TORELLI THEOREM FOR THE MODULI SPACE OF
PARABOLIC HIGGS BUNDLES

TOMAS L. GOMEZ AND MARINA LOGARES

ABSTRACT. In this article we extend the proof given by Biswas and Gémez [BG]
of a Torelli theorem for the moduli space of Higgs bundles with fixed determinant,
to the parabolic situation.

1. INTRODUCTION

The classical Torelli theorem states that if two complex smooth projective curves
have Jacobians which are isomorphic as polarized varieties, then the curves are iso-
morphic. In other words, a complex smooth projective curve can be recovered from
its principally polarized Jacobian. Analogously, in [MN] Mumford and Newstead
proved that a smooth complex projective curve X can be recovered from the iso-
morphism class of Uy ¢, the moduli space of stable vector bundles over X with rank
2 and fixed determinant £ of odd degree. This result was generalized by Narasimhan
and Ramanan in [NR] where they extended it for any rank. They show that the
intermediate Jacobian of U, ¢ has a polarization given by the positive generator of
Pic(U,.¢). This polarized intermediate Jacobian is isomorphic to the Jacobian of the
curve X, so they reduce their proof to the classical Torelli theorem.

Parabolic structures on holomorphic vector bundles were introduced by Mehta
and Seshadri in [MS] inspired by the work of Weil. In [W] Weil studied the problem
of characterizing fiber bundles which arise from a representation of the fundamental
group. The parabolic situation corresponds to a representation of the fundamental
group of the complement of a finite set of marked points on a projective curve with
prescribed holonomy around the marked points. Mehta and Seshadri constructed
its moduli space using Geometric Invariant Theory in [MS].

Higgs bundles appear when we consider non unitary representations of the funda-
mental group, for instance representations into GL(n, C). Hitchin started the study
of those in [H1] and gave the moduli space the structure of a completely integrable
Hamiltonian system in [H2].

In [BBBJ, Balaji, del Baio and Biswas proved a Torelli theorem for parabolic
bundles of rank 2 and small weights, and in [BG], Biswas and Gémez gave a Torelli
theorem for Higgs bundles. Our goal will be to provide the moduli space of parabolic
Higgs bundles with a Torelli type theorem.

In this article we prove the following (see section 2 for notation):
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2 T. GOMEZ AND M. LOGARES

Theorem 1.1. Let X and X' be complex smooth projective curves of genus g >
2 with marked points D = {x1,...,x,} C X and D' = {2},...,2),} C X', let
Ne(2,d,0) and N£(2,d, a) be the moduli spaces of parabolic Higgs bundles over X
and X' respectively, with fized determinant & of odd degree d, and small weights
a. If there is an isomorphism between Ne(2,d, o) and ./\fé(2,d, «) then there is an
isomorphism between X and X' sending the marked points of X to the marked points

of X'.

Note that we have to assume that the rank is 2, because we apply the Torelli
theorem of [BBBJ. If the theorem of [BBB] were extended to higher rank, then The-
orem 1.1 would also hold for higher rank with the same proof given here (however,
the restrictions of small weights, full flags and coprimality of rank and degree are
necessary in the current proof independently of [BBB]). Before proving the theorem,
we need to do a detailed analysis of the moduli space of parabolic Higgs bundles,
and this is done for any rank r» > 1 and degree d coprime to 7.

In [BG], it is shown that the moduli space of vector bundles, which is embedded
naturally inside the moduli space of Higgs bundles as Higgs bundles with zero Higgs
field, can be characterized intrinsically. In other words, given the moduli space of
Higgs bundles as an abstract variety, we can find the subvariety which corresponds
to Higgs bundles with zero Higgs field, and then we can apply the Torelli theorem
for the moduli space of vector bundles.

Following the ideas of [BG], given the moduli space of parabolic Higgs bundles as
an abstract algebraic variety, we first recover the Hitchin map. In section 5 we use
the Kodaira—Spencer map and study the deformations of some objects related to
the Hitchin map to show that any C*—action admitting a lift to the moduli space of
parabolic Higgs bundles has the origin as fixed point. Since the standard C*—action
on the Hitchin space induced by sending a Higgs pair (E, ®) to (F,t®) has the origin
as the unique fixed point, we recover the origin of the Hitchin space.

By definition, the fiber over this point is the nilpotent cone, and then we show
that the only irreducible component of the nilpotent cone which does not admit a
nontrivial C*—action is the component corresponding to parabolic bundles. There-
fore, we have identified the moduli space of parabolic bundles as a subvariety, and
then we can apply [BBB] to recover the curve and the marked points.

2. PRELIMINARIES

Let X be a smooth projective curve over C of genus g > 2. Let D be a finite set
of n > 1 distinct points of X. A parabolic vector bundle over X is a holomorphic
vector bundle of rank r (we assume r > 2) together with a weighted flag on the fiber
over each x € D, called parabolic structure, i.e.,

E :Ex,o DExJ Do DE;,;’T D) {0}
0<a(z)<--<ap(z)<l.
Note that we are using parabolic structures with full flags, i.e., dim(Ey ;/Ey 1) =1
for all i. We denote a@ = {(c1(x),...,ar(z))}zep to the system of weights corre-

sponding to a fixed parabolic structure.
The parabolic degree of a parabolic vector bundle is defined as

pardeg (F) = deg(FE) + Z ai(z),
i,c€D
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and the parabolic slope is then pary (E) = pardeg (E)/rk(E).

A parabolic bundle is said to be (semi)-stable if for all parabolic subbundles, i.e,
holomorphic subbundles F' C E with the induced parabolic structure, the following
condition for the parabolic slope is satisfied

parp (F) < parp (E) ().
The moduli space M(r,d, «) of semistable parabolic vector bundles of rank r and
degree d was constructed by Mehta and Seshadri in [MS], using Mumford’s geometric
invariant theory. They also proved that M (r,d, «) is a normal projective variety of
dimension
2 n(r? —r)
T (g — 1) + 1 + T 5

where the last summand comes from the fact that the flags we are considering over
each point of D are full flags. Moreover, it is smooth for a generic choice of weights,
where the system of weights « is generic whenever for such weights semistability
implies stability. Recall we are assuming that the parabolic structure has full flags.
From now on we also assume that the weights are generic.

Let £ be a line bundle on X. We denote by M¢(r,d, ) (or just M, if the rest
of the data is clear from the context) the moduli space of stable parabolic vector
bundles with fixed determinant. It is a projective scheme of dimension

n(r? —r)
—

A parabolic Higgs bundle (E,®) is a parabolic vector bundle E together with a
homomorphism, called Higgs field,

:E— E®K(D)

(g— 10" —1)+

which is a strongly parabolic homomorphism, i.e., for each point x € D, the homo-
morphism induced in the fibers satisfies

D(Eri) C Eriv1 ® K(D)lx

where K is the canonical bundle over X, and K (D) denotes the line bundle K ®
Ox (D).

A parabolic Higgs bundle is called (semi)-stable whenever the slope condition
holds for all ®-invariant parabolic subbundles, that is F' C E parabolic subbundle,
such that ®(F) C F ® K(D).

Denote by N (r,d, «) the moduli space of stable Higgs bundles of rank r degree d
and weight type. It contains as an open subset the cotangent bundle of the moduli
space of stable parabolic vector bundles and, under the assumption of genericity for
the weights, it is a smooth irreducible complex variety of dimension

dimN<T7 d7 Ck) = 7'2<2g - 2) + 2 + n(r2 — T’)

where n is the number of marked points on X. Indeed, let [E] € M(r,d, ). Denote
by SParEnd (E) the sheaf of strongly parabolic endomorphisms, i.e., endomorphisms
¢ : F — FE such that, for each point z € D,

(P(Ea:,z) C E:v,z'-i—l .

Analogously, we say that an endomorphism is non-strongly parabolic if it satisfies
the weaker condition

@(Ex,z) C By

)
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and the sheaf of non-strongly parabolic endomorphisms is denoted ParEnd (E). The
tangent space at [E] is isomorphic to H'(X, ParEnd (E)). By the parabolic version
of Serre duality,

HY(X,ParEnd (E))* = H°(X,SParEnd (E) ® K (D))

and hence the Higgs field is an element of the cotangent bundle T[*]‘E]./\/l(r, d, @) to the
moduli space of stable parabolic bundles, and the moduli space M(r,d, ) of stable
parabolic bundles is an open dense subset of the moduli N(r, d, «) of parabolic Higgs
bundles. See [Y, Y2, GGM] for references.

A trivial observation is that M(r,d, «) is embedded in N (r,d, «) by setting the
Higgs field equal to zero.

Define the determinant map from N (r,d, @) to the cotangent T* Jac?(X), which
is canonically isomorphic to Jac?(X) x H(X, K):

dety : N(r,d,a) — Jact(X) x H(X, K),
(E,®) — (A"E,tr®).

This is well defined because, since ® is strongly parabolic, its trace actually lies in
H(X,K) c H(X, K(D)). Let £ be a fixed line bundle of degree d. By definition,
the fiber over (&, 0) is called the moduli space of stable parabolic Higgs bundles with
fixed determinant &, i.e.,

Ne(r,d, o) := det; (&,0).

Hence, for each [(E, ®)] € N¢(r,d, ), ® is a traceless K-valued meromorphic endo-
morphism, with simple poles in D, and nilpotent residues respecting the parabolic
filtration.

For fixed determinant £ it is

dim Ne(r, d, o) = 2dim Mg(r,d, ) = 2(g — 1)(r* — 1) + n(r® — 7).

3. HITCHIN MAP AND SPECTRAL CURVES

We now define the Hitchin map and the Hitchin space for parabolic Higgs bundles.
Let S = V(K (D)) be the total space of the line bundle K (D), let

p: S =SpecSym* (K~ ! ®Ox(D)™") — X
be the projection, and = € H?(S, p*(K(D))) be the tautological section. The char-
acteristic polynomial of a Higgs field
det(z-id —p*®) = 2" + s12" 1 + So2" 2 4+ - + 5,

defines sections s; € HY(X, K'D%), such that §; = p*s; and K*D7 denotes the tensor
product of the ith power of K with the jth power of the line bundle associated to
D.

We are assuming that ® is strongly parabolic, therefore the residue at each point
of D is nilpotent. This implies that the eigenvalues of ® vanish at D, i.e., for each
i > 0 the section s; belongs to the subspace H(X, K‘Di~!). We therefore define
the Hitchin space as

(3.1) H=HK)® HY(K?D)®---® HY(K"D").

We also assume that ® is traceless, i.e. s; = 0, and then we define the traceless
Hitchin space as

(3.2) Ho=H(K’D)®--- @ H'(K"D"1).
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Using Riemann-Roch, the parabolic Serre duality and the fact that deg K"D"~! < 0
we obtain the dimensions of ‘H and Hy. That is,

n(r? —r)

dimHo = (9 = 1)(r* = 1) + ———,
which is equal to the dimension of Mg, and

2 _
dimH:(g—l)r2+1+n(Tzr),

which is equal to the dimension of M(r,d, «).
The Hitchin map is defined by taking the characteristic polynomial of the Higgs
field

h:N(r,d,a) — H

which we can restrict to the moduli space of fixed determinant

ho : Ne(r,d, o) — Hy .
Given s = (s1,...,5,) € H, with

s; € HY(K'D"™') c HY(K'D"),

we think of s; as a section of K?D?, and then we define, as usual, the spectral curve
X, in S as the zero scheme of the section of p* K" D"
(3.3) v=a"+52" " + 52"+ + 5,

where 5; = p*s;. Denote by 7 the restriction of the projection p to the spectral
curve X

(3.4) 71 X, = Spec(Sym*(K'D/1)) — X
where 7 is the ideal sheaf generated by the image of the homomorphism
K™D — Sym*(K~'D71)
o« — aYlos
where we set s = 1. From (3.4) it follows that
(3.5) .0x, =0x® K 'D ' K2D2%...0 K "Dl

Lemma 3.1. Forr > 2 and g > 2 there is a dense open set in H whose spectral
curve is smooth. The same holds for Hy.

Proof. By [BNR, Remark 3.5] the set of sections s such that the scheme X; is
smooth, is open, and it is nonempty whenever K" D"~! admits a section without
multiple zeros. It is known ([H, IV Corollary 3.2]) that, if deg(K"D"!) > 29 + 1,
then K"D ! is very ample. It follows that, if g > 2, the line bundle K" D"~ has
sections without multiple zeros. O

For X smooth, the short exact sequences
0 — T, =p"K(D) — Ts — p'Tx — 0,
where T}, denotes the relative tangent bundle for the projection p : S — X, and
0 — Tx, — Ts|x, — Nx, /s — 0
give

(36) NXS/S = KXS & 7T*D .
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On the other hand,

(3.7) Nx, /s = O(Xy)lx, = p"(K"'D")[x, = 7" (K"D"),

and the ramification line bundle of the projection 7 : X; — X is
OR)=Kx, oK' =n*K" D1,

The section

o _

ox

when restricted to X, gives a section of O(R), and its scheme of zeroes is exactly
the ramification divisor R.

(3.8) re" V4 (r = DE 2" 2 -+ 5 € HYS, prKTIDTY),

Lemma 3.2. If X, is smooth, then the fiber h=1(s) is isomorphic to
Prym(X,/X) = {L € Pic(X;) : det m, L = £}

Proof. Since X is smooth, it is reduced, and hence the vector bundle F is of the
form 7, L with L an element of Prym(X,/X). The morphism & is given by multipli-
cation by the tautological section x, and it only remains to show that the parabolic
structure can be recovered from .

For each parabolic point p € D there is a Zariski open subset of X where the
vector bundle is of the form E|y = Oy[z]/I (seen as an Op-module), where

I= (2" 4 892" 2+ +5,)
Recall that s; vanishes at p for all . Hence, the fiber of E over p is
Elp = Clz]/(z").

On the other hand ®|, is given by multiplication by x, and hence it defines a full
flag on E|,, which, by definition of parabolic Higgs bundle, must coincide with the
parabolic filtration. Therefore, the parabolic structure is recovered by &. [l

Remark 3.3. Although this is written under the assumption of ® being strongly
parabolic it also works for non-strongly parabolic Higgs field. Obtaining, in such a
case, the Jacobian of the spectral curve instead of the Prym variety (see [LM]).

4. THE NILPOTENT CONE

The fiber h=1(0) is called the nilpotent cone, and it is a Lagrangian subscheme
[GGM, Thm. 3.14]. It follows that h; 1(0) is also a Lagrangian subscheme. Indeed,
it is obviously isotropic, since it is a subscheme of an isotropic variety, and the
dimension of its components is dim h=1(0) — g, because it is the preimage in h=1(0)
of (£,0) € T* Jac?(z) under the determinant map det,, and all the fibers of this
map are isomorphic. We call it the nilpotent cone for traceless fields.

Note that, if (E, ®) belongs to the nilpotent cone, then ® is a nilpotent homo-
morphism (hence the name). The moduli space of parabolic bundles is embedded
in the nilpotent cone as an irreducible component, via the map E — (E,0). In gen-
eral there are other irreducible components corresponding to nonvanishing nilpotent
homomorphisms, and we are going to see that the moduli space of parabolic bun-
dles can be characterized as the unique irreducible component of the nilpotent cone
which does not admit a non-trivial C*—action. To show that it does not admit a non-
trivial C*—action, it is enough to show that H O(Mg,TME) = 0, since a non-trivial
C*—action produces a non-zero vector field.
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In [NR] Narasimhan and Ramanan proved that, if SUg is the moduli space of
stable vector bundles with fixed determinant, then H O(SL{5,TSU§) = 0. We prove
the following (recall we are assuming that the rank and degree are coprime)

Proposition 4.1. Assume that the parabolic weights are generic (so that parabolic
semistable implies parabolic stable, and the moduli space is smooth) and small enough
so that the stability of the parabolic Higgs bundle is equivalent to the stability of the
underlying vector bundle. Then, HO(Mg, TMg) =0.

Proof. Let f : M¢ — SU¢ be the morphism sending a parabolic bundle to the
underlying vector bundle. Since we are assuming that the weights are small enough,
the stability of a parabolic bundle coincides with the stability of the underlying
vector bundle. Hence this morphism is well defined and, fixing the weights, it is a
projection with fibers consisting of flag varieties giving us the filtration over each
marked point.

The exact sequence over Mg

0—Tf— T — f(Tsu,) =0

gives an isomorphism H O(Mg,TME) > HY(M¢,Ty), because Tsy, has no global
sections [NR, Theorem 1] and f is projective. The projection formula implies

H® (Mg, Ty) = H(SUe, f(Ty)).
We claim that f.(Tf) = @Endy(Es,), where &, is the universal vector bundle on
SUg x X restricted to the slice SUg x {x;}. Indeed, the fiber of f over a point
corresponding to E is the product of the flag varieties of the vector spaces E,,, where
E,, is the fiber of E over the point z; € X. This flag variety is SL(E,,)/B where B

is a Borel subgroup of SL(E,,). We have H°(SL(E,,)/B, Tsu(k,,)/B) = sU(Ez,) ([A,
Sec 4.8, Thm 2]), and hence f.(Ty) = ®Endo(Ey,)-
Note that the universal vector bundle exists because r and deg({) are coprime.
Therefore,
H(SUg, f+(Ty)) = H*(SUg, ®Endo(€)) =0,

where the last equality is in [NR, Theorem 2]. O

We can adapt Simpson’s result [S, Lemma 11.9] to the parabolic situation with
non zero degree, and then we obtain the following

Lemma 4.2. Let (E,®) be a parabolic Higgs bundle in the nilpotent cone, with
® # 0. Consider the standard C*-action sending (E,®) to (E,t®). Assume that
(E,®) is a fived point. Then there is another Higgs bundle (E', ®') in the nilpotent
cone, not isomorphic to (E,®) such that limy_,o(E', t®") = (E, ®).

These two results combine in the following

Proposition 4.3. Let N¢(r,d, o) be the moduli space of parabolic Higgs bundles
with fized determinant & over a complex smooth projective curve X of genus g > 2
with marked points D = {x1,...,x,} and given (small) weights, and let hy be the
corresponding Hitchin map. Then, there is only one component inside the nilpotent
cone hy *(0) which admits no nontrivial C*~action, and it coincides with the moduli
space of parabolic bundles M¢(r,d, o) with fized determinant & over the curve X.

Proof. Recall that the moduli space Mg of parabolic bundles with fixed determinant
is embedded naturally in the moduli space N¢ of parabolic Higgs bundles with
fixed determinant by sending F — (F,0). From Proposition 4.1 we know that M
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has no nontrivial C*—action and from dimensional computation it is one connected
component of the nilpotent cone. It remains to check that there is no other connected
component where there is no C*—action.

In the rest of the components, with nonzero Higgs field, we have a C*—action
given by (E,®) — (FE,t®). This action is nontrivial thanks to Lemma 4.2. O

5. THE ORIGIN OF THE HITCHIN SPACE.

We are going to identify the nilpotent cone among the fibers of the Hitchin map.
For each point s € H of the Hitchin space we have a spectral curve X; C S given by
the spectral construction, and this produces a family of curves on S parameterized
by H. Let s € H be a point such that the corresponding spectral curve X is smooth.
If we move the point s, the spectral curve X; is deformed. The Kodaira—Spencer
map

w: TH =2 H — H (X, Tx,)

gives, for each vector in the tangent space TsH, the corresponding infinitesimal
deformation of the curve, which is described by an element of H'(X,, Tx,). We will
also consider the restriction of u to the traceless Hitchin space obtaining another
Kodaira—Spencer map

ug : TsHo — HY (X, Tx,).

A tangent vector at a point on the restricted Hitchin space s € Hg defined by the
standard action of C* is contained in the kernel of the restricted Kodaira—Spencer
map, because the standard C*—action does not change the isomorphism class of the
spectral curve. On the other hand, in Proposition 5.2 we show that the dimension of
the kernel of ug is one. Therefore, the direction defined by the standard C*—action
coincides with the kernel of wug.

By Lemma 3.2, the fiber of the Hitchin map hg over a point s corresponding to
a smooth spectral curve X is isomorphic to the Prim variety P; = Prym(Xs/X).
Therefore, if we move s we will get a deformation of P;. In particular, we get a
Kodaira—Spencer map between the infinitesimal deformations

vo : TyHo — HY(Py, Tp,)

The tangent vector defined by any C*-action on Ho which lifts to N¢(r,d, «) is in
the kernel of vy. Indeed, if the action lifts, it provides an isomorphism among the
fibers over the orbit of the action, hence the infinitesimal deformation of P has
to be zero. We will see that a non-trivial deformation of the curve X produces a
non-trivial deformation of Ps, and then we obtain that the tangent vector defined
by any C*-action which lifts to N¢(r,d, «) is in the kernel of uy.

Recall the definition of the Hitchin space H in (3.1) and the traceless Hitchin
space Ho in (3.2). We will also need the following spaces:

(5.1) H=HKD)® H*(K?D*) & --- & H'(K"D")

(5.2) Ho = H(K*D*) & --- & H)(K"D")
We use the following

Lemma 5.1. If X, is smooth, then there are natural isomorphisms

TJH = HY(X,,n"(K"D")) = H%(X,,Nx,/s).



TORELLI THEOREM FOR PARABOLIC HIGGS BUNDLES 9

Proof. Using the isomorphisms (3.7) and (3.5) and the projection formula, we have
HO(X,, Nx.5) = H'(X,,7*(K"D")) = H'(X, K"D" ® 7,0x,) =
— HY(X,®"_,(K'D") = H =~ T,H
U

The objective now is to calculate the kernels of v and ug. There are some elements
in H%(X, Ny, /s) that are clearly in the kernel. For instance, let ¢ € C* and denote
a point in X5 C S by (w,v), where w is a point in X and z is a point in the fiber of
S over w. Then the deformation sending (w, v) to (w, tv) clearly does not change the
isomorphism class of X;. In fact, this is the deformation produced by the standard
C*—action, and it is clearly in the kernel of the Kodaira—Spencer map wug. The
tangent space to the identity of C* is C, which we see as H°(X,Ox).

Furthermore, for any a € H°(X, K (D)), sending (w,v) to (w,v + a(w)) also
preserves the isomorphism class of Xs. The deformations defined in this way do not
preserve the condition 0 = tr(®) (= s1), and hence they are in the kernel of u, but
not in TsHg. The following proposition says that these two constructions describe
the kernels.

Proposition 5.2. The kernel of the Kodaira—Spencer map u is given by the following
exact sequence

0 — HY(X,K(D)® Ox) — TyH — H'(X,, T.)

so it has dimension g +n + 1 (recall n = deg D). If we fix the determinant, the
restriction of the Kodaira—Spencer map provides an exact sequence

0— I‘IO()(7 Ox) — Tsﬁo ﬂ’ Hl(XsaTX5)7

and hence dim Kerug = 1. If we restrict the Kodaira—Spencer map to Hy then we
have
0 — H°(X,0x) — TsHo —> H'(X;, Tx.),

and hence dim Kerug = 1.

Proof. Consider the following diagram, constructed using (3.7)

(53) p*TX‘XS

|

0 Tx, Ts|x, Nx,/s —=0

(K" D")

oy

ox

Xs

Tplx, = 7" K(D)

where T}, denotes the relative tangent bundle for the projection p : § — X, as in
section 3. Note that the diagram is well defined, since g—f| . 1s a section of

ﬂ_*(Kr—lDr—l) o~ O(R)

(cf.(3.8)). The diagram is commutative because the zero scheme of the two mor-
phisms between the line bundles Tp|x, and Ny, /g are the same, namely the ramifi-
cation divisor, hence the maps differ by a scalar, but this scalar can be absorbed in
the projection Ts|x, — Nx,/s-
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Since the tangent line bundle Tx has negative degree, H°(Xs,p*Tx|x,) = 0.
Therefore, the middle column in diagram (5.3) gives

H°(X,,Ts|x,) = H(Xs, Tylx,) -

On the other hand,

Il

H(Xs, Tplx,) = HY(Xs, K (D))

~ (X, K(D) ® m.0x,) = H(X, K(D) ® Ox)
which, together with Lemma 5.1, transforms the long exact sequence given by the
middle row of diagram (5.3),
0 — H(X,,Tx,) — H(X;, Ts|x,) — H°(Xs, Nx,/s) — H' (X5, Tx,) ,

into
0 — H°(X,K(D)® Ox) — TsH - H'(X, Tx.),
where we have used TyH = HO(X,, 7*(K"D")).

Now we restrict the Kodaira—Spence;" map u to TsHg. Using the isomorphism
HO (X, 7*(K"D")) = HY(X, ®!_,(K'D%)) (cf. proof of Lemma 5.1), an element of
this group is written as

apxr” + a4 4y
with a; € H(X, K'D%), ag = 1 and a; = m*a;.
On the other hand, an element of H°(X, K(D) @ Ox) can be written as
51 —I—%x

with b; € HO(X, K'D') and b; = 7*b;.
The map @ from one to another is H° ® ‘ X
(3.3)). A short calculation (using ¥|x, = O) gives

(recall that the definition of v is

T

(5.4) 5(51 —I—goili) = Z ((7“ —1+ 1)§i71g1 — Zgig(])l‘r_i
i=1
The subspace 7'~£0 C H is the zero locus of the trace map sending (sy,...,s,) to

s1. Then we have a commutative diagram

~ d(tr) 0
0 TsHo TsH H (XvK(D))HO
0 —= HO(a" ,(KiDY)) — HO(&™,(K'D')) —> HO(X, K(D)) — 0

where p; is projection to the first summand.
Now, if s € Hyp, then s; = 0, and using the explicit formula (5.4), we obtain

(d(tr) 0 ) (by + boz) = 7y,
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and hence the following diagram is commutative

0 0
H(K(D)) H(K(D))
q d(tr)
0 — HY(K(D)&® Ox) —— T.H —— H'(X,,Tx.)
0 H(Ox) ———T, T, H'(X,,Tx,)
0 0

where ¢ is projection to the first summand followed by multiplication by r. The top
row is the second exact sequence in the statement of the proposition.

Finally, if the spectral curve corresponds to a strongly parabolic homomorphism,
ie., s=(s1,...,8) € Hy with

si € HY(K'D"™') c HY(K'D") ,
then the image of 50 lies in
HY(X,®!_o(K'D"™Y) =2 T, H,

and therefore we get a commutative diagram

0—— H°(Ox) HTHOHH (X, Tx,)

|

6o
OHHO OX HTHOHH (XS,TXS)

O

Proposition 5.3. Let g : C* x Hy — Ho be an action, having exactly one fixed
point, and admitting a lift to Ne(r,d, o). Then this fized point is the origin of Ho.

Proof. The proof is the same as in [BG, Proposition 5.1], so we only give a sketch,
since the details can be found there.

Let s € Hy be a point corresponding to a smooth spectral curve X (it exists
by Lemma 3.1). The tangent vector defined at this point by the standard action is
contained in the kernel of the Kodaira—Spencer map ug, since the standard action
does not change the isomorphism class of the spectral curve. We are going to prove
that the tangent vector defined by any action that lifts to N¢(r,d, ) is also in the
kernel of the Kodaira—Spencer map.

Let J = Jac(X), Js = Jac(Xs), and P; = Prym(Xs/X). There is an étale
covering

a: Py x J— Jg
sending (L1, Lo) to L1 ® 7 Lo.

Let g : C* x Hg — Hg be an action. Its derivative gives a tangent vector w at
s, and the image of w under the Kodaira—Spencer map produces an infinitesimal
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deformation of the spectral curve ug(w) = n; € Hl(Xs,TXS), its Jacobian ny €
H(J,,Ty,), and the Prym variety n3 € H°(Ps, Tp,). We have homomorphisms

HY(X,,Tx,) > H'(J,, Ty,) > H'(J x P,,Tyxp.)

HY(P,,Tp,)

Indeed, a deformation of X, produces a deformation of Js, and the corresponding
homomorphism i is injective because of the infinitesimal version of the classical
Torelli theorem for curves (a non-zero deformation of a curve produces a non-zero
deformation of its Jacobian). On the other hand, an infinitesimal deformation of Js
produces an infinitesimal deformation of its étale covering J x Ps. The image of the
composition € o lies in H'(Ps, Tp,), because a deformation of J x Py induced by a
deformation of X, (keeping X constant) is induced by a deformation of the factor
P.

We have i(n1) = n2 and €(n2) = n3. Recall that the fiber of hg over s is canonically
isomorphic to Ps. Now, if the action g lifts to Ne(r,d, a), all the fibers above the
points of an orbit in Hy should be isomorphic, and therefore we should have 13 = 0.
By the injectivity of € and i, this implies that n; = 0, i.e., ug(w) = 0, and then the
tangent vector w defined by the action g is in the kernel of the Kodaira—Spencer
map.

Now let g be an action of C* on Hy, which has exactly one fixed point, and which
admits a lift to N¢(r,d, o). There is a dense open set U of Hy corresponding to
smooth spectral curves (Lemma 3.1). In this open set, each orbit of g is included
in an orbit of the standard action, since for each point in this open set, the span
of the tangent vector defined by the standard action coincides with the kernel of
the Kodaira—Spencer map, and the tangent vector defined by g is in this kernel. In
particular, the origin, being the fixed point of the standard action, is a limiting point
of all the orbits of ¢ in U, but it is not in the orbits of g (because the fiber over the
origin is not isomorphic to the fibers over U). The limiting points of a C*—action
are fixed points, therefore the origin is a fixed point of g, and, by hypothesis, it is
the unique fixed point. O

6. PROOF OF MAIN THEOREM

In this section we prove Theorem 1.1. Since we are going to apply the Torelli
theorem for parabolic bundles in [BBB|, we have to assume that the rank is 2.

Proof of Theorem 1.1. The Hitchin map gives a surjective morphism from N¢(2,d, «)
to the vector space H called the Hitchin space. The fiber over the origin is called
the nilpotent cone. Observe that M¢(2,d, ) C hy'(0) and has the same dimension
as the fiber so, it is one connected component of this fiber. Actually, we will show
that it is the unique irreducible component inside the nilpotent cone that does not
admit a non-trivial C*~action. Therefore, using the Torelli theorem in [BBB], we
recover the pointed curve. This is the idea used in [BG] to determine intrinsically
M¢(2,d, o) inside Ng(2,d, o). We show that it also works in the parabolic situation.

Note that we are given only the isomorphism class of M¢(2,d, ) so we do not
have explicitly the Hitchin map.
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Consider Y an algebraic variety isomorphic to our moduli space Ng(2,d, ) and
the natural morphism ¥ — Spec(I'(Y')). Since Y is isomorphic to N¢(2,d, o) and
the fibers of the Hitchin map are compact by Lemma 3.2, this natural map factorizes
through the Hitchin map and Spec(I'(Y)) = Spec(I'(Hy)) and hence

Spec(F(Y)) = SPGC(F(H())) = (c[ylv Y2, y3(g—1)+n]'

The following diagram commutes,

Y "> Ne(2,d,a)
J{m iho
A3(g—1)+n Ho

Let g : C* x A3(9=D+n _, A3(9=D+n he u C*—action with exactly one fixed point y
and such that it admits a lift to Y. We know that it exists: take, for instance, the
standard C*-action on Hy and apply it to A39~D+" through the isomorphism 3.
We also know that such an action has as unique fixed point the origin by Proposi-
tion 5.3. Hence, the fiber over the origin is isomorphic to the nilpotent cone hy L(0).
It only remains to use Proposition 4.3 to identify M¢(2,d, o) as the component in-
side the nilpotent cone which does not admit a nontrivial C*—action. By Theorem
3.2 in [BBB], from the isomorphism class of M¢(2,d, a) we recover (X, D) up to
isomorphism. O
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