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Abstract

We consider integral and series transformations, which are associated with Ramanujan’s identities,
involving arithmetic functions a(n), ω(n), σa(n), d(n), µ(n), λ(n), ϕ(n) and a ratio of products of
Riemann’s zeta functions of different arguments. Reciprocal inversion formulas are proved in a Banach
space of functions whose Mellin’s transforms are integrable over the vertical line Re s > 1. Examples
of new transformations like Widder-Lambert and Kontorovich-Lebedev type are exhibited. Particular
cases include familiar Lambert and Möbius transformations. Finally a class of equivalences of the
Salem type to the Riemann hypothesis is established.
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1 Introduction and auxiliary results

Integral and series transformations, which will be derived in the sequel are based on remarkable Ramanu-
jan’s identities involving arithmetic and Riemann’s zeta-functions [6], [10], namely

ζ(s)ζ(s− a)ζ (s− b) ζ (s− a− b)
ζ(2s− a− b)

=

∞∑
n=1

σa(n)σb(n)

ns
, (1.1)

where Re s > max{1,Re a+ 1,Re b+ 1,Re (a+ b) + 1},

ζ (s) ζ (s− a) =

∞∑
n=1

σa(n)

ns
, (1.2)

where Res > max{1,Re a+ 1},
ζ2(s)

ζ(2s)
=

∞∑
n=1

2ω(n)

ns
, Res > 1, (1.3)

ζ2(s) =

∞∑
n=1

d(n)

ns
, Res > 1, (1.4)

1

ζ(s)
=

∞∑
n=1

µ(n)

ns
, Res > 1, (1.5)
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ζ(s)

ζ(2s)
=

∞∑
n=1

|µ(n)|
ns

, Res > 1, (1.6)

ζ(2s)

ζ(s)
=

∞∑
n=1

λ(n)

ns
, Res > 1, (1.7)

ζ3(s)

ζ(2s)
=

∞∑
n=1

d
(
n2
)

ns
, Res > 1, (1.8)

ζ4(s)

ζ(2s)
=

∞∑
n=1

d2(n)

ns
, Res > 1, (1.9)

ζ(s− 1)

ζ(s)
=

∞∑
n=1

ϕ(n)

ns
, Res > 2, (1.10)

1− 21−s

1− 2−s
ζ(s− 1) =

∞∑
n=1

a(n)

ns
, Res > 2. (1.11)

Here ζ(s) is the Riemann zeta-function [10], which satisfies the familiar functional equation

ζ(s) = 2sπs−1 sin
(πs

2

)
Γ(1− s)ζ(1− s), (1.12)

where Γ(z) is Euler’s gamma-function, and in the half-plane Res = c0 > 1 it is represented by the
absolutely and uniformly convergent series with respect to t ∈ R, s = c0 + it

ζ(s) =

∞∑
n=1

1

ns
, (1.13)

and by the uniformly convergent series

(1− 21−s)ζ(s) =

∞∑
n=1

(−1)n−1

ns
, Res > 0. (1.14)

Further, a(n) in (1.11) denotes the greatest odd divisor of n, σa(n) in (1.1), (1.2) is the sum of a-th powers
of the divisors of n ∈ N. In particular, for pure imaginary a = iτ |σiτ (n)| ≤ d(n), where d(n) is the
Dirichlet divisor function, i.e. the number of divisors of n, including 1 and n itself. It has the estimate [10]
d(n) = O(nε), n→∞, ε > 0. The Möbius function is denoted by µ(n) and |µ(n)| ≤ 1. The symbol ω(n)
in (1.3) represents the number of distinct prime factors of n and it behaves as ω(n) = O(log log n), n→∞
(see in [8]). By ϕ(n) Euler’s totient function is denoted and its asymptotic behavior satisfies [cf. [8])
ϕ(n) = O

(
n[log logn]−1

)
, n→∞. Finally, λ(n) in (1.7) is the Liouville function, |λ(n)| ≤ 1.
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