ON THE QUENCHED CENTRAL LIMIT THEOREM FOR RANDOM
DYNAMICAL SYSTEMS

MOHAMED ABDELKADER AND ROMAIN AIMINO

ABSTRACT. We provide a necessary and sufficient condition under which the quenched cen-
tral limit theorem without random centering holds for one-dimensional random systems that
are uniformly expanding. This condition holds in particular when all the maps preserve a
common measure. We also give a counter example which shows that this condition is not
necessarily satisfied when the maps do not preserve a common measure.

1. INTRODUCTION

Precise understanding of the statistical properties and the limit theorems for sums of the
form

n—1
Sp(x, wi,ws,...) = Z o(Ty, ... Ty ),
k=0

where the maps T, are randomly drawn transformations of a space X, has been the object
of numerous works in the previous years, see [I, 3, [5, O 13] and references therein. Two
different kinds of limit theorems can be distinguished: annealed results, which refer to the
sums 5, seen as functions of both the variable x and the choice of the maps wy,wo, ..., and
quenched results, where S,, is considered as a function of the sole variable x, this for almost
every sequence wi,ws, ... of maps. A similar analysis is also possible when the sequence of
maps is deterministic, see for instance [6l, [10], even though it often requires drastic conditions
on the particular sequence, in contrast to the almost sure nature of quenched theorems.

In this note, we will review results from [3] on the annealed and quenched central limit the-
orem for random dynamical systems which present some uniform expansion. The setting,
rather general and based on the quasi-compactness of a transfer operator, will be quickly spe-
cialized to one dimensional uniformly expanding systems. Building upon a strategy employed
first by [I] and inspired by previous works on random walks in random environments, we will
give a necessary and sufficient condition for the quenched central limit theorem without ran-
dom centering to hold. More precisely, we will characterize when Sn(@w1w3,...) converges to
a normal law for almost every sequence wy,ws, ..., where ¢ is a BV observable with mean
0 with respect to the unique absolutely continuous stationary probability of the system. It
should be stressed that, in contrast to [I] and [3], we do not assume that all the maps T,
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preserve a common measure. Nevertheless, we will show by a counter example that our
necessary and sufficient condition can fail when the maps preserve different measures, which
suggests to seek for a different formulation of the quenched central limit theorem, with a
random centering. We will remark upon this in the last section of the paper.

2. RANDOM DYNAMICAL SYSTEMS: DEFINITION, ASSUMPTIONS AND EXAMPLES

2.1. Basic definitions. We first give the definition of the class of random dynamical systems
we will consider. Let (€2, P) be a finite probability space, where P = {p,, }.cq is a probability
vector with p,, > 0 for all w € Q. Let T = {T, },cq be a finite collection of measurable maps
T, : X — X on a Polish space X. We will refer to (€2, P,7T) as a random dynamical system
(RSD).

For a sequence w = (wy,ws,...) € O, we denote by 17 the composition 7T;,, o...0T,,.

The corresponding Markov chain (X,,) is defined by:

{ KXo~ p
Xn+1 - TwnJrl (Xn)7

where p is probability measure on X and (w,), is a sequence of independent and identically
distributed random variables with common law P. The measure p is stationary if X, is
distributed accordingly to u for all n.
We can relate this stochastic process to a deterministic dynamical system as follows. We
define a skew-product transformation
S NxXx —» OVNxX
(w,2) = (0w, T, x)

where o : QY — N is the unilateral shift. We have S"(w,z) = (0"w, T"z) for any n > 0.

A probability measure p on X is stationary if and only if the measure PeN @ 4 is invariant
under S.

2.2. A functional analytic framework. We assume the space X is endowed with a ref-
erence probability measure m such that each map T, is non singular with respect to m.
We will be interested in the existence and properties of absolutely continuous stationary
probability (acsp) with respect to m. In this case, each map T, admits a transfer operator
P, : L'(m) — L'(m) satisfying:

/(ow)gdm :/ f(goT,)dm for all f € L'(m) and g € L*®(m).
be X

Definition 1. The annealed transfer operator P : L'(m) — L'(m) of the RDS (Q,P,T) is

defined by
P = prpw-

weN

An absolutely continuous probability measure p is stationary if and only if its density f = 5—7‘7‘1
verifies Pf = f.
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We make the following hypothesis on P:

Assumptions. There exists a Banach space (B, || - ||) such that

(H1) B is compactly embedded in L'(m), with dense image;
(H2) Constant functions lie in B;

(H3) B is a complex Banach lattice: for all f € B, |f| and f belong to B;
(H4) B is stable under P: P(B) C B and P acts continuously on (B, || - ||);
(H5) Lasota-Yorke inequality: there exist N > 1, p < 1 and K > 0 such that

1P I < pllFIl + K1 fllza, , for all f € B.

It follows from Hennion’s theorem [§] that P is a quasi-compact operator on B of spectral
radius 1, with 1 as an isolated eigenvalue of finite mulitplicity. We also assume:

(H6) 1 is a simple eigenvalue of P on B and there is no other eigenvalue on the unit circle.

Proposition 2. Under these assumptions, there exists a unique acsp p. Its density h = j—i
belongs to B. Furthermore, the skew-product system (QN x X, S,P*N @ 1) is exact, and hence

ergodic and mizing.

Existence and uniqueness is classic, see for instance the discussion in [3]. Exactness of the
skew-product follows from arguments of Morita [I1], see also Proposition 1.1.4 in [2].
The transfer operator P can be decomposed as

P=1+Q,

where II is the one-dimensional projector given by II(f) = ( / <[ dm) h and @ is a bounded
operator on B with spectral radius strictly less than 1 and satisfying 11Q) = QII = 0. We
thus have P" = II + Q", where ||Q"|| < CA™ for some X € (0, 1).

2.3. Example: one-dimensional expanding maps. Suppose X = [0,1] and m is the
Lebesgue measure. All maps T}, are piecewise C? uniformly expanding maps on X, i.e.
MT,,) := inf|T| > 1. Assume also that the system (Q,P,T") has the random covering
property: for all non trivial interval I C [0, 1], there exist n > 1 and w € Q" such that
T"(I) = [0, 1] up to finitely many points.

Then, as proved in [3, Example 2.1], the assumptions (H1)-(H6) are satisfied with the Banach
space B = BV of functions with bounded variation. Furthermore, the density of the unique
acsp is bounded uniformly away from 0.

3. ANNEALED CENTRAL LIMIT THEOREM

In this section, we review results from [3] on annealed limit theorems. We assume that the
RDS (2, P, T) satisfied the assumptions (H1)-(H6) with a Banach space B. Let Mp denote
the set of probability measures on X that are absolutely continuous with respect to m, with
density in B.

Let By C L'(m) be a Banach space with norm || - ||o for which there exists C' > 0 such that

(C) If9ll < Cllfllollgll, V.f € Bo, Vg € B.
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If B is a Banach algebra, as it is the case for the space involved in example[2.3] we can choose
By =B.
We have the annealed central limit theorem for observables belonging to By:
Theorem 3. [3, Proposition 3.2, Proposition 3.4, Theorem 3.5] Let ©: X — R be a bounded
observable, with p € By and [ ¢ dp = 0. Define Sy(w,z) = S o(Thx).
(1) The limit 0% = lim,, .o % Jor [ SEdp dP®N egists.
(2) The asymptotic variance o* is 0 if and only if there exists 1 € L*(u) such that
o =1 —1ol,, pu-ae forall w € Q. In this case, we say that ¢ is a random
coboundary.
(3) For all v € Mg, j—% converges in law to N'(0,02) under the probability PN @ v.

As a consequence of the proof of [3], we also have an estimation on the speed of convergence

of the characteristic function of 5—%:
1+ [t]?
INGERl
vn

for allt € R and n > 1 such that \/Lﬁ 15 small enough.

Lemma 4. [3, Lemma 3.10] For all v € Mg,

t20‘2

EP(@N@V(eiﬁS") —e 2

The asymptotic variance o2 can be expressed in terms of any initial measure v € Mpg:

= lim — / / S2 dy dP®N
n—oo N QN

Proof. Let v € Mp with density f. Expanding the squares and using the duality property
of the transfer operators, we obtain

// SgdydIP@N—// Sz dp dPEN = Z/ *P*(f—h) dm—I—QZ/ P T (pP(f—h)) dm
ONx X ONx X

4,7=0
1<J

Lemma 5. For all v € Mg,

Since [y fdm = [, hdm = 1, we have

[#ru-n dm‘ < NPIZIPH(F = ey, < Cllel QS = W)l < Cllgl2x",

On the other hand,

/ pPI (@ P (f — h)) dm —/ v (/ pP'(f —h) dm) hdm—l—/ pQ' (9 P'(f = h))dm
X X X X

and since [ phdm = [y pdp =0 and |77 (oP'(f = )|z, < CNTlello]|[P'(f = h)]| <
Cll¢lloA, we obtain that

SDPj—i(QDPi(f —h)) dm‘ < C||90||0/\j’
X
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whence the result after summation. 0J
We will also make use of an estimate for annealed large deviations:
Lemma 6. For all v € Mg, there exists C > 0 such that for all ¢ > 0 small enough,

PN @ 1(]S,| > ne) < Ce ¢,

This lemma is a straightforward consequence of the large deviation principle [3, Theorem
3.6], see also [2, Lemma 1.2.17]. It can alternatively be deduced from the exponential decay
of annealed correlations [3, Proposition 3.1] and the Gordin’s martingale approach described
in [4, Proposition 2.5] (see [3, Section 4] for the construction of the martingales).

4. QUENCHED CENTRAL LIMIT THEOREM

4.1. A general approach. We describe here an approach for the quenched central limit
theorem originating from the fields of random walks in random environments, which was
first employed in the context of random dynamical systems by Ayyer, Liverani and Stenlund
[1.

Consider a RDS (©,P,T) on a space X, with a stationary measure p and an observable
¢ : X = R with [, ¢dp = 0. We introduce an auxiliary RDS (€, P,T) on the space X* as
follows. We set 2 = Q, P = P, and for w € Q, the map T,,(x,y) = (T,x,T,y). We define
a new observable @ : X2 — R by @(z,y) = p(x) — ¢(y), and denote its associated Birkhoff
sums by S,,.

Theorem 7. [I] Assume there exists 0® > 0 and a constant C' > 0 such that for all t € R
and n > 1 with \/iﬁ small enough :

i-LS, _t25% 8

(1) [Boong, (e9757) — | < 142,
iS5, 4242 1443
(2) ‘EP@NQ@(u@u)(e i) — et < oFgl,

Suppose also that forn >1 and e >0 :

(3) PPN @ (|52] > ) < CemCn,
Then, the quenched CLT without random centering holds: for P®N-a.e. w € QF, Snlw,)
converges in law to N'(0,0?) under the probability measure .

B

We now present a procedure to check the assumptions of Theorem [7]

Step 1. One checks the RDS (2, P, T') satisfies (H1)-(H6) with a Banach space B. One then
verifies that ¢ belongs to a Banach space By satisfying the condition (C). Thus the RDS
(Q,P,T) admits a unique stationary probability p absolutely continuous with respect to m.

If ¢ is not a random coboundary, by Theorem , Lemma 4{ and Lemma |§|, hypothesis (1) and
(3) of Theorem (7| hold true.

Step 2. One checks the auxiliary RDS (Q, P, T) satisfies (H1)-(H6) for a Banach space B of
functions on X?, with reference measure m = m ® m and that @ belongs to a Banach space
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B, satisfying (C) with B. The system (ﬁ,f”, f) admits then a unique acsp . It is easy to
see that the marginals of 1 are absolutely continuous with respect to m and are stationary
for (Q,P,T). Since p is the unique acsp of (2, P, T'), we deduce the marginals of 1z are given
by u, and consequently, sz o dp = 0. If the measure 4 ® p belongs to Mz, i.e. h®@h € g,
by Lemma [4], there exists 52 > 0 such that

it3,, _a? 1+t
‘EP@N@)(M@M)(@ Vvn ) — € 2 S C \/ﬁ

for all t € R and n > 1 with \/Lﬁ small enough.
Step 3. One checks that 62 = 202, This implies assumption (2) of Theorem .

Steps 1 and 2 usually present no conceptual difficulties if the system at hand is uniformly
expanding. The only subtlety resides in the fact that the auxiliary RDS acts on a space
whose dimension is twice the dimension of the original system, which requires to work with
a Banach space B that might be slightly more complicated than B. This is particularly true
when X = [0, 1], since B will be the space BV and B the Quasi-Hélder space (or any other
valid option in higher dimension, like the multidimensional version of BV). This implies to
take into account the accumulation of discontinuities (the complexity), a phenomenon which
only occurs in dimension 2 or higher. Nevertheless, the rather simple structure of the maps
T,, (direct products) and the regularity partitions (made of rectangles) makes this study more
accessible.

The only genuine difficulty then lies in step 3. Asymptotic variances can be compared with
the help of Lemma [5] As surprising as the condition 2 = 202 might seem, it is actually
necessary for the quenched central limit theorem without random centering to hold:

Lemma 8. [3| Lemma 7.2] Using the same notations introduced above, assume that there
exists 0> > 0 and ° > 0 such that

(1) \5}—% converges in law to N'(0,02) under the probability PN @ p,

(2) j—% converges in law to N'(0,52) under the probability PN @ (u @ p),

(3) for a.e. w, % converges in law to N'(0,02) under the probability .
Then 62 = 20°.

4.2. One-dimension systems: a necessary and sufficient condition. In this section,
we will make use of Theorem [7] to provide a concrete necessary and sufficient condition for
the quenched central limit theorem without random centering to hold for one-dimensional
expanding RDS. Even though the strategy could be equally applied to higher dimensional
systems, we will focus on the one-dimensional case in order to maintain the technicality at a
reasonable level.

As in example let (Q,P,T) be a RDS on X = [0, 1], where all maps T, are piecewise C?
and uniformly expanding. Assume the RDS has the random covering property, and let p be
its unique acsp. Let ¢ : X — R be an observable belonging to BV, with fX @ dp = 0, which
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is not a random coboundary. By Theorem [3 ¢ satisfies the annealed CLT, with asymptotic
variance o2 > 0.

Theorem 9. The quenched CLT without random centering (i.e. Sn(wy) converges in law to

N(0,0?) for a.e. w) holds if and only if:

n—1 2
1
lim — T d dP*N(w) = 0.
0 o (Z/X*”" . “) )

k=0

S

Remark 10. (1) The condition of Theorem [J] even though looking difficult to check in

practice, has the advantage over the condition 02 = 202 to involve only quantities
associated to the RDS we are interested in, and not an auxiliary system.

(2) This condition is trivially satisfied if all the maps T,, preserve the same measure .
We thus generalize the result from [3].

(3) We will see in the next section that, for a large class of RDS, whenever the maps do
not share a common invariant measure, we can always construct an observable for
which this condition does not hold.

Proof. We follow the strategy described in section 4.1}

Step 1. By section[2.3] the transfer operator P of (2, P, T)) satisfies (H1)-(H6) with B = BV.
Since B is a Banach algebra and ¢ € By = B, this concludes the step 1.

Step 2. We will show the annealed transfer operator P of the RDS (€2, P, T') satisfied (H1)-

(H6) with the Banach space V;(X?) of Quasi-Holder functions. We first recall from Saussol

[12] the definition of this space.

Let my denotes the Lebesgue measure on R?. Let f : R — C be a measurable function.

For a Borel subset A C RY, define osc(f, A) = ess sup|f(x) — f(y)|. For any ¢ > 0, the
r,yeA

map = +— osc(f, B(x)) is a positive lower semi-continuous function, so that the integral
Jga 0sc(f, Be(z))dx makes sense. For f € L'(R?) and 0 < a < 1, define

|fla = sup E osc(f, Be(z))dx.

0<e<eg € Rd
For a regular compact subset M C R?, define
Va(M) = {f € L'(R?) /supp(f) C M, |f|a < o0},

endowed with the norm || f|lo = || |z, + |f|a; Where m is the Lebesgue measure normalized
so that m(M) = 1. Note that while the norm depends on ¢y, the space V, does not, and two
choices of ¢ give rise to two equivalent norms. This space is a Banach algebra.

Note that we will only work with o« = 1. To emphasize the dependence on ¢y, we will also
denote the semi-norm by | - |,.

Let T : M — M be a piecewise C2? map, with regularity partition {U;};, satisfying the

assumptions (PEi), i« = 1,2,3,4 of [12], with associated constants €y(7") > 0, ¢(7") and
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s(f ) < 1. Tt is easy to check that if T' is a piecewise C? uniformly expanding map on [0, 1],
then T'= T x T verifies these hypothesis with M = [0, 1]* and s(S) = A\(T)~"
Define for 0 < ¢ < ¢(7):

T, ' B(0TU;) N B_siys())

S“pz ma(B iy 7ys(@)) ’

where T} is a smooth extension of T on a neighborhood of U;, and B, (A) denotes the e-
neighborhood in the euclidean metric of the set A. Set n5(d) = s(T)+2 (sup0<€<5 ﬂ) J.

We have the following Lasota-Yorke inequality for the transfer operator Pz of T on Vi(M):
Lemma 11. [I2] Lemma 4.1] For all 0 < ¢y < €o(T) and all f € Vi(M), one has

|Pff|€0 < (1 + C(f)s(f)%) nf(€0)|f|€o + A(T7 60)||f||L}nd7

where A(T, €0) depends only on T and .

We will estimate Gz when T=T x T, with T a piecewise C? uniformly expanding map on
[0,1]. Remark that if {I;}; is the regularity partition of the map T, the partition of T is
given by {I; X Ij};;.

Lemma 12. Let T : [0,1] — [0,1] be a piecewise C? uniformly expanding map and T =
T xT:[0,1]* = [0,1]. There evists 6(T) > 0 such that for all 0 < e <6 < (T), one has

648(T) €
Grle,0) < S s

Proof. Let denote by BX°(A) the e-neighborhood of the set A for the ¢>*-metric. We have
B.(A) € B*(A). For any i and j, one T(I; x I;) = T1; xT1;, which is a rectangle whose sides
are parallel to the coordinate axes. Hence, B(dT(I; x I,)) € B>(8T(I; x 1)), which implies
ﬁnge(ﬁTv (I; x1;)) C B;Tﬂs(a[i x I;). This inclusion follows from the product-structure of 7.
We then have ﬁz(”lB (OT(I; x 1;)) NV By _y75(x)) < M(B (0L % 1;) N By q)5(x)) <
165(T)e(1— 5' For ¢ small enough, depending on 7', any ball B, 7)s(z) will intersect
at most 4 elements T 1B (8T (I; x I;), whence the lemma. O

We are now in position to prove a Lasota-Yorke inequality for the transfer operator P of the
RDS (Q,P,T) on the space V;(X2). Remark first that Tf =T} xT}. Let A > 1 such that

A(T,) > A for all w € Q. Then s(T,) = A(T,,)" < AL
Lemma 13. There existsn > 1, ¢ >0, 8 <1 and K > 0 such that for all f € V1(X?),
|Pnf|eo = 0|f|eo + }(HfHL1

'For any disk D of radius R and any rectangle R = [a, b] x [¢, d] in the plane, one has (DN BX(IR) < 16rR
for any r > 0.
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Proof. Let eg”) > 0 smaller than e (7] w); ﬁ and 0(T}}) for any w € ", Taking into account
Lemma if we sum the inequalities giverz by Lemma 11| for all maps Tg, we obtain:

12807 .
) g+ Ay

Pifloy <(Q1+X™) (A" —2
| fygg)—(—i_ )( +7T(1—)\_n>

where A(eé")) depends only on eé"). Since the term in front of |f| ) goes to 0 as n goes to
0
00, we can choose n large enough so that the lemma holds. O

This proves that P satisfies assumptions (H1)-(H5). In order to prove (H6), according to [3
Proposition 2.9], we need to prove that the RDS (Q, P, T') has the random covering property.

Lemma 14. The RDS (Q,IF’, T) has the random covering property: for any non-trivial ball
B C [0,1]?, there exists n > 1 and w € Q" such that T;}(B) = [0, 1]?
Proof. Let B C [0,1]? be a ball. There exist two non trivial subintervals I and J of [0, 1]

such that I x J C B. Since (,IP,T) has the random covering property, there exist ny > 1
and w» € Q™ such that Tu (I) = [0,1]. Let K C 17, (J) be an non trivial interval. By
the random covering property, there exist ny > 1 and w® € Q"2 such that 174 (K) = [0,1]
and thus 772 (T (J)) = [0, 1]. In particular, T"% is onto. Set n = ny+ny and w = w@w®
(the concatenation of the two finite sequences). We have
(I x J) = T2(I) x T™(J)

= T£é>(T£<11>(I>) X T7%) (T£<11> ()

— 7%, ([0,1]) x [0, 1]

w®
- [07 1]27

since T™2, is onto. O
w®

This proves that P has a spectral gap on V;(X?). Since p,h € BV, it is easy to check that
@ € Vi(X?) = By and h ® h € V;(X?), which achieves the step 2.

Step 3. By Lemma [§ the quenched CLT without random centering is true if and only
if 7 = 202. The next lemma shows this condition is equivalent to the condition given in
Theorem [0, which concludes the proof. O]

Lemma 15. We have % = 202 if and only if

n—1 2
1
lim — / woTrdu | dP*™(w)=0.
n—oo N QN (kz:% X -

Proof. Since the density h ® h of the measure p ® p belongs to B = V1(X?), one has by
Lemma, B}

1 ~
~9 1. - 2
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We have

Sreen@ = 5 [ [ [ 0 )3 )@

k,1=0

-3 / /X/ (p(Thx) = @(TL) (o (Tor) — (Ty)) dpa()dp(y) AP ().

/QN /X /X P(T5y) (p(Tox) — @(Toy)) dp(w)dp(y)dP (w)

= [ [ettopiom@ae - [ ([ o) ( / o(Thy )du(y)) P ()
/QN( SO ) ( /X"" )dp@N /Q ) / Toy)dp(y)dP™ (w).

We then obtain

Epetigpuen(S2) _2/ / (nzlgo (Tkz) ) dp(z)dP®N (w —2/QN (Z/ (TEz)du(a > dP®N(w)

0

= 2Epang, (S / (Z/ (podelu> AP (),

which concludes the proof, since 02 = lim,_, o +Eperg,(S2) by Lemma . O

4.3. A counter-example. We present here a construction that suggests the quenched CLT
without random centering holds for all observables in BV only if all the maps share a common
invariant measure. We consider the case where Q = {0,1}, po = p1 = %, and the two maps
Ty and T are piecewise C?, uniformly expanding, both having the covering property. They
hence admit both a unique absolutely continuous invariant probability, denoted respectively
by o and py. We assume that pg # p1. We also suppose there exist C' > 0 and A < 1 such
that for all w € QN all n > 1 and all f € BV with fX fdm =0,

| P, - - Poy fllav < CA*|| fllBV-

This assumption is for instance verified if the two maps are sufficiently close in a convenient
topology, or if they are -transformations with 3 very close, see [6] for more details.

The RDS admits a unique acsp, denoted by . Let 1) be a C™ observable for which [ Y duo #
/ Y duy and set o = 1 — / < ¥dm. Then ¢ does not satisfy the quenched CLT without
random centering.

By Theorem [9] it is equivalent to show that

(1) /QN (Zz;ifxwojgko"‘Twldu> dP®N(g)
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does not go to 0.
Changing the time direction, i.e. replacing (wi,...,w,) by (wn,...,w1), and applying the
transfer operator, [1| can be rewritten as

. [, (Bt abin v

where h is the density of u.
For any sequence w, by assumption we have

\P,, ...P,,h— P, ...P, P, hllgv =||Ps, ---P,, (h—F

Wn+1

h)|lsv < CX"[|h — P, ., hlBv
< C\™.

n+1

Consequently, P, ... P,, converges exponentially fast to a function h, € BV: there exists
C >0 and XA < 1 such that for any n > 1 and any w,

1Py, ... Puh — hyllpy < CA™

Equation [2] can then be rewritten as

/ ( Z;i [fX SOhok*g dm + O()‘n_k)} )2 dP®N(w).

n

Set G(w) = [y ¢ he dm. This function is Lipschitz on QY for the symbolic metric dj(w,w’) =
@) with
s(w,w') =inf{n >1: w, #w }.

Indeed, if w; = wy,...,w, = w), then

G(w) — GW)] < [[¢lloollhe — P l[BY
< th —F, ... PwnhHBV + H(Pw1 ...B, — PW’1 . Pw;l)hHBV + HPw{ - Pw%h — thBV
< CN.

We can then rewrite [2] as

00 + T Gletw)\ .
/ ( i ) AP ().

If G was not of mean 0, then Birkhoft’s ergodic theorem for ¢ would imply that the previous
equation blows up, and we would prove that the equation (I does not go to 0. Howerer,
G is of mean 0 with respect to P®N, and one has to work a little bit more. Since G is
Lipschitz, it satisfies a central limit theorem for the deterministic system (QN o). If the
corresponding asymptotic variance is non zero, we obtain the desired conclusion. Otherwise,
G is L? coboundary, and even a Holder coboundary. In particular, G must vanish on the
fixed point of o and thus G(0,0,...) = G(1,1,...) = 0. Since h(0,0,...) = lim, PJ'h is
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the density of the invariant measure po for Tp, we have G(0,0,...) = [ « ¥ dpg. Similarly,
G(1,1,...) = [y ¢dur. We thus have

/wduoszm(: 0),

which contradicts our choice of the function .

4.4. Concluding remarks. The previous counter example strongly suggests that, in the
generic situation where the stationary measure y is not preserved by all the maps T, the
quenched central limit theorem without random centering does not hold. One might then be
tempted to conjecture that a random centering is necessary, i.e. that for PN-a.e. w,

e S N0.0%),

A clue in this direction is given by Theorem [9] since it affirms that the quenched CLT without
random centering is valid if and only if “(S"—\/T%)) goes to 0 in L?(P®Y), i.e. if and only if the

difference between the two formulations is negligible in L2

In a recent paper by Dobbs and Stenlund [7], the importance of the centering has been
highlighted in the context of quasistatic dynamical systems, and in particular the fact that
the regularity of the initial distribution plays a role to determine whether a centering is
admissible or not, see section 3.2 and the discussion after Theorem 3.6. It would be interesting
to investigate if this phenomenon occurs also in the different but related topic of random
dynamical systems.
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