_

Y L SN
e e -_— -

K, UNIVERSITY OF CAMBRIDGE

CLAUDE WARNICK,

PORTO, SEPT. 2008



OUTLINE

Ricci Flow
Euclidean Gravitational Action
Euclidean Schwarzschild
e Headrick & Wiseman : hep-th /0606086
Taub-NUT and Taub-Bolt
e Holzegel, Schmelzer & CW : 0706.1694

Further questions and future directions



OUTLINE

e Ricc Flow




Riccl FLow

Ricci flow is a geometric flow given by

(9%_(;) —  IRie(glol

May combine with a diffeomorphism

3%_? o Spidalt)) 4N

For suitable ¢ RHS is elliptic, hence have local existence
and uniqueness for compact manifolds (de Turck trick)

Tends to expand regions of negative curvature and
contract regions of positive curvature




Riccl FLow

e Forround 5™
g(t) = r(t) g0
e Have Ric(g) = (n —1)go, so

dr n—1
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e Solution is

el — A R




3
O
o
L
0
.
14




OUTLINE

e FEuclidean Gravitational Action




WHY RIEMANNIAN
4-MANIFOLDS?

Propagators of a thermalized quantum field in flat
space obey KMS condition

= 0 -t +i0) =Gz 20t i)

Wick rotate, t — it and propagators are periodic with
period

Can interpret as propagators on a flat Riemannian space
with topology S* x R?, ‘hot flat space’

For Schwarzschild find that Wick rotation only gives
smooth manifold when ¢t has period 8 = 1/Ty




PARTITION FUNCTION

e For a standard field theory, would define partition
function to be

o / djple= S/

Over periodic fields satistying suitable b.c.s

e In the semi-classical limit 7 — oo this is dominated by
critical points where

e

)




GRAVITATIONAL ACTION

e Idea of Euclidean quantum gravity is to investigate the
Euclidean Einstein-Hilbert action
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e Both hot flat space and Euclidean Schwarzschild are
critical points
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e (an explore beyond critical points with a gradient flow
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Riccl FLow AS GRADIENT
FLOW

Gag is a metric on the space of metrics. Unique diffeo
invariant metric with no derivatives is
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Gradient flow with respect to this metric is
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Ricci flow when a = — 2, G is not positive definite




Riccl FLow AS RG FLOW

* Ricci flow arises as RG flow for a 2-D sigma model to 1
loop [Friedan]

S = 1 [ 29009 (@)079" (2)
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e To first order, RG flow is Ricci flow. With a dilaton:
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e Heret= —za'log A, with A the energy scale




OUTLINE

e FEuclidean Schwarzschild

e Headrick & Wiseman : hep-th /0606086




EUCLIDEAN
SCHWARZSCHILD

gL htibin d box': Seek a Ricci flat infilling SO(3) > UAEH
invariant metric for a boundary S? x S! with metric
ds® = R* (b*dr? + db” + sin® 6dg¢?)

e For any value of b have ‘hot flat space’, S' x FSR

e For b < 4/3v/3 have two Schwarzschild metrics, both
on S2 x B with metric
ro o

S
ds? = arf (1= 2) dr? + (1= 22)  dr? +r2(d6? + sin® 9dg?)

T &

e Regular at ¢ if 7 has period 27 - metric sphere

e rhasrange (79, R] and two values of rp map to each b




EUCLIDEAN
SCHWARZSCHILD

e (Can plot action S against b (HW)

GyS/ /3

Hot Flat
small BH : : * Space

Large BH




EUCLIDEAN
SCHWARZSCHILD

Stability is determined by the eigenvalues of the second
variation of the action:

AAB Cis GAC 525

Jgs 0gs

Fix gauge to eliminate zero modes (de Donder

condition gives Lichnerowicz operator)
Negative modes imply an instability
Small black hole is unstable

Flat space and large black hole are stable




EUCLIDEAN
SCHWARZSCHILD

e Use Ricci flow to get a slice through space of metrics:
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OUTLINE

e Taub-NUT and Taub-Bolt
e Holzegel, Schmelzer & CW : 0706.1694




TAUB-NUT AND TAUB-BOLT

Instead consider a homogeneously squashed S*
boundary

ds® = ,u2 (0% -+ 0% - 7'203%)

Infilling metric takes the form
0 dy b (ot a) e
w.l.o.g ¢(0) = 0and a(r)® ~ a5 + O(r?)

Regular at r = 0 ift e
b(0) # 0 and c(r)* ~ Za%r2 + O(r*) (Bolt)
1

~ ZQ%TQ G (Nut)




TAUB-NUT AND TAUB-BOLT

For 0 < 7 < 1, have one infilling Ricci flat metric, Taub-

NUT, containing a nut. Topology B4

For 7 < 7., have an additional 2 Ricci flat metrics
containing bolts, Taub-Bolt. Topology CP* \ B*

Taub-Bolt metrics distinguished by the size of the
minimal S*between ‘small’ and ‘large’ bolt solutions

Small bolt has an instability, while nut and large bolt are
linearly stable

Action diagram qualitatively similar to Schwarzschild
case




TAUB-NUT AND TAUB-BOLT




TAUB-NUT AND TAUB-BOLT

Simulate a Ricci flow starting at the small Taub-Bolt
solution. Evolve the metric ansatz:

e A2 €2B(r,t)(0_% i 03) e 742620(7;@0%

If bolt area increases initially, the flow smoothly
approaches the large bolt solution

[f the bolt area decreases initially, get a singularity in the
function B at r = 0 within finite flow time

The minimal 5? has collapsed. Requires surgery: use

3 2 : ¢
ds? = 24 (dr2 o Ze_QTQC (eQTZB(U% ps 0%) g 7“203))




TAUB-NUT AND TAUB-BOLT

Surgery changes action S by an infinitesimal amount

After surgery, metric smoothly approaches Taub-NUT
solution

Topology change
CP? B B
Compare to Headrick and Wiseman

see2 ool o p3




TAUB-NUT AND TAUB-BOLT

e (an put metric into gauge invariant form

ds® = dx* + Vi(x)*(o1 + 03) + x*Va(x)?03




FUTURE DIRECTIONS AND
OPEN QUESTIONS

General existence and uniqueness for the Dirichlet
boundary value problem

Possible surgeries in 4-dimensions

[s surgery necessary / possible for RG flow

Long term properties of the flow in these specific cases
e Do all initial data on B* converge to Taub-NUT?

e Do all flows within this symmetry class reach Taub-
NUT or Taub-Bolt after at most one surgery?




