wda) | [Pl 2o Ry )- (1.23)

2 The heat kernel and its properties

We begin with
Definition 1. Let ¢t > 0, (z,y) € R;. The following integral

2

h(t,z,y) = h(z,y) = —2/ e rsinhrr Kip (1)K (y)dr, (2.1)
xm? J,
is called the heat kernel for the Kontorovich-Lebedev transform.
Lemma 1. The function h(t,x,y) is infinitely differentiable of (x,y) € Ry x Ry and

t > 0 satisfying the estimate

(2.2)

m 1/4 3 =2
a h<t7 T, y) < I (4m + 5) €4 K1/2 (2 $2 + 2>
otm - om+1,7/8 x tm+1/2 70 vy

Moreover, the Kontorovich-Lebedev transform (1.1) by x of the heat kernel is equal to

Kir[h] = /O b Kir(2)h(t,z,y)dz = e K (y), (2.3)
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and by y correspondingly,

H /KM ta:y)dy otr Kir (@) (2.4)

X

Finally h(t,x,y) is a solution of generalized diffusion equations (u = u(t,z,y))

ou _ , 0%u ou

for each fized y € R,

ou  ,0%u  Ou
_ _ 9.
o Vo +yay y*u (2.6)

for each fized x € Ry under the initial condition in the sense of distributions

where 0 is Dirac’s delta-function.
Proof. Appealing to the following inequality (see [16]) for derivatives of the modified
Bessel function with respect to x

" K, ()

ox™

< e Kp(zcosd), >0, 7>0, € [O;g), m=0,1,...

it is not difficult to verify that for ¢ > 0 integral (2.1) and its derivatives of any order with
respect to  and y converge absolutely and uniformly by z > g > 0, and y > yg > 0.
Therefore the heat kernel (2.1) is infinitely differentiable of (z,y) € Ry x Ry. Similar
motivation can be done for the derivatives of the order m € Ny with respect to ¢t > 0 and
it gives the expression

O™h(t,z,y) B 2(—=1)™
otm - am2

/ e_t727-2m+1 sinh w7 KzT<$)KZT(y)dTa m = 07 1’ e (28)
0

Hence the Schwarz inequality yields

Omh(t 2 o0 1/2
( y Ly y) ' S . (/ 6—2t727_4m+1 sinh 7T7'd7'>
0

otm T

() 1/2
< < / #sinh 7 | Ko (2) Kon () dT> | (2.9)
0
Meanwhile, using (1.1), (1.2), (1.20) and relation (2.3.16.1) in [5], Vol.1 we find

& (= +y 2y ) ] 2
/ rsinh 77 | K (2) Kir (y = _/ T )_u — WZKO (2 22 +y2) .
0 u



6 Semyon YAKUBOVICH
Further,

& 2 1 & 2 1/2 & 2 1/2
/ 2T AmMEL b e dr < 5 </ e2mr—tr )d7'> (/ 2T 7_8m+1d7_2>
0 —00 0

1/4
= %I‘l/z <4m + ;) ™ /0 (24)~(mtD)

Therefore, substituting these values into (2.9) we deduce

71_2
O"™h(t, x,y) ‘ - /4 (4m + %) et
otm -

1/2
om—+1,7/8 T tmt1/2 Ky (2 %+ yQ> ’

which drives us to the estimate (2.2). As it follows from (1.5) and absolute and uniform
convergence by x and y of the corresponding integrals on any compact set of R, x R,
formula (2.8) can be written as the following differential equations

O™ h(t, z,y) m gm
EE D (m ARG 2 ), (2.10)
I"h(t,x,y) (—=1)™
= M lx h(t 2.11
o A bt ), (211)
where m =0,1,... and A", A7 are m-th iterates of the operator (1.4). In particular,
letting m = 1 we obtain that the heat kernel satisfies the generalized diffusion equations

(2.5), (2.6).

In order to establish equalities (2.3), (2.4) we easily observe that for fixed positive ¢, z,y
the corresponding right-hand sides belong to the space Lo(R,;7sinhwrdr). Therefore
the validity of (2.3), (2.4) follows immediately from reciprocities (1.1), (1.3) with the
convergence of integrals in Lo-sense. Nevertheless, via the estimate (2.2) and asymptotic
formulas (1.6), (1.7), (1.8) for the modified Bessel functions we get that integral (2.4)
converges absolutely and clearly to the same limit. The absolute convergence of the
integral (2.3) is based on (2.2) and on the asymptotic behavior of the heat kernel h(t, z, y)
when £ — 0. We deduce the mentioned asymptotic expression writing the heat kernel
(2.1) in the equivalent form. In fact, appealing to the relation formulas for the modified
Bessel functions [1] we find

1 o 2
Wt y) = —— / et I (@) Ko (y)dr, (2.12)

T J_ o

where I,,(z) is the modified Bessel function of the first kind represented by the series [1]

B 0 (Z/2)2k+u
1(2) = ; KT(k+v+1)
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Hence substituting this series into (2.12) separating its first term we have for z — 0

2

1 [~ ; d
h(t,l‘,y) _ _/ e tT TKiT<y)€szlog(x/2) T

xmi J_ o (1 —ir)
1 00 2 0 (x/z)Qk—iT—l
- K, , 213
o) T TR 20k + 1 —i7) (2.13)

By straightforward estimates we see that the second term in (2.13) is O(z), * — 0 for
any fixed ¢,y > 0. The first term can be treated carrying out the integration by parts
and eliminating the corresponding boundary terms. Hence making use this procedure n
times we derive the estimate

- e tT TKiT e og(x/2) _ “" -0

i J_ o ) (1 —ir)

- >,x—>0, n € N.
xlog" x

Consequently, via the inequality |K;,(x)| < Ko(z) and asymptotic formula (1.8) we take
n = 3,4,... and establish the absolute convergence of the integral (2.3) to the same limit.

Finally we prove (2.7). Indeed, for any ¢ from the testing space D(R,) we understand
the limit (2.7) as follows (cf. [7], [18])

2 oo
lim (h(t,z, ), »(-)) =lim — e rsinhr Kip(2) Ky [] dr. (2.14)
t—0 t=0 x7° Jj
Meanwhile, employing relation (2.16.14.1) in [5], Vol. II and Parseval’s equality for the
cosine Fourier transform we deduce
2 [ 2 T

gl e " rsinhrr Kip(2) Ky [@] dT = mr\/_ Tsmh 2) K (x)

x/ cosTu F, [p;sinhu] du dr, (2.15)
0

where by F. [;v] we denote the cosine Fourier transform of ¢ € D(R.)

2 [ee]
F,lp;v] = \/;/ ©(y) cosyv dy.
0

The right-hand side of (2.15) can be treated, in turn, with the use of the differentia-
tion under the integral sign, integration by parts, convolution properties and Parseval’s
equality for the Fourier transform. So we have

xﬂ'\/_ i Tsmh 2) K (z)
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></ cosTu F, [p;sinhu] du dr = — e~ sinh <7T27> K (z)
0

V3

/T Jo
o d

></ sintu — [F, [p;sinhu] | du dr
0 du

o0

1 e TT o d .
= — e " sinh (—) K (x / e — |F. |p;sinhu| | du dr. 2.16
e S y) fole) [ e Gy e bosimbl Jdu dr - (210)

[e.9]

In the meantime, due to relations (2.5.36.1) and (2.5.54.6) in [5], Vol. I the product
e~ sinh (%) K, (x) can be represented as the Fourier transform of a convolution, namely

o0

—tr2 T _ 1 R igr /
e sinh (—) K (z) = e Y eVd
5 (z) TN v

Zde u v/ (4) / sin(z sinhv) dv du
MJ_ y/w i ( )

—Uu

eV dy / sin(z sinhv) dv
v

””dy/ e~w /(D) sin(z sinh(y — u)) du.

[e.e]

2¢_

Substituting the latter expression into (2.16), taking into account (2.15) and the Parseval
equality for the Fourier transform we derive the representation

2 ° 2
— e " rsinhr K (2) Ky @] dT
0
= ; sinhy| | d b e~/ gin(z sinh(y — u)) du
2$er— dy ¢ [ip; sinhy] ] y/[w ( (y —w)
= ; sinhyl| d h e~/ cos(z sinh(y — u)) cosh(y — u) du
wzJ_/‘ ¢ [ip; sinhy] y/m ( (y —u)) cosh(y —u)
00 2 ‘
w\/_/ e lp; sinhy] dy /_Oo e cos <a: sinh (y—?uﬁ))
X cosh (y — QU\/E> du. (2.17)

Hence it is not difficult to verify that the passage to the limit when ¢ — 0 under integral
signs in the latter iterated integral of (2.17) is allowed via the dominated convergence
theorem. Then by elementary substitutions and straightforward calculations appealing to
the asymptotic and inversion properties of the cosine Fourier transform of test functions,
we return to (2.14) and finally derive

1165% <h(t,$, '>7 90 ’ 7_‘_\/—/ ()07 Slnhy] d



KONTOROVICH-LEBEDEV TRANSFORM 9

00 2 [
x/ e cos(z sinhy) coshy du = \/i/ cos(zA) Fe[p; Al dX = o(z).

This proves (2.7) and completes the proof of Lemma 1.

Following to [13] (see also in [14]) we define the space S3(R.), which we are going to
use below.

Definition 2. A function f: R, — C is said to be in S3(R,) if f € Lo (R+; d?"”) and
A.f € Ly (R+; ‘i—x), where the operator A, is defined by (1.4).

Recall from [13, 16] that the k-th iterate of the operator A, A*f € Lo (R+; df) , ke
Ny means that there exists a function v(x) in Lo (R+; df) denoted by A”f such that for

all o € D(R,) N .
| st = [ oweo T

X

It is proved that Sy(R.) is a Banach space which can be endowed with the norm

00 dx 00 dr 1/2
Il = ([ 1r@PE+ [T 1asre)

A characterization of S3(R ) can be given in terms of the Kontorovich- Lebedev trans-
form (1.1) (cf. [13]). First we observe that f € Ly (Ry; %) means @ € Ly (Ry;zde).
We have

Theorem 1. [13]. Let f € Ly (Ry; %) with the Kontorovich-Lebedev transform

K; [@} Then f € Sy(Ry) (ie. A.f € Lo (RJF;%”“)) if and only if the function
T — 72K, [M} is in Lo(Ry;Tsinhwr dr). Moreover, K;, [M] =72 K;r [M} and

2 ™ f()
2
11w = / o [_}

We define here the Weierstrass type integral transformation in S3(R) as the action
of the heat kernel (2.1) on functions f(y)

therefore
2

(1+74)dr. (2.18)

(9.f) (&) = / " bty 2)f () dy. (2.19)

This integral is absolutely convergent via Schwarz’s inequality, i.e. it exists as a Lebesgue
integral. Moreover, by Lemma 1 (see (2.4)) and Theorem 1 one can prove that

K. {(gt“’;)(x)] ="K, {@} (2.20)

and therefore we can denote the heat kernel (2.1) by e ™ (z,y) and (g.f)(x) = e *Af.
So the action of A on the Kontorovich-Lebedev transforms is multiplication by 72 while
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the heat kernel is multiplication by e~"". Furthermore, from Lemma 1 and the Schwarz

inequality it follows that (g;f)(x) is an infinitely differentiable function of x,¢ > 0. It
satisfies the generalized diffusion equation (see (2.10))

9(g.f) ()
ot

classically for ¢ > 0 with the initial condition

lim(g.f)(x) = /(2)

= _A:cgtf

as a strong limit in f € Ly (R+; %‘)
Lemma 2. For eacht > 0 the Weierstrass type transform (2.19) is a bounded operator
in S2(Ry) and the following norm estimate takes place

e fllsamyy < || f1]s0my)- (2.21)

Proof. From the generalized Parseval equality for the Kontorovich-Lebedev transform
(see (1.2)) and (2.3) we have

(gef) () = %/OOOTsinhm-KiT (h(t, -, z)] K; {M} dr

2 [ .
== Tsinh 7t 67”2KZ-T($)K¢ {&} dr.
72 Jo .
As in Lemma 1 we easily verify the absolute and uniform convergence by =z > x5 > 0 of
the latter integral and its derivatives with respect to x. Therefore, via (1.5) we obtain

Aol :%/ rhsinh ¢ Ko (2) K [&] dr
0

[t

2
dr < || f]1&, @, < 00

and
2

o [ o
||Axgtf||iz(R+;di) = F/ rsinh w1 e dr < ||f||%2(R+) < 00.
@ 0

At the same time, plainly

[
Therefore taking into account (2.18) we get the inequality

[

2 [ . _
||gtf||§,2(R+;d?x) = F/o rsinh7r e 27

2
(1 +7dr < [ f15 e,

2 [ )
2 _ . oy
||gtf||52(R+;d7z) = /0 Tsinhr e =7
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which yields (2.21) and completes the proof of Lemma 2.
One can extend Theorem 1 for the iterates A*, k € Ny. Indeed, we have
Theorem 2. [13]. The iterate A*f € L, (RJr; i—’“") , k € Ny if and only if the function

T — 1RK [@} is in Ly(Ry; 7sinh w7 dr). Moreover,
k
K. {Awf ] =7 K, {M} . (2.22)
x x

Using this result we find a reciprocal inversion formula of the Weierstrass type trans-
form (2.19). In fact, returning to (2.20) we derive

K {@} ="K, {(9”;)(@} > 0. (2.23)

Since the left-hand side of (2.23) is from Ly(Ry; 7sinh 77 dr) for any f € Ly (Ry; %) so
the right-hand side possesses the same property. Consequently;,

T

T K, [M} € Ly(Ry; Tsinh 77 dr) (2.24)

for any k € Ny. Therefore, due to (2.22)

Fo(t,7) = ifn 27%4 1 Z K” {«4 gtf} K. {M},

m=0 ’

where P,(z) is the nth Taylor’s polynomial of the exponential function e*. Hence from
(1.3) we obtain

2 oo
Po(tA)guf = — / rsinh 77 Kir (2) P (t72) Kir {(gtf )(x)} dr, n € N,
72 Jo x
where the latter integral converges absolutely since
e K {(gtf W)] € Ly(Ry; Tsinhr dr). (2.25)
x

On the other hand we get from (2.23)

2

9 [T
f(z) = l.i.mTHoo—2/ Tsinh 77 K, ()€’
™ Jo

and the Parseval equality (1.2) yields

| @ = st = 2 [ rsinnar i pare|
0 0

11
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[0

2
dr. (2.26)

2
% 62tT

Since 1 — P,(t72)e™""" < 1 and tends to zero when n — oo for each t > 0, by the Lebesgue
dominated convergence theorem we obtain that the left-hand side of (2.26) tends to zero as
well. Therefore with a convergence by the norm in Ly (R+; df) we arrive at the inversion
formula of the transformation (2.19) which can be written in the symbolic form

f(x) =g, t > 0. (2.27)

However, since (2.26) is true also for some subsequence P,, when the convergence is point-
wise, we have the equality (2.27) for almost all z > 0. Similarly, we can get reciprocally
(2.19) starting from (2.27). Finally, we summarize our results in

Theorem 3. Lett > 0. For any f € Ly (R+; ‘i—x), formula (2.19) defines for all x > 0
an infinitely differentiable function h(x) = (g.f)(x) satisfying condition (2.24). Moreover,
for almost all x > 0 the reciprocal inversion formula (2.27) holds. Conversely, for any
h, which satisfies (2.24) formula (2.27) with the convergence in mean square defines for
almost all x > 0 a function f € Ly (R+; i—x) and the reciprocal formula (2.19) takes place.

Let us prove now that A2 is the infinitesimal generator of the heat kernel (2.1).
Theorem 4. A function f(x) is in So(Ry) if and only if it is in Lo (R+; %) and

1= (0 = (5 e )]

is uniformly bounded in t. (Here we mean (-, -) is the Ly (Ry; %), not S>(Ry), inner
product. ) In that case

suppsol' () = 1 (1) = 1A FI oo

Proof. By Theorem 1 it is sufficient to show that f(z) € Ly (Ry; %) and I'(f) is
uniformly bounded if and only if

/OOTSinh w7 | K;r {@}
0 x

First we note by the Parseval identity (1.2) and relation (2.22) for k = 2

I'(f) = i/Ooorsinhw 1] ‘K [&}

w2t

2
(1+ 74 dr < 0.

2

dr. (2.28)

Meanwhile, since y~!(1 — e7¥) is a decreasing function of y > 0 and hence 1/t times the
factor 1 —e ™™ converges monotonically to 7% as t — 0. Thus if f € S3(R,) (see (2.18)),
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I*(f) is uniformly bounded. Conversely, if I*(f) is uniformly bounded, the monotone
convergence theorem implies that
e [19)

2
dr

t—0 T

2 o0
sup,~ol*(f) = lim I'(f) = —2/0 70 sinh 77

= ||A fHLg(R dx) < Q.

Theorem 4 is proved.

3 Heisenberg’s type inequalities

The classical Heisenberg inequality for the Fourier transform states that for f € Lo(R;dx)

2 20, 2 2 Lo
[P [ Elrras = {111, (31)

where

N

1 —izix
f(§) = E/Rf(x)e dz.

In this section we will establish some analogs of the Heisenberg inequality (3.1) for the
Kontorovich-Lebedev transform (1.1). To proceed this we call the Parseval identity (1.2).
We have

Theorem 5. Let f € Lo(Ry; xdz). Then

o0 <, T 72
|t ae [ et () 1Kl 1P dr > U s (32

oo 2 oo 2w 4
[k ([ s (T 180 ) = T i, 33
/Ooo|f(:v)|p d:v/oooTpanhp( >|K,T[ P dr

F( p-1 ) p=2
't 2(2—p)
2 op F((( _ )) 1) ||f||L2(R+$d$ 1<p<2. (3.4)

VS|

Proof. In fact, writing (1.2) in the form

4 [e.¢]
]|fH%2(R+;IdI) = P/o T sinh <%> COSh( )’Kz‘r[ ]\2d7,
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we appeal to the Schwarz inequality to get

111220, a0y < % (/OOOT sinh” ( ) |Kir (£ dT) -
(/000 ‘Cosh (%) Ki-[f] i dT) 1/2, (3.5)

On the other hand by relation (2.16.14.1) from [5], Vol.2, the Parseval equality for
the cosine Fourier transform and an elementary substitution we find in the case f €
Ly(Ry;zdx) N La(Ry ;5 dx)

cosh ( \/7 / c[f;sinhu] cos Tu du.

Substituting in (3.5) we obtain

2 2 X o Lo (7T 2 12 OO o L2 12
1B gyian < = ([ 72sink (50) 1Kl dr R fssinhul; 7 dr
0 0

(s () i o) " ([ s o
% </OOO 7 sinb? (%) |K¢T[f]|2d7> . (/OOO |Fc[f;u”2du> 1/2
(/OOO ro(s) |K”[f“2d7) - ( | e da;) "

).

In order to prove (3.3) we use the limit case of the Hélder inequality

which implies (3.2
to find

4 0o
Hf||%2(R+;xdx) < F/O TSth( > |K27—[ ]l dr

2v/2
\/_

<[RS " rsinh (7)) dr

([ IFc[f;U]Isz)l/Q -2 oofsmh( D Kl dr ( [ isas) "

Thus we arrive at the inequality (3.3).

cosh (%)K [f]‘ < Tsmh( )|KW[ || dr

XSUpP,~(
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Generally, assuming 1 < p < 2 we appeal to the Holder inequality to deduce

4 o . T
e < 2o ([ 7o sime () st ar
m 0
1/q

x (/OOO ‘cosh (%) K, [f])da) = %. (3.6)

The latter g-norm can be estimated by the familiar Hausdorfl-Young inequality [8], [12]
together with the Holder inequality. Thus we obtain

1/p

1

(/OOO ‘cosh (%) K, [f]‘qd7'> v < (g) it (/OOO \Fc[f;sinhu”Pdu) b

141 0o u 1/p T\ b+l 00
S [msar ) < (G) ()

1/q
Fc[f;UH"dU)

2

iS}

3=

([ ) <5 [l ([ )

Hence combining with (3.6) we easily come out with final inequality (3.4). Theorem 5 is
proved.

Corollary 1. Letting p — 2— in (3.4) we get (3.2). Putting p = 3 in (3.4) we come
out immediately with the following Heisenberg inequality

ee o0 . T T\ 3/2
/0 |f ()32 dx/o 73/2 ginh3/? <7> \Kh[f]y?’/? dr > (§> !If!IiQ(R+;xdx>-

Another type of Heisenberg inequalities for the Kontorovich-Lebedev transform are
based on the Mellin transform of the heat kernel (2.1) by y. These inequalities will give
estimates of the convolution (1.13) x#~! % f, p > 0 in the space Ly(Ry;xdz). In fact,
using the Mellin transform (1.13) of the modified Bessel function we apply it to the heat
kernel (2.1) and we find

h:(ZL‘,M)E/ h(t,z,y)y" " dy
0

oK1 * 2
= 5 / e ""v sinh v
xm? Jy

r (g + %) ‘2 Kio(z)dv. (3.7)

15
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, 2
WooaT
(242

Function (3.7) has an independent interest and was employed in various applications (see,
for instance, in [4]).

In order to proceed to our goals we will first estimate the norm ||2;|| L, ;zdz)- To do
this we call the Parseval equality (1.2). Hence by virtue of (3.8)

o\ (4
wooaT

'f=+— : .
(2—1—2)‘617 (3.9)

In the meantime to estimate the modulus of the gamma-function we will appeal to the
following inequality, which is a direct consequence of Stirling’s formula

Hence via (1.1), (1.3) we derive

Kip[BE( )] = 2¢ 72717 ,tu> 0. (3.8)

22u—3

’ ’h;fk ‘ ‘%2(R+;$d$) =

& 2
5 / e 2 reinh rr
0

™

IT(z 4+ iy)| < V2r|z|®Y2e ™2/ 61D 2 = o 44y, 2 > 0.

Therefore, for ¢t > 0

I sy < 20 [ 2 i i
0

< o3/ (31) /Oo o2ty (M2 + y)u—l dy
0

< (2) 7 P B e (0,1]
and o
. _ -1
sy < € [ e (a2 9y
0

1 e’}
_ 2t/ ) < / N / > =207 (1 4 ) dy < 2220 A/ Gy
0 1

+2u—1ﬂ2u€4/(3u)/ e_Qt“ny”_ldy
0

4/ (31) it 1 -
= —5— @A) T+ Tt >
Hence, it has the estimates
||h:||L2(R+;$dI) S (Qt)_l/Qﬂu_le2/(3u)7 t> 07 JIAS (07 1]7 (310)

. e2/(3u) vl 41 12
||ht||L2(R+;wdx) < \/5 [(QM ) t+ F(/u)t ] , t>0, M > L. (3'11)
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Further, from the Parseval equality (1.2) taking into account (1.12), (1.13), (1.19), (1.22),
(3.8) and the inequality |I'(z)| < I'(Rez), Rez > 0 for the Euler gamma-function we

obtain
1/2
ou—3/2 S 1T 4
||t % 2@ sode) = </ Tsinh 77 | (H + —)‘ |Kir[f“2d7'>
=\ 2" 2

= ? (/Ooorsmhm | Kir [0 % f] |2d7> "
2

<

R L

tv”

R *ﬂ)

Lo(R4;7sinh 7r7'd'r Lo(Ry;7sinh wrdr)

V2

‘ }LQ(R+;’T sinh w7d7) ? Hh:ﬁk * fl ‘LQ(R+;mdm)

V2

‘|L2(R+;Tsinhﬂ7d7) + 7 ”h:“Lg(R+;mdm) HfHLO(R-&-)‘ (312)

H7'2KW [+ %

2n3/2 ¢
<

L*(p/2) ||7* Kir [ ]

But,

oo o0 1/2
™
il = [ Kol < flaar ([ K3 ) = s

Hence using (3.10) we obtain from (3.12) for all ¢ > 0 and p € (0, 1] the inequality

2182 ¢

12" fllLassads) < P21/ 2) |7 Kir |y st

2Vt

However, when p = 1 we can get more sharp estimate. In fact, equality (3.9) becomes

+ [ f1] o (R sda)- (3.13)

[ / Ay

Hence
1

o0
*|12 —otr2
B2, o) < / rdr = o

Analogously, using this estimate in (3.12) we come out with the inequality

t 1
||1 * f||L2(R+;mdm) < ﬁ ‘|T2Ki7'[f]‘|L2(R+%Tsinh7r7—d7') T 2_\/%||f||L2(R+;dm)' (314)
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Estimates (3.13), (3.14) are key relations to prove the Heisenberg inequalities for the
Kontorovich-Lebedev transform. Letting in (3.14), for instance,

2/3
L S| o® e
o 2
\/§||T KiT[f]HLQ(RJr;TsinhTerT)

we arrive at the following inequality

oo 00 1/2 1
/0 |f<x>|2dx(/0 r5sinhrrT\KiT[f]|2dT) g SRl

Generally, when

2/3
¢ 1| sy TV/2(12) 2) 2/ B1)
HTZK” [f]HLz(R+;T sinh 77dr) 2 2 (,U/Q)

then from (3.13) we deduce

3] 9] 1/2
2 P sinh 7 ir 2dr
[ d:c(/ sinh | K mrd)

27:“75/2 T 674/(3/‘)

2= T2 (p/2)
Remark 1. Analogously one can prove Heisenberg’s inequalities employing the esti-
mate (3.11).

12" 1L e wanys 1€ (0,1]:
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